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PREFACE 


In his intuitionistic analysis, L. E. J. Brouwer created a theory 
which diverges from classical mathematics and which in its details has 
not been widely known or understood. Hence it has seemed to us that 
this theory especially has presented a challenge to the metamathe- 
matical and model-theoretic methods. In Chapter I we formalize it, 
differently than Heyting did in 1930. This formalization includes a 
continuation of the formal development of (intuitionistic and classical) 
elementary number theory, which should interest readers of the senior 
author’s "Introduction to Metamathematics’’, where the develop¬ 
ment of formalized mathematics in Part II ended somewhat abruptly. 
The interpretation, or model-theoretic treatment, is undertaken in 
Chapter II, using the theory of recursive functions from Part III of 
"Introduction to Metamathematics”. This chapter contains two new 
realizability interpretations (one briefly announced in another form 
in 1957), with variations. Vesley’s Chapter III formalizes Brouwer’s 
theory of the continuum, and Chapter IV applies both metamathe- 
matical and model-theoretic considerations to some moot points in 
that theory. Nothing is presupposed of the reader except familiarity 
with some material which can be found in Chapters I-XII of "Intro¬ 
duction to Metamathematics” or elsewhere. 

The research now definitively reported in this monograph was begun 
essentially in 1950, while the senior author held a John Simon Guggen¬ 
heim Memorial Fellowship granted for the purpose. The final stages 
in the research and editing fell in a period (from July 1, 1963) during 
which his research was supported by the National Science Foundation 
of the United States under Grant GP1621. 

m m a 

The senior author was in residence at the University of Amsterdam 
from January to June 1950, and is indebted to L. E. J. Brouwer, 
Arend Heyting, Johan J. de Iongh, and the late David van Dantzig 
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and Evert W. Beth, for orienting him in intuitionistic mathematics, 
and for many fruitful conversations then and later. He must take the 
sole responsibility for the direction in which his research led him and 
for the interpretations he reached. 

Richard E. Vesley joined the project as a Ph.D. student. Each 
author’s contributions are identified by chapters; but each has 
influenced the other’s chapters (as noted on pp. 88, 150, 179, and in 
other details). A proof by Joan Rand Moschovakis enters on p. 68. 

We thank Douglas A. Clarke, John Moschovakis, Joan Rand 
Moschovakis and Georg Kreisel for many helpful suggestions on the 
manuscript. Joan Rand Moschovakis also read the printer’s proof. 

We lament the death, during the printing, of Evert W. Beth, who 
gave us so much encouragement in this undertaking. 

June 1964 S. C. Kleene 



Chapter I 


A FORMAL SYSTEM OF INTUITIONISTIC ANALYSIS 
by S. C. Kleene 


§ 1. Introduction (to the monograph). The constructive tendency 
in mathematics has been represented, prior to or apart from intui- 
tionism, in the criticism of “classical” analysis by Kronecker around 
1880-1890, and in the work of Poincare 1902 , 1905 - 6 , Borel 1898, 
1922 and Lusin 1927, 1930 (cf. Heyting 1934 or 1955).i 

Modem intuitionism, founded by Brouwer, constitutes a vigorous 
manifestation of the constmctive tendency. In his thesis 1907 Brouwer 
treats of the intuitive genesis of the natural number series and argues 
the distinctness of mathematics from the language in which mathe¬ 
matics is expressed. In his famous paper 1908 on the untmstworthiness 
of logical principles, he rejects the traditional belief that the classical 
logic derived from Aristotle has an a priori validity (cf. IM § 13). 
His writings, such as 1912, 1921, contain many examples proposed as 

1 Dates in gothic numerals (e.g. 1898) refer to the bibliography^of this mono¬ 
graph, and in medieval tailciphers (e.g. 1902 ) to the bibliography of Kleene 
“Introduction to Metamathematics” 1952b. The latter book we cite simply 
as “IM”, and furthermore we cite things in IM simply as they were cited within 
IM when like designations do not exist in the present monograph. 

Some errata in early printings of IM are given in the bibliography below. 
Also: (a) At the top of p. 51 of IM, the seeming circularity that not B is used 
in explaining not A is to be avoided thus. Sameness and distinctness of two 
natural numbers (or of two finite sequences of symbols) are basic concepts 
(cf. p. 51 lines 20-24). For any B of the form m=n where m and n are natural 
numbers, not B shall mean that m and n are distinct. The explanation of not A 
in lines 5-8 then serves for any A other than of that form, by taking the B 
in it to be of that form. Equivalently, since the distinctness of 1 from 0 is 
given by intuition (so not 1=0 holds), not A means that one possesses a method 
which, from any proof of A, would procure a proof of 1=0 (cf. lines 8-9). 
(b) On p. 506, the notation in 10 and 11 overlooks the possibility that t contains 
x; but the reasoning in that case is just the same. (Similarly on p. 155 of the 
addendum to Kleene 1962a.) 
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confuting classical arguments and results. In 1918-9 he began the 
construction of an intuitionistic mathematics divergent from the 
classical; the results are collected in 1924-7, 1927. Subsequently he 
was joined by Heyting 1925,1927,1927a, 1929,1941, 1953a, deLoor 1925, 
Belinfante 1929, Freudenthal 1936, van Dantzig 1942, Dijkman 1948, 
1952, van Rootselaar 1952, 1960, van Dalen 1963 and others in con¬ 
tinuing the development of intuitionistic mathematics; cf. the biblio¬ 
graphies in Heyting 1955 and 1956. (For “negationless intuitionistic 
mathematics” Griss 1944, 1946-51, 1955, cf. Heyting 1956 8.2.) Besides 
the approach to intuitionism through Brouwer’s original papers 
(including those already cited, and e.g. 1928a, 1929, 1948, 1952, 1954), 
there are the approaches through Heyting's expositions ( 1934 , re- 
edited 1955, and 1956) and Beth’s (1955, 1959). 

Meanwhile there arose in the 1930’s a different manifestation of the 
constructive tendency, in the form of a general theory of constructive 
processes, or algorithms, for calculating functions or deciding predi¬ 
cates (i.e. properties and relations). This theory is commonly called 
the “theory of (general) recursive functions”, after one of the mathe¬ 
matical definitions of a class of number-theoretic functions which 
has been proposed as coinciding with the intuitively-understood class 
of the number-theoretic functions which can be calculated effectively 
by a uniform method. The definition of the general recursive functions 
was given by Godel in 1934 building on a suggestion of Herbrand 
(cf. IM § 55). The identification of the general recursive functions 
with the effectively calculable functions, which we call Church's thesis , 
was first proposed by Church in 1936 (cf. IM p. 300 and § 62, Kleene 
1958 § 2 ). Whether or not one accepts the thesis, the considerations 
adduced in support of it bear on the significance of the theory. Simul¬ 
taneously, the class of the A- definable functions , which had been 
introduced and studied by Church and Kleene beginning in 1932, 
was proved by them to be the same as the class of the general recursive 
functions (Church 1936 , Kleene 1936 a; cf. Church 1941 ). Turing 
independently proposed the like thesis for the computable functions , 
introduced by him in 1936-7 and independently in less detail by 
Post 1936 ; and in 1937 Turing proved them to be the same as the 
other two classes of functions just mentioned. Subsequently other 
equivalent formulations have been introduced, as by Post 1943 and 
by Markov 1951c. On this basis an extensive theory has been developing 
in a variety of directions, e.g. decision problems, hierarchies, degrees 
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of unsolvability, recursive equivalence types, recursive analysis, con¬ 
structive ordinals, recursive functionals. Among the books are Peter 
1951, Tarski-Mostowski-R. M. Robinson 1953, Markov 1954, Davis 
1958, Trahtenbrot 1960, Dekker-Myhill 1960, Uspenskii 1960, Hermes 
1961, Klaua 1961, Sacks 1963, Rogers 1964. We have counted (by 
October 15, 1963) 150 contributors to the subject . 2 The proceedings 
of several recent gatherings indicate the scope of the work that is 
going on (Rosser 1957, Heyting 1959, Mostowski 1961*, Nagel-Suppes- 
Tarski 1962, Dekker 1962). 

The theory of general recursive functions had antecedents in work 
of Skolem 1923 , Hilbert 1926 , Ackermann 1928 , Godel 1931 , Peter 
1934 dealing with special classes of recursive functions, which has 
been continued by 35 investigators . 3 

2 The 20 cited already, and J. W. Addison, S. I. Adyan, Giinter Asser, Gilbert 
Baumslag, N. Y. Beljakin, Bemays, William W. Boone, R. E. Bradford, 
Donald Bratton, J. L. Britton, J. R. Biichi, C. S. Ceitin, V. S. Cemjavskil, 
Andre Chauvin, C. R. Clapham, Douglas A. Clarke, Alan Cobham, J. N. Cross- 
ley, V. K. Detlovs, V. H. Dyson, Andrzej Ehrenfeucht, Calvin C. Elgot, Herbert 
B. Enderton, A. P. Ersov, Walter J. Feeney, Solomon Feferman, Patrick C. 
Fischer, Frederic B. Fitch, Roland Frai'sse, A. A. Fridman, Richard M. Fried- 
berg, A. Frohlich, D. C. Furguson, R. O. Gandy, Seymour Ginsburg, Andrzej 
Grzegorczyk, William P. Hanf, Harrop, Hasenjaeger, Graham Higman, Louis 
Hodes, P. K. Hooper, Hu Shih-Hua, A. Janiczak, Ju. I. Janov, Jankowski, A. S. 
Kahr, Kalmar, L. A. Kaluznin, Carol Karp, Clement F. Kent, Akiko Kino, Kol¬ 
mogorov, Y. S. Koroljuk, Donald L. Kreider, Kreisel, Kuznecov, Daniel Lacombe, 
Azriel Levy, Samuel Linial, Shih-Chao Liu, Loh Chung-Wan, Paul Lorenzen, 
David C. Luckham, M. Machover, Maehara, A. I. Mal'cev, Werner Markwald, 
D. A. Martin, B. H. Mayoh, S. Mazur, John McCarthy, Thomas G. McLaughlin, 
Medvedev, Marvin L. Minsky, Moh Shaw-Kewi, John N. Moschovakis, S. 
Mrowka, A. A. MuCnik, A. A. Mullin, N. M. Nagomyi, Nelson, Anil Nerode, 
B. H. Neumann, P. S. Novikov, Walter Oberschelp, £. S. Orlovskil, Rohit J. 
Parikh, Porte, Marian Boykan Pour-El, Hilary Putnam, Michael O. Rabin, 
Wolfgang Rautenberg, H. G. Rice, W. H. Richter, William E. Ritter, Julia 
Robinson, Alan Rose, Gene F. Rose, Rosser, N. A. Routledge, Ryll-Nardzewski, 
Sanin, F. J. Sansone, Schiitte, Scott, Claude E. Shannon, Norman Shapiro, 
J. C. Shepherdson, J. R. Shoenfield, Skolem, Smullyan, Ernst Specker, Spector, 
Peter H. Starke, Yoshindo Suzuki, M. A. Taiclin, W. W. Tait, Gaisi Takeuti, 
Stanley Tennenbaum, Tosiyuke Tugue, J. S. Ullian, Robert L. Vaught, Vladeta 
Vudovid, Wang, Jesse B. Wright, C. D. Wyman, C. E. M. Yates, P. R. Young, 
I. D. Zaslavskii. 

3 Ackermann, David R. Anderson, Paul Axt, James H. Bennett, Bereczki, 
Church, John P. Cleave, Paul Csillag, R. J. Fabian, Feferman, Fischer, Joyce 
Friedman, Godel, R. L. Goodstein, Grzegorczyk, James R. Guard, Juris Hart- 
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But, although intuitionism began twenty-five years before the 
theory of general recursive functions and so contributed to the climate 
of research in foundations in which the theory of general recursive 
functions arose (cf. Church 1936 Footnote 10, 1936 a p. 102), the 
latter theory in its details developed initially quite independently of 
the intuitionistic mathematics. On the other side, in the next twenty- 
five years after the theory of general recursive functions had appeared, 
intuitionism under Brouwer continued on its way without taking 
explicit notice of the theory of general recursive functions. 

However it is natural to look for connections between intuitionism 
and the theory of general recursive functions, which (at least until 
recently) could be characterized as the two principal manifestations 
of the constructive tendency in modern mathematics. (This characteri¬ 
zation no longer fits as well, with the recent rapid proliferation of 
notions of constructiveness; cf. the volume “Constructivity in mathe¬ 
matics” ed. by Heyting 1959.) So Kleene conjectured (in 1939-40) 
that only number-theoretic functions which are general recursive 
can be proved to exist in the existing formal system of intuitionistic 
number theory. This conjecture was confirmed, and other meta- 
mathematical results concerning the intuitionistic formal number 
theory were obtained, in his 1945 with Nelson's 1947 (exposition in IM 
§ 82; also cf. Sanin 1958, 1958a, Kleene 1960). Kleene (in 1941) and 
Beth 1947 proposed to interpret the “laws” in Brouwer’s definition 
of a set or spread (1918-9, 1919, 1924-7, 1954) to be general recursive 
functions. Proposals for a thoroughgoing use of recursive functions in 
interpreting intuitionistic analysis were elaborated by Kleene in 1950 a, 
which is a prospectus for the present monograph; and Kleene in 1957 
gave a progress report. (Ideas from intuitionistic analysis were applied 
in recursive function theory by Kleene in 1955a pp. 417, 420 or 1955b 
p. 203.) 

In that prospectus 1950 a it was suggested that use of recursive 
functions might help to make Brouwer’s analysis more accessible. 
The appearance meanwhile of new expositions of intuitionism, es¬ 
pecially Heyting 1956, has diminished the need for such help. In 
these expositions one can follow the development of intuitionistic 
mathematics in a quite straightforward manner, and we shall not 

mans, Hu, Kalmar, Kaluznin, Kent, Kleene, Kreisel, A. H. Lachlan, R. S. 
Lehman, Moh, Nelson, Peter, Robert W. Ritchie, Julia Robinson, Raphael M. 
Robinson, Rogers, H. S. Shapiro, R. E. Steams, Tait. 
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duplicate them here except to a limited extent. We do aim in the 
present monograph, among other things, to clarify the differences 
between intuitionistic and classical mathematics. These differences 
consist in part in the intuitionist’s merely refraining from affirming 
classical results, and in part in the intuitionist’s affirming results 
contradictory to classical ones. 

§ 2. Status of the formal system. We shall begin by setting up a 
formal system, in which, so far as we have pursued it, the existing 
intuitionistic mathematics exclusive of the theory of species of higher 
order (Brouwer 1918-9, 1924-7) can be developed. This investigation 
is continued in Vesley’s “The intuitionistic continuum”, constituting 
Chapter III below. 

Formalization may at first seem inappropriate. For one of the 
Brouwerian tenets is that mathematics should consist in intuitive 
constructions, and intuitive reasoning on the basis of the meaning of 
the propositions as about those constructions, rather than in formal 
deductions from formally stated axioms. However this need not forbid 
the use of formal processes of deduction to save the labor of going 
back to the meaning at each step, when the axioms and rules of in¬ 
ference have once been justified in terms of the meaning so that we 
know we always could go back to it. As is familiar from the historical 
development of elementary algebra e.g., such formal manipulations 
add much to the rapidity with which mathematical deductions can 
be performed. The Brouwerian objection is surely only against formal 
reasoning that could not be performed in terms of the meaning. 
(Cf. IM p. 62 last paragraph, or Heyting 1953 pp. 59-60.) 

Brouwer took the position on philosophical grounds that the 
possibilities of construction cannot be confined within the bounds 
of any given formal system, long before this position received confir¬ 
mation in the famous proof by Godel 1931 that formalisms adequate 
for a certain portion of number theory are incomplete. So it is to be 
understood from the outset that our formal system for intuitionistic 
mathematics is not complete, even for the portion of intuitionistic 
mathematics without species of higher order which is expressible in 
its symbolism. It, or any intuitionistically correct extension of it, 
could be extended by the Godel process (which is valid intuition¬ 
istically), i.e. by adding a formally undecidable but true formula 
(cf. IM §§ 42, 60). We shall indeed frequently think of our formal 
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system as extensible, any extension to satisfy certain general con¬ 
ditions. 

There are advantages in describing formally a portion of intuition- 
istic mathematics, even though that portion be only a fragment. 
Indeed the intuitionist Heyting did exactly this in 1930 , 1930 a, in 
response to a challenge by Mannoury to do so. The formation rules 
and postulates help the outsider by separating out for him a relatively 
small number of concepts he must grasp, and of propositions and 
methods of inference to which he must assent, in order that in prin¬ 
ciple nothing else should remain problematical for him in the body 
of the intuitionistic mathematics deducible within the system. Further¬ 
more, metamathematical investigations are made possible, as well as 
investigations, which we may call model-theoretic or semantical (cf. 
IM pp. 63, 175, 176, 501), employing interpretations not necessarily 
elementary or finitary. 

Thus Heyting's formalization 1930 , 1930 a §§ 5, 6 of the intuitionistic 
logic led to a variety of metamathematical and semantical investi¬ 
gations and applications, of interest in diverse connections not all 
intuitionistic, by Glivenko 1929 , Kolmogorov 1932, Godel 1932 , 
1932 - 3 , 1933, Gentzen 1934 - 5 , 2egalkin 1936*, Jankowski 1936 , Stone 
1937-8, Tarski 1938, Wajsberg 1938 , McKinsey 1939 , Garrett Birkhoff 
1940, Kleene 1945 with Nelson 1947 , Heyting 1946 , McKinsey-Tarski 
1946, 1948 , de Iongh 1948 , Ohnishi 1953, Mostowski 1948 , Rieger 1949, 
Henkin 1950 a, Curry 1950 , Kleene 1948 , 1952 , 1952a, IM (1952b), 
Ridder 1950-1, Schiitte 1962, Kuroda 1951, Lukasiewicz 1952, Maehara 
1954, Umezawa 1955, 1959, 1959a, Nishimura 1960, Schroter 1956, 
1957, Porte 1958, Schmidt 1958, Skolem 1958, Leblanc-Belnap 1962, 
McCall 1962, Vesley 1963, Rasiowa 1951, 1954, 1954a, Rasiowa-Sikorski 
1953, 1954, 1955, 1959, Sikorski 1959, Pil'cak 1950, 1952, G. F. Rose 
1953, Gal-Rosser-Scott 1958, Medvedev 1962, Kabakov 1963, Harrop 
1956, 1960, Beth 1956, 1959a, Dyson-Kreisel 1961, Scott 1957, Kreisel- 
Putnam 1957, Kreisel 1958a, 1958b, 1959a, 1959c, 1961, 1962, 1962a, 
Kleene 1962a. (Glivenko 1928 partially anticipated Heyting 1930 . 
Kolmogorov 1924-5 first gave, for a related system, a result like 
Godel 1932 - 3 , IM p. 495.) 

Gentzen in 1934-5 gave a formalization of the intuitionistic logic in 
which it differs from the classical logic in just one axiom schema, that 
for “negation elimination’'; cf. IM p. 101, and Remark 1 p. 120 reading 
“intuitionistic” for “same”. (Glivenko 1929 had already observed 
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that adjoining the law of the excluded middle to the intuitionistic 
propositional calculus produces the classical.) This facilitates com¬ 
parison of the two systems. The formal system of intuitionistic 
arithmetic and number theory which is obtained by adjoining Peano’s 
axioms and recursion equations for suitable number-theoretic functions 
to the intuitionistic logic (in Heyting's or Gentzen's formalization) has 
been studied metamathematically or semantically by Godel 1932 - 3 , 
Kleene 1945 with Nelson 1947 (as indicated in § 1 above). Nelson 1949 , 
Kleene 1948 , IM, Sanin 1953, 1954, 1955, 1958, 1958a, Kleene 1960, 
Kreisel 1958*, 1959, 1959a, 1959b, 1959d, 1962, 1962d, 1962e, 1962f, 
Harrop 1956, 1960, Godel 1958, Kleene 1962a, T. T. Robinson 1963. 
Incidentally, the formal system of intuitionistic arithmetic and 
number theory does not occur as a subsystem readily separated out 
from Heyting’s full system of intuitionistic mathematics 1930 a 
(with 1930 ). 

At the time this investigation was begun, and up through our 
progress report 1957, there were so far as we are aware no other 
metamathematical or semantical studies in print of the Hey ting 1930 , 
1930 a system of intuitionistic mathematics including set theory, or 
of any other formal system for a like portion of intuitionistic mathe¬ 
matics. Kreisel 1959a, 1959c, 1962, 1962a refer to our 1957. In 1958b he 
describes another such formal system, and treats some of the same 
matters as the present monograph. Kleene, after unsatisfactory 
attempts to use recursive functions in the interpretation of the 
Heyting 1930 a system, came to feel it not well suited for the meta¬ 
mathematical studies proposed. It employs somewhat bizarre primi¬ 
tives, namely symbols "cr” and "r” where “<yprq” is to be read "from 
the species q the element p is chosen” and “ prq ” to be read "the p 
chosen from q'\ In any case, such symbolism is an impediment to 
the comparison of the intuitionistic with a classical system. So. in 
1950 a Kleene proposed the innovation of using simply one-place 
number-theoretic function variables for Brouwer's "choice sequences”. 
Thus the part of intuitionistic mathematics up through intuitionistic 
set theory excluding higher-order species, which we call intuitionistic 
analysis , comes to be expressible in the same language as a portion 
of classical analysis. The differences between intuitionistic and 
classical analysis are then to be found formally in the different treat¬ 
ment of the function variables under the deductive postulates rather 
than in formation rules. Kreisel 1958b also uses one-place function 
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variables, under a restriction (citing on p. 372 our 1957). Spector 1962 
takes into account the present formalism (cited on p. 9), details of 
which were made available to him in November 1959 and January 
1961; and Kreisel 1962d, 1962e, 1962f cite Spector 1962. 

Our postulates will begin with ones which will be common to (or 
hold in) both the intuitionistic and classical systems, namely those 
of Postulate Groups A-C in § 4, of Postulate Group D in § 5 (to which 
additions may be made later), and Axiom Schema x 26.3 in § 6 . This 
gives what we call the basic system. Strengthening the intuitionistic 
negation elimination schema 8 1 IM p. 101 (included in Postulate 
Group A) to the classical one 8 ° IM p. 82 for the classical system , and 
for the intuitionistic system adding a single non-classical postulate 
x 27.1 in § 7, will then produce the divergence between the two systems. 
Of course other additions could be made to the classical system, 
including further formation rules (cf. Hilbert-Bernays 1939 Supple¬ 
ment IV); but this would take us further afield than we wish to go 
from our primary subject, the foundations of intuitionistic mathe¬ 
matics. 


§ 3. Formation rules. 3.1. We must now assume familiarity with 
the concept of a formal system. A plethora of references could be 
given; but, when we can, we shall confine our references for this and 
related purposes to IM. We now cite IM §§ 15 ff. 

3.2. The formal symbols of the system shall be the logical symbols 
Z) ("implies”, or "if ... then .. .”), & ("and”), V ("or”), -1 ("not”), 
V ("for all”) and 3 ("there exists”), number variables a, b, c, ..., 
x, y, z, ..., function variables a, p, y, • • •, the predicate symbol 
= ("equals”), certain function symbols fo, ..., i v where fo is 0 ("zero”) 
and fi is ' ("successor” or "plus one”), Church’s X, commas and 
parentheses. 

The number variables are variables over the natural numbers 
0, 1,2, .... The function variables are variables for one-place number- 
theoretic functions, i.e. one-place functions from the natural numbers 
to the natural numbers. We suppose potentially available a countable 
infinity of variables of each sort. 

In IM a special font of type (lower case script " a ”, "c”, ...) 

was used for the number variables themselves as distinguished from 
letters (lower case Roman “a”, "b”, "c”, ..., "x”, “y”, "z”) standing 
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as names for number variables. We simplify the notation here by 
using the latter only, as there is little further need (after the basic 
discussion of formal systems in IM) for exhibiting specimens of the 
number variables themselves . 4 We can likewise understand that the 
lower case Greek letters in the font "a”, "(5”, "y”, ... (Roman) are 
names for function variables . 5 

When we use letters as names for variables, we have to be clear 
when different letters name variables required to be distinct and when 
they may be names for the same variable. The same problem was 
present in IM, though there in some cases we could avoid it by using 
specimens of the variables themselves. The problem is complicated 
by the use in IM and here of metamathematical expressions to name 
formulas etc. that may contain variables not shown or named within 
those metamathematical expressions. We shall be explicit in these 
matters at the outset and in our more formal statements. Elsewhere 
the simplest blanket rule is that variables not required by the notation 
to be the same (i.e. not named alike, or at corresponding positions in 
alike named formulas etc., within a connected context) should be 
distinct whenever it makes a difference for the discussion in progress 
whether they are the same or distinct. The passages in which we are 
explicit about the stipulations should provide ample illustration for 
the application of this blanket rule. 

The function symbols U for i > 1 will be specified later. It will 
be somewhat a matter of convenience which ones we introduce. The 
formation rules regarding them, and some other features of the system, 
we state first in general terms to leave the way open to other appli¬ 
cations besides to the specific system considered below. Under the 
interpretation, each function symbol f« (i = 0, ..., ft) shall express 
a "primitive recursive” function ..., a* if ai, ..., ajJ of a speci¬ 
fied number hi of natural numbers and a specified number l% of one- 
place number-theoretic functions (k it k > 0 ; in particular, k 0 = l 0 — 
h = 0 , = 1). We could admit here "general recursive” functions 

of such variables; but we shall not have occasion to introduce any 
that are not "primitive recursive”. For the notion of 'primitive 

4 We shall retain the script letters, capital and lower case, in writing particular 
formulas of the pure propositional and predicate calculi. 

5 Italic Greek letters a, (3, y, ... will be used here as names for functions; 
in IM Roman Greek letters were so used, and elsewhere, e.g. Kleene 1955, 
1955a, 1955b, italic Greek letters. 
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(‘general) [‘partial] recursive’ function, we refer to IM Part III, 
especially § 43 (§ 55 ) [§ 63]. But we are following Kleene 1950 a § 2 
and 1955 § 1 in allowing one-place function, as well as number, 
variables; that ..., a k{ , cq, ..., oc h ) with ^>0 is primitive 

(general) [ partial ] recursive then means that fi(a 1} ..., a ki , aq, ..., a ti ) 
as a function of a x , ..., a ki is primitive (general) [partial] recursive 
uniformly in oq, . . ., oc u IM § 47 (§ 55 ) [§ 63]. When we come to specify 
the function symbols, we shall introduce such special symbols, not 
always prefixed, as will be convenient; so the “f*” can be considered 
as names for the symbols to be introduced later, or for i = 0 , 1 already 
introduced. 

3.3. We define ‘term’ and ‘functor’ inductively, as follows. The 
terms are to be the formal expressions in the role of nouns expressing 
natural numbers, and the functors those expressing one-place number- 
theoretic functions. 1 . The number variables a, b, c, ..., x, y, z, ... 
are terms. 2. The function variables a, [U, y, ... are functors . 3a. 0 is 
a term . 3. For each i (i = 0, . . p), if are terms , and 

Uj, ..., u^ are functors , f^tj, ..t fc( , u 1} ..., uj is a term. (Clause 
3a is the case of Clause 3 for i = 0 .) 4a. ' is a functor. 4. For each i 
(i — 0, ..., p) such that ki — 1 and k = 0 , f$ is a functor . (Clause 4a 
is the case of Clause 4 for i = 1 .) 5. If u is a functor, and t is a term, 
(u)(t) is a term. (When u is a functor f$ by Clause 4, Clause 5 duplicates 
Clause 3, and (u)(t) will be written in whatever manner may be 
adopted for h(t), e.g. for i = 1 as (t)'.) 6 . If x is a number variable, 
and s is a term, Ax(s) is a functor. 7. A formal expression is a term 
or functor only as required by Clauses 1-6. 

Next we define ‘formula’ inductively as follows. The formulas are 
to be the formal expressions in the role of sentences, i.e. expressing 
propositions (but they may contain “free” variables). 8 . If s and t 
are terms, (s) = (t) is a formula. 9. If A and B are formulas, so are 
(A) d (B), (A) & (B) and (A) V (B); if A is a formula, so is -i(A). 
10. If x is a number variable, and A is a formula, Vx(A) and 3x(A) 
are formulas. 11. If a is a function variable, and A is a formula, 
Va(A) and 3a(A) are formulas. 12. A formal expression is a formula 
only as required by Clauses 8-11. 

In writing terms, functors and formulas, parentheses may be 
omitted under the familiar conventions when no confusion can result 
(IM § 17), or they may be changed to braces or brackets. (They can 
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always be omitted in using Clauses 6 and 8 .) We adopt the abbrevi¬ 
ations ‘V”, " 1 ”, “ 2 ”, "3”, . . . IM p. 75, p. 113. 

Instead of including among our formal or primitive symbols just 
the one predicate symbol =, we could have allowed others, each one 
P j expressing a primitive recursive predicate Pj(a l} ..., a mp a lt ..., a nj ). 
We shall get the same effect by providing, when we want a symbol for 
such a predicate, that P^a^ ..., a mj , a t , ..., aj be an abbreviation 
for s ^=0 where s$ is a term (containing at most the variables 
a j, . ..,a mj , 04 , . ..,a n J which expresses the representing function 
pfoi, ..., a mj , cxj, ..., a ni ) of Pj (IM p. 227). For the P; (as for the f*) 
we shall introduce such special symbols, not necessarily prefixed, 
as will be convenient. 

3.4. Free and bound occurrences of variables in terms, functors and 
formulas are distinguished in the familiar manner (IM § 18). The 
operators which bind variables now are the A- prefixes Ax and the 
quantifiers Vx, 3x, Va, 3a where x is any number variable and a 
is any function variable. As in IM, our definitions of ‘term', ‘functor’ 
and ‘formula’ do not exclude the application of one of these operators 
to a scope containing bound occurrences of the same variable; then 
in the resulting expression it is only the occurrences free in the scope 
which are bound by that operator. 

The result of substituting a term for (the free occurrences of) a 
number variable, or a functor for (the free occurrences of) a function 
variable, or of several such substitutions performed simultaneously 
for several variables, and freedom at the substitution positions or of 
the substitution, are defined as before (IM § 18). We use the same 
notation as before. Thus if we are to substitute for x in a term, functor 
or formula (or sometimes simply for emphasis), we may introduce 
a composite notation “E(x)” for it, after which for any t “E(t)” will 
denote the result of substituting t for (the free occurrences of) x in E(x). 

There will be no conflict between “r(x)” as a composite notation for 
a term and “r(t)” as expressing the result of a substitution into r(x) 
on the one hand, and “r(x)” and “r(t)” as obtained by omitting the 
first pairs of parentheses in writing terms (r)(x) and (r) (t) introduced 
under Clause 5 in 3.3 on the other. For in the first case the “r” sepa¬ 
rately from the composite notations “r(x)” and “r(t)” will have no 
status, while in the second the “r” by itself will already denote a 
functor (it will be one of “a”, “(J”, “y”, ..., or an f<, or a letter either 
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explicitly introduced, or indicated by the context, as denoting a 
functor). Similarly, conflict will not arise between composite notations 
with several argument places and terms formed under Clause 3 (the 
ii identify the latter). 

"P^tj, ..., t mj , u 1( . .., uj” (cf. end 3.3) will denote the result of 
a free substitution into s$=§ after any necessary changes of bound 
variables in s j (cf. IM end § 33). 

A term, functor or formula is closed if it contains no variable free 
(and following Tarski, a closed formula is a sentence ), otherwise open. 
A formula is prime if it contains no logical symbol. 

Lemma 3.1. If ai, ..., a* are number variables, ai, ..., a i are 
function variables, ti, ..., t* are terms , ui, ..., u$ are functors, and 
E(ai, ..., a*, ai, .. ., is a term (functor) [formula], then E(ti, ..., t*, 
Ui, ..., Ui) is a term (functor) [formula]. 

Proof is by induction corresponding to the inductive definitions 
of ‘term’, ‘functor’ and ‘formula’. 

3.5. A term u(t) introduced by Clause 5 of the definition of ‘term’ 
and ‘functor’ expresses the value of the function expressed by u for 
the number expressed by t as argument. A functor Axs introduced by 
Clause 6 expresses the one-place number-theoretic function whose 
value for a given argument is expressed by s when x expresses that 
argument, or briefly it expresses s as a function of x (Church 1932 , 
IM p. 34). 

Lemma 3.2. If the functions ip(a\, ai, ..., a j, /?) and 

%(ai, ..., ajc, ai, ..., oti, x) are primitive (general) [partial] recursive, 
so is the function y>(a\, .. .,ajc,ai, ..., a i,lx x( a i, ai, ..., a 1 , x)). 

(Kleene 1955 1.3 [1956 p. 279].) 

Proof. By IM Lemma I p. 236 with the obvious transitivity of 
the relation ‘primitive recursive in' (Lemma VI p. 344 with Theorem 
II p. 275) [Lemma VI with Theorem XVII (a) p. 329]. 

Lemma 3.3. Let s be a term (u be a functor) [P be a prime formula] 
containing free no variables other than the number variables ai, ..., a& 
and the function variables ai, ..., a/. Then under the intended inter - 
pretation s (u(x) where x is another number variable) [P] expresses, 
as the ambiguous value IM p. 33, a primitive recursive function of 
a\, ..., ajc, ai, ..., oti (function of a\, ai, ..., a 1 , x) [predicate 

of ai,..., ajc, oti, • • •, a*]. 

Proof is by induction corresponding to the inductive definitions 
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of 'term’, ‘functor' and ‘formula’, using Lemma 3.2 for Clause 3. 
(A functor u not of the form Axs is equivalent under the interpretation 
to the functor of this form Axu(x).) 

Remark 3.4. Instead of a prime formula P in Lemma 3.3, we can 
allow one merely containing no quantifiers, or none except bounded 
number quantifiers. (Cf. IM #D, #E p. 228.) 

§ 4. Postulates for predicate calculus, for number theory, and 
concerning functions (Postulate Groups A—C). 4.1. In giving the 
transformation rules or postulates (IM § 19) for the basic formal 
system or the intuitionistic formal system, we begin with postulates 
for the intuitionistic predicate calculus; but instead of one sort of 
variables we employ our two sorts. 

Group A. Postulates for 
the two-sorted intuitionistic predicate calculus. 

Group A1. Postulates for 
the intuitionistic propositional calculus. 

For these postulates, A, B, C are any formulas; and the postulates 
are la, lb, 2, 3, 4a, 4b, 5a, 5b, 6, 7, 8 1 as in IM top p. 82 except: 

8 1 . nA d (A D B) (as in IM p. 101). 

Group A2.. (Additional) Postulates for 
the two-sorted intuitionistic predicate calculus. 

The first four postulates 9N, ION, UN, 12N appear exactly as 9, 10, 
11 , 12 in IM middle p. 82 with the x in the stipulations bottom p. 81 
now a number variable. For the second four as follows, a is any 
function variable, A (a) any formula, C any formula not containing 
a free, and u any functor free for a. in A (a). 

,F - l0F - V " A! ‘ , = A '" ) 

I IF. A0,) = 3 «A(.|. ,2F. 

The classical formal system arises from the basic system by adopting 

8 °. -i-iA => A (as in IM p. 82) 

as an additional postulate (or equivalently, since 8 1 then becomes a 
derived rule IM p. 101, as an alternative to 8 1 ). 
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4.2. Next we take over the additional postulates for the usual 
system of intuitionistic number theory. We specify that the next 
two f 2 , f 3 of our function symbols be +, • (with k% — kz = 2, 

fa = fa — 0 ). 

Group B. (Additional) Postulates for 
intuitionistic number theory. 

The postulates are 13-21 as in IM bottom p. 82, with the x now a 
number variable, and the a, b, c particular number variables. 

4.3. Anticipating that in Group D in § 5 we shall postulate the 
recursion equations for the exponential function (a b or a exp b), we 
now let U express this function (with k$ = 2, fa = 0), and use it in 
Axiom Schema x 2.1 of Group C. (Beyond Group B our postulates do 
not correspond to ones in IM, and we change to another system of 
numbering, which will distinguish references within this monograph 
from ones to IM.) 

Group C. Postulates concerning functions. 

For Axiom Schema x 0.1, x is any number variable, r(x) is any term, 
and t is any term free for x in r(x). For Axiom x L1, a and b are partic¬ 
ular distinct number variables, and a is a particular function variable. 
For Axiom Schema x 2.1, x and y are any distinct number variables, 
a is any function variable, and A(x, a) is any formula in which x 
is free for a. 

* 0 . 1 . {Axr(x)}(t)=r(t). 

x l.l. a=b Z> a(a)=a(b). 

x 2.1. Vx3aA(x, a) D 3aVxA(x, Xya(2 x *3y)). 

4.4. The intuitionistic and classical systems of predicate calculus 
are treated in IM (Chapters IV-VII, XIV, XV), mostly simultaneously, 
those results which are established only for the classical system being 
marked with “ 0,, (cf. p. 101). This material can be taken over for 
the purpose of proving formulas now containing no function variables 
or no number variables. When both sorts of variables appear, we can 
still use the methods developed there, only exercising care not to 
violate the definition of formula; the restrictions appear in Postulates 
ION, 1 IN where t must be a term, and in Postulates 10F, 1 IF where 
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u must be a functor. For example, *79 p. 162 gives now b VxVyA(x, y) 
DVxA(x, x), b VaVfJA(a, fi) D VaA(a, a), but not b VxV(UA(x, (U) Z) 
VxA(x, x) nor b VaVyA(a, y) z> VaA(a, a). The consequences of the 
postulates of Group B, taken with the predicate calculus with number 
variables, are likewise developed in IM (Chapter VIII and elsewhere). 
We assume enough familiarity not only with the results of IM, but 
also with the methods underlying them, to permit us here to adapt 
them to the development of the present formal system without 
detailed explanation in cases when the adaptation is straightforward. 
We must stay attentive to the precautions in the handling of variables 
(IM beginning §32 p. 146). 

Remark 4.1. Since each prime formula of the present system is 
an equation s=t between terms, it is immediate by substitution in 
IM *158 p. 192 that b P V-|P for each prime formula. Using also 
*150, *151 p. 191 and Remark 1 (b) p. 134, likewise b E V -*E for 
any formula E built from prime formulas (or formulas for each one 
P of which b P V -|P) using only the propositional connectives (d, &, 
V, -i) and bounded number quantifiers. By Remark 1 (a) p. 134 with 
Theorem 9 p. 128, all provable formulas of the classical propositional 
calculus (e.g. the equivalences *56~*61 p. 119) are provable in the 
intuitionistic system when b P V -|P for each of their distinct com¬ 
ponents P prime for the propositional calculus p. 112. 

4.5. Our formation rules provide — as a primitive symbol only 
between terms. Now, when u and v are functors, “u=v” shall be 
an abbreviation for Vx(u(x)=v(x)) where x is any variable not 
occurring free in u or v. 

In the following, x is any number variable, r(x) and s(x) are any 
terms, b is any number variable free for x in r(x) and not occurring 
free in r(x) (unless b is x), and a is a function variable. 

*0.2. r(x)=s(x) b x Axr(x)=2xs(x). *0.3. b 2xr(x)=Abr(b). 

*0.4. b Axa(x)=a. 

Proofs. *0.2. Using Ax. Sch. x 0.1 twice and *101, *102 p. 183 
(cf. end § 26 p. 118), r(x)—s(x) b (Axr(x)}(x) = r(x) = s(x) == (2xs(x)}(x) 
b x Vx[{2xr(x)}(x) = (2xs(x)}(x)], i.e. 2xr(x)=Axs(x) (by V-introd. IM 
§23). 

*0.3. Similarly b (Axr(x)}(x) — r(x) = (Abr(b)}(x) (cf. IM Example 
9 p. 80), whence by V-introd. b Axr(x)=Abr(b). 
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The reflexive, symmetric and transitive properties of equality between 
functors are immediate by the predicate calculus from the same proper¬ 
ties of equality between terms (*100-* 102 p. 183). The replacement 
property of equality (IM Theorem 24 and Corollaries pp. 184-185) 
requires additional care because of the presence of the A-operator. 

Lemma 4.2. (Replacement theorem.) Let Er be a term or functor 
[ formula :] containing a specified occurrence of a term {functor} R not 
as the variable of a X-prefix [X-prefix or quantifier ], let Es be the result 
of replacing this occurrence by a term {functor} S, and let xi, ..., x n 
[xi, ..., x n , 0 . 1 , ..., a m ] be the free variables of R or S which belong 
to a X-prefix [ X-prefix or quantifier ] having the specified occurrence of 
R within its scope. Then 

R=S h x,..x n Ee _ Es [R^S Er ~ E s ], 

provided that each of the equality axioms (IM p. 403) for each function 
symbol L occurring in Er with the specified occurrence of R in its scope 
is provable. (The proviso will be met for the way we select the axioms 
of Group D, by Lemma 5.1.) 

Proof. The part for Er a formula will follow as before, after we 
prove the part for Er a term or functor. We do this (taking both Er 
and the specified occurrence of R to be variable; cf. IM p. 90) by 
course-of-values induction on the depth of (the specified occurrence 
of) R in Er, defined to be 0 if Er is (Case 1) R itself, and to be r- j-1 
if Er is as follows: (Case 2) UR(t) where R is at depth r in ur, (Case 3) 
fi(t,, • • -, t ki , u lr ..., uj where R is in one of t v ..., t ki , u lf ..., u h 
at depth r, (Case 4) a(t R ) where R is at depth r in tR, (Case 5) {Axs(x)}(tR) 
where r is the maximum of the depths of R in tR and of each of the 
free occurrences of x in s(x), (Case 6) Axsr where R is at depth r 
in sr. Case 1 is trivial. In Case 2, by the hypothesis of the induction, 
ur=us, which unabbreviated is Vx(ur(x)=us(x)) with x not free in 
ur or us; thence by V-elim., UR(t)=us(t), i.e. Er=E s . The equality 
axioms for fo, ..., f v (cf. the proviso) with the hyp. ind. (and sub¬ 
stitution IM *66 p. 147, and D-elim.) take care of Case 3; Axiom x l.l 
similarly of Case 4; and *0.2 of Case 6. In Case 5, say s(x) contains n 
free occurrences of x, and let a, b be distinct number variables not 
occurring in s(x). By n successive applications of the hyp. ind., 
a=b bs(a)=s(b); thence using Axiom Schema x 0.1 twice, a=b b 
{Axs(x)}(a) = {Axs(x)}(b); and thence by D-introd., substitution and 
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D-elim., tR=t s I- {Axs(x)}(tR) = {Axs(x)}(t s ). Also, by hyp. ind. R=S 

f .x,..x„ tR=tg _ 

The definition of congruence IM p. 153 extends obviously to the 
present system in which variables may be bound by A-prefixes as well 
as by quantifiers. Since by Lemma 4.2 we (will after we obtain Lemma 
5.1) have the replacement property of equality as well as of equivalence 
(also the symmetric, reflexive and transitive properties), and *0.3 as 
well as *73, *74, congruent terms or functors are equal and con¬ 
gruent formulas are equivalent. (This adapts IM Lemma 15b.) 

If x is any number variable, A(x) is any formula, and a is any 
function variable free for x in A(x) and not occurring free in A(x): 

*0.5. b VxA(x) VaA(a(0)). *0.6. b 3xA(x) ^ 3aA(a(0)). 

Proofs. *0.5. Assume (preparatory to D-introd.) (a) VaA(a(0)). 
Thence by V-elim., A((Ayx)(0)) (y a variable distinct from x); by x 0.1 
and replacement (Lemma 4.2), A(x); and by V-introd., VxA(x). 
(Since VaA(a(0)) does not contain x free, x has not been varied.) 
By the D-introd. (discharging the assumption (a)), VaA(a(0)) dVxA(x). 
Using simply the predicate calculus, VxA(x) D VaA(a(0)). By &~ 
introd. (* 16), VxA(x) ^ VocA(a(0)). 

4.6. For all our essential purposes, we could have postulated in 
place of x 2.1 the following consequence of it *2.2 (cf. 7.15 below). 

If x and y are any distinct number variables, A(x, y) is any formula 
in which x is free for y, and a is any function variable free for y in 
A(x, y) and not occurring free in A(x, y): 

*2.2. b Vx3yA(x, y) 3 3aVxA(x, a(x)). 

Proof. Assume (preparatory to D-introd.) Vx3yA(x, y). Thence 
by *0.6 and replacement Vx3aA(x, a(0)), whence by x 2.1 
3aVxA(x, (Aya(2 x *3y))(0)). Assume (preparatory to 3-elim.) 

VxA(x, (Aya(2 x *3y))(0)). By x 0.1 and replacement 
VxA(x, (Ax(Aya(2 x -3y))(0)}(x)), whence by 3-introd. 3aVxA(x, a(x)) 
(which does not contain a free). Completing the 3-elim. and D-introd., 
Vx3yA(x, y) d 3ocVxA(x, a(x)). 

Simply the predicate calculus gives the converses of x 2.1 and *2.2; 
so they can be strengthened to: 

*2.la. b Vx3ocA(x, a) — 3aVxA(x, Aya(2 x -3v)). 

*2.2a. b Vx3yA(x, y) ^ 3aVxA(x, a(x)). 
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4.7. We say a term, functor or formula E is convertible into one F, 
and write “E conv F”, if E can be transformed into F by a series of 
zero or more replacements (I) of a part Axr(x) by Abr(b) under the 
conditions of *0.3, or (II) of a part {Axr(x)}(t) by r(t) under the con¬ 
ditions of x 0.1, or (III) inversely. The relation ‘E conv F' is reflexive, 
symmetric and transitive. Since we (will after proving Lemma 5.1) 
have the replacement theorem, etc., if E conv F, then h E=F if E, F 
are terms or functors (hE^F if E, F are formulas). 

A term, functor or formula is (lambda) normal if it contains no part 
of the form {Axs}(t) where x is a variable, s is a term, and t is a term 
(not necessarily free for x in s). If E conv F, and F is normal, F is a 
normal form of E. 

Lemma 4.3. Each term , functor or formula E has a normal form. 

Proof. It clearly suffices to prove this for any term or functor E, 
by (course-of-values) induction on its rank defined thus: 0, if E 
consists of a single symbol; the maximum of the ranks of t lf ..., t ki , 
Uj, ..., u z ., if E is f 4 (tj, ..., t ki , Uj, ..., uj; the rank of t, if E is 

u(t), unless u is Axs, in which case it is l-fmax(s, t) where s, t are 

the ranks of s, t; the rank of s, if E is Axs. E is normal exactly if its 
rank is 0. If E is not normal, its rank r > 0 is the maximum of the 
ranks of its parts (Axs}(t), and is possessed by n > 0 such parts, 
which are outermost, i.e. not contained in the s or t of another such 
part. Within the induction on r we use one on n. Select a part 
(Axisi}(ti) of rank r. By hyp. ind. on r , Si has a normal form qi; 
pick a term ri(xi) congruent to qi in which ti is free for xi, and 
replace the part {AxjSi}(ti) of E successively by {Ax!qi}(ti), 
{Axiri(xi)}(ti) and ri(ti) to obtain Ei. Since ri(xi) is normal, the 
parts {Axs}(t) in ri(ti) will be exactly those in the occurrences of 
ti that replace the free occurrences of xi in ri(xi) (no part u(t) of 

ri(xi) with u a one-symbol functor becomes a part {Xxs}(t) by the 

substitution of ti for xi, since xi is a number variable), so their ranks 
will be < r. Outside the part {Axisi}(ti) replaced by ri(ti), nothing 
will have been changed (no part u(t) of the whole with u a one-symbol 
functor becomes a part {Xxs}(t) by the replacement). So the number 
n of the parts {Xxs}(t) of the maximum rank r will have been decreased 
by 1 , unless n was 1 , in which case the maximum rank r of such parts 
will have been decreased. So by hyp. ind. on n or on r, Ei has a normal 
form; and hence E does. 

Remark 4.4. In the general theory of A-conversion (Church 1932 , 
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Kleene 1934 ; exposition in Church 1941 , Curry-Feys 1958), where no 
type distinction is enforced between terms and functors, an expression 
E may have no normal form; e.g. (Axx(x)}(Axx(x)) does not. 

Remark 4.5. By the Church-Rosser theorem 1936 Theorem 1 
Corollary 2 p. 479 for their third kind of conversion p. 482, any two 
normal forms of a given expression are congruent. 

Remark 4.6. An application of (II), with zero or more preliminary 
applications of (I), we call a reduction. The proof of Lemma 4.3 shows 
that a certain sequence of reductions starting from E will lead to a 
normal expression. By Kleene 1962 Theorem 1 (b) (adapting Church- 
Rosser 1936 Theorem 2 p. 479), there is a number m such that any 
sequence of reductions starting from E will lead to a normal expression 
in at most m reductions. 

§ 5. Postulates for certain primitive recursive functions, and conse¬ 
quences (Postulate Group D). 5.1. In this section we shall specify 
more of the list fo, ..., i v of symbols expressing primitive recursive 
functions, and introduce as axioms the recursion equations for, or 
equations defining explicitly, the functions expressed. (The symbols 
fo-f 4 were already specified in 3.2, 4.2, 4.3, and the recursion equations 
for f 2 , f 3 are already included in Postulate Group B.) The further 
axioms thus introduced will constitute Postulate Group D, but we 
leave it open whether the list fo, ..., and Postulate Group D are 
concluded in this section or are to be augmented as may be convenient 
later. 

Properties and applications of suitable primitive recursive functions 
beyond 0 , -j-, • are an essential part of our subject matter in 

developing intuitionistic mathematics in the formal system. It is 
simplest now to add the symbols as primitive symbols, and the 
recursion equations as axioms, which are entirely acceptable from the 
intuitionistic standpoint (as well as classically). We could avoid these 
additions and still in effect develop the same theory in the system 
(adapting IM § 74, especially pp. 415-416), but that can better be 
left till later. 

We begin with some generalities, independent of the particular list 
of symbols and axioms to be added. The recursion equations need not 
be in the standard form of IM (Va) or (Vb) p. 219, but may have 
steps of explicit definition lumped with them (as in IM bottom p. 221). 
Now that we have function variables, the steps of explicit definition 
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may include substitutions of functions formed using the A-operator 
(cf. Lemma 3.2). 

Specifically, the axiom(s) for a function symbol U for i > 4 will 
be (and for i = 2, 3 already are) of one of the following two forms, 
which we illustrate for the case of three variables y, a, a: 

(a) f*(y, a, a) = p(y, a, a), 

ff<( 0 , a, a)=q(a, a), 

K ' 1 a, <x)=r(y, f«(y, a, oc), a, a), 

where p(y, a, a), q(a, a) and r(y, z, a, a) are terms containing only 
the distinct variables shown and only function symbols from among 
fo, ..., fj-i, and y, a, a are free for z in r(y, z, a, a). 

5.2. Lemma 5.1. The equality axioms IM p. 403 are provable for 
each of the function symbols fo, . . ,,i p introduced successively with 
axioms as described (Postulate Group B, and 5.1). 

Proof, by (informal) induction on i. For % — 0 there are no equality 
axioms, and for i = 1 there is one, which is postulated as Axiom 17 
of Group B. For i > 1, assume the equality axioms for fo, ..., f$-i 
provable. Those for q(a, a), i.e. (with b, fj free for a, a, resp.) 

a=b D q(a, a) = q(b, a), a— z> q(a, a)=q(a, fi), 

and for r(y, z, a, a), or for p(y, a, a), are provable by applications 
of Lemma 4.2 and D-introd., since by the hyp. ind. on i the equality 
axioms for the function symbols in them are provable. The equality 
axioms for f* introduced by (a) follow immediately. Those for f$ 
introduced by (b) follow by the method used for a-J-b (our f 2 ) in 
IM *104, *105 pp. 183-184, namely: The conclusions of the formulas 

a=b z) L(y, a, a) = f*(y, b, a), ol =$ d f*(y, a, a)=f^(y, a, p) 

expressing the replaceability in the position of either parameter are 
deducible from the antecedents by (formal) induction on the recursion 
variable y. To prove the replaceability in the position of the recursion 
variable, write “A(y, x)” for the formula 

y—x Z) U(y, a, a) = f^(x, a, a) 

to be proved. We prove VxA(y, x) by induction on y. Basis: to prove 
VxA( 0 , x). We prove A( 0 , x) by ind. cases on x (IM bottom p. 186), 
and VxA(0, x) follows by V-introd. Ind. step.: assuming VxA(y, x). 
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to deduce VxA(y', x). We get A(y, x) by V-elim. from the hyp. ind. 
Thence we deduce A(y', x) by ind. cases on x, and VxA(y', x) follows 
by V-introd. 

5.3. Next we generalize IM *(175)-*(177) p. 201 (cf. pp. 195, 199, 
200 ), and extend the theory to function variables. As in IM p. 298 
but with the function variables ai, ..., oli as the function letters 
gi, ..., gi and with uniformity, we say a formula A(ai, ..., a*, 
ai, ..., on, w) containing free only the (distinct) variables shown 
numeralwise represents a function s(a\, ..., a k , ai, . ..,a i), if, for 
each a\ t ..., a k , «i, ..., ol u 

(v) if $(#i, ..., oli)=W, 

then E”;;;£ h A (a x , ..., a k , ai, ..a h tv), 

(vi) E*[;;;J[ h 3 !wA(fl L ..., a k , ai, ..., a if w), 

with ai, .. ., on held constant in each deduction. 

Lemma 5.2. Consider any term s(ai, ..., a*, ai, ..., a;) (briefly s) 
containing free only the (distinct) variables shown, and let s(#i, ..., a k , 
ai, ..., a/) be the function expressed by it (Lemma 3.3). The formula 
s(ai, ..a*, ai, ..., aj)=w inhere w is another number variable) 
numeralwise represents s(#i, ..., a k , ai, ..., a/). 

Proof. I. (vi) is immediate by IM *171 p. 199. 

II. If (v) holds for each of the function symbols f$ in s (i.e., if, for 
each a lt ..., a ki , ot lt ..., <x h , whenever f^, ..., a ki , a 1( ..., ot h )=w 
then E£;;;“|< h f^, ..., a kt , 04 ,..., a u )=w with 04 , ..., a I( held 
constant), then (v) holds for s itself. By Lemma 4.3, we can without 
loss of generality take s to be normal. Now we use induction on 
the number of (occurrences of) function symbols and function 
variables in s. If s is a single symbol, (v) is trivial. Next take the 
case s is f^tj, ..., t ki , u x , ..., uj. Consider fixed values a x , ..., a k , 
«i, ..., oil of ai, ..., a*;, ai, ..., cli, and say that for these values 
t v .. •, t ki , u lf ..., u u> s express t lt ..., t ki , ft, ..., p u , w. By hyp. ind., 

( 1 ) ES;;;-Jht (j=l,...,ki) 

with ai, .. ., on held constant, where * indicates the substitution of 
ai, ..a k for ai, ..., a*. By the hypothesis that (v) holds for the 

fi in s, b 4 ,, p,.P,J=w with p,.ft, held 

constant, whence by &-elims. and :>introd., 

( 2 ) h FffJj, ..., (U^) id ii(t lt • • •, t ki , Pi, • • •> w > 
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where F((U lf ..(U i( ) is a conjunction of the finitely many equations 
of used in a given such deduction. But F^, is a 

conjunction of equations of the form b where fi m {a)—b 

(1 < m < h). If u m is Aav m (a), h v*(a)=b h (u *){a) = b with 

oci, ..., on held constant, by hyp. ind. and x 0.1. If u m is a one-symbol 
functor, similarly h (u£)(a) = 6 (u* being u m simply), by hyp. 

ind. So 

(3) E£;;;Z h F(u*.u*) 

with ai, ..a/ held constant. By substitution in (2), 

(4) ^ F«, z> f 4 (<x.<)=«-, 

whence by replacements using (1), 

(5) h F(uf, ...,<)=) f,(tf.t*, u*.<)=«- 

with ai, .. ., on held constant. Now (v) comes from (3) and (5) by 
D-elim. The remaining case that s is a(t) for a one of ai, ..., a i is 
similar but simpler. 

III. (v) holds for each of fo, ..., i v as the s. By induction on i, 
using II and substitution into the axioms (a) or (b) 5.1 introducing f$, 
and in the case of (b) induction on y. 

5.4. Similarly (using IM p. 298 with function variables and uni¬ 
formity), the notion of when a formula numeralwise expresses a 
predicate (IM p. 195) extends to the present situation. 

We elected (end 3.3) to use symbols of abbreviation for primitive 
recursive predicates other than =. Using Lemma 5.2 and Ax. 15 
IM p. 82, each predicate Pj{a lt . . ., a mj> oc lt ..., ot nj ) for which we 
introduce a symbol of abbreviation will be numeralwise expressed 
b y p ,-( a i. ■ • ■. a»,> “x, • • •. 

5.5. There are in the literature a number of formal treatments of 

number-theoretic functions beyond 0, +, •, particularly in Skolem 

1923, Hilbert-Bernays 1934 and Nelson 1947. We give another, in 
order that the present monograph combined with IM be (nearly) 
self-contained, to confirm that the proofs can be given in an intui- 
tionistic system (as in Nelson 1947), and to keep close agreement 
between the formal notations and certain informal ones. 
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The informal notations are those which we have been using in the 
theory of recursive functions. In particular, we have been following 
Godel 1931 in correlating single natural numbers to finite sequences 
of natural numbers via the unique factorization of positive integers 
(the "fundamental theorem of arithmetic”). It is possible, and advan¬ 
tageous at least for purposes of machine computation (which isn't 
an objective here), to use a correlation based instead on n-adic re¬ 
presentation of numbers, which does not require as rapidly increasing 
functions as the exponential function, as in Smullyan 1959. By using 
this alternative, we could probably spare the proof of "Euclid’s first 
theorem” and the fundamental theorem of arithmetic; but we would 
have to develop some other things instead. However the work of 
proving these theorems is not so very great, and puts us in a position 
where we can use formally the notations used in the informal literature 
to which the present investigations are most closely related, which 
has its advantages too. (Our choice to do this is anticipated in Axiom 
Schema x 2.1; thus *2.la formalizes Kleene 1955 (5).) 

Accordingly we now introduce formal notations for functions (and 
symbols of abbreviation for predicates), the same as in IM except 
with formal variables, taking over IM §§44, 45 #3-#21, #A-#F 
and also as #22 Seq (Kleene 1955a p. 416), #23 6t(x) (Kleene 1950 a 
p. 680), #24 a(x) (IM § 46). We know a priori that we can have 
function symbols and predicate symbols-of-abbreviation expressing, 
and numeralwise representing or expressing, all these functions and 
predicates. What we are to add now is the verification that, with 
the recursion equations selected (usually) as in IM but now formalized, 
the formulas expressing various useful properties of the functions and 
predicates are provable. 

We already have # 1, #2 (addition and multiplication) with Axioms 
18-21, and properties in IM § 39. At least until #15 is treated, we 
use "a<b”, "a<b” etc. as in IM p. 187. We abbreviate a<c&b<c 
as "a, b<c”, etc. Note that: 

*137a. h a<b ^ 3c(c+a=b). *145c. h a<b D ac<bc. 

For #3 (exponentiation), we already have the symbol (as f 4 ), we 
now take the recursion equations as Axioms x 3.1, x 3.2 (with a, b 
particular distinct number variables), and we give further properties 
as the provable formulas of *3.3-*3.13. Then for #4 (the factorial 
function), we introduce the symbol a! as f 5 (with 65 = 1 , £5 = 0 ), 
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the recursion equations as Axioms x 4.1, x 4.2, and a property in *4.3; 
and similarly through #13 [a/b] as fi 4 . In #14 no new symbol is 
involved, and in #15, #16 predicate symbols of abbreviation. 

*3.1. a°=l. x 3.2. a b ' = a b a. 

*3.3. b a b a c =a b+c . *3.4. b (a b ) c =a bc . *3.5. b (ab) c =a c b c . 

*3.6. I- a 1 = a. *3.7. bb>0~0 b ^0. *3.8. b l b =l. 

*3.9. ha>0Da b >0. *3.10. ha>lDa b >b. 

*3.11. b a, b> 1 D a b >a. *3.12. ba>l D(b<c^a b <a c ). 

*3.13. ba,c>OD(a<b~a c <b c ). 

Proofs. *3.3-*3.5. Induction on c (the necessary replacement 
properties are available, by Lemmas 4.2, 5.1). 

*3.7. I. Prove 0 C '=0 (cf. the proof of IM *143b p. 189). II. By x 3.1. 
*3.9. Ind. on b (using *143a). 

*3.10. Ind. on b (using *143b, *138b). 

*3.11. We prove a>l D a e ”>a, using *3.10 (with *145a), *143a. 
*3.12. Assume a>l. I. Assume d'+b=c (for 3-elim. from b<c), 
and use *3.3, *143b (with *3.9, *3.10). II. The converse follows as 
in the proof of *145a. 

*3.13. I. Prove a>0 & a<b D a c '<b c ' by ind. on c, using *145a 


twice (and *3.9). 



x 4.1. 

0! = 1 - x 4.2. 

a'!=a!a'. *4.3. h a!>0. 

x 5.1. 

pd(0)=0. x 5.2. 

pd(a> 

= a. *5.3. bpd(a)<a. 

x 6.1. 

a—0=a. x 6.2. 

a—b' = 

=pd(a—b). 

*6.3. 

b (a-J-b) — b=a. *6.3a. 

b a—a= 

0. *6.4. b 0—a=0. 

*6.5. 

b a —(b+c) = (a—b)—c. 

*6.6. 

bb^c d 




(a+b)—c=a-j-(b—c). 

*6.7. 

b a>b —' (a—b)+b=a. 

*6.8. 

b (a-fc) — (b-J-c)=a—b. 

*6.9. 

b b>c ^ 

*6.10. 

b a>b —-a— (a— b) = b. 


a — (b—c) = (a+ c) — b. 



*6.11. 

b a<b ^ a—b=0. 

*6.12. 

b a>b ~ a—b>0. 

*6.13. 

bc>0D 

*6.13a. 

b a—b>c '-"-'a>b+c. 


(a—b>c ~ a>b+c). 



*6.13b. 

b c>0d 

*6.14. 

b c(a—b)=ca—cb. 


(a—b=c ~a=b+c). 



*6.15. 

b a —b<a. 

*6.16. 

b a, b>0 ~a—b<a. 

*6.17. 

b a:>b Da-c^b-c. 

*6.18. 

b a<b Dc-a^c-b. 
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*6.19. ha>b,c^a--c>b-c. *6.20. ha<b,c~c-a>c-b. 
*6.21. b a—c<(a—b) + (b—c). 

Proofs. *6.3. We prove Va((a+b) — b—a) by ind. on b. Ind. 
step. Assume Va((a+b) — b=a), whence (a'+b)—b=a'. Now 
(a+b') —b' = pd((a+b') — b) = pd((a'+b)-b) [Ax. 19, *118] = 
pd(a') = a, whence Va((a+b') —b'=a). 

*6.5. Ind. on c. 


*6.6. b;>c gives 3d(d+c=b); assume d+c=b. Now (a+b)—c = 
(a+d+c) —c = a+d [*6.3] = a+((d+c)^-c) [*6.3] = a+(b^c). 

*6.7. I. By *6.6, *6.3. II. By *137a (above). 


*6. ( 

?. I. a —(b—c) = (a+c) — ((b — c)+c) [*6.8] = 

(a+c) —b [*6.7]. 

II. b<c gives a —(b—c)<(a+c) - 

-b (put 

d'+b=c, and use *6.5 etc.). 

*6. 

11, *6.12. First prove a< 

lb D a — 

b=0, a>b 

Da— b>0. The 

converses then follow by *139, 

*140. 



*6. 

14. By *139, a>bVa<b. 

Case 1 

: a>b. Use *6.3. Case 2: 

a<b. 

Use *145c (above), *6.11. 




*6. 

17. Use cases (b<c, b>c). 




x 7.1. 

min(a, b)=b —(b—a). 

x 8.1. 

max(a, b) = 

= (a—b)+b. 

*7.2. 

b a<b ~ 

*8.2. 

b a>b ~ 



min(a, b)~a=min(b, a). 


max(a, b) = 

=a=max(b, a). 

*7.3. 

b min (a, b)=min(b, a). 

*8.3. 

b max(a, b) = 

=max(b, a). 

*7.4. 

bmin(a, b)<a, b. 

*8.4. 

b max(a, b)>a, b. 

*7.5. 

b a, b^c ~ min(a, b) >c. 

*8.5. 

b a, b<c ~ 

maxja, b) <c. 

*7.6. 

b a, b>c -minfa, b)>c. 

*8.6. 

b a, b<c ^ 

max(a, b)<c. 

*7.7. 

bmin(c+a, c+b) 

*8.7. 

b max(c+a. 

c+b) 


=c+min(a, b). 


=c+max(a, b). 

*8.8. 

b min(a, b) <max(a, b). 




*8.9. 

b min(a, b) +max(a, b)=a+b. 



Proofs. *7.2.1. min(a, b) = b 

~(b—a) 

= a [*6.10] 

= a—0 [ x 6.1] = 

a—(a 

—b) [*6.11] = min(b, a). 




*7. 

3-*7.7. By cases (a<b, a^b) from 

*7.2. 


x 9.1. 

ig(0) = l. 

x 10.1 

sg(0)=0 


x 9.2. 

sg(a')=0. 

x 10.2 

sg(a') = l 


*9.3. 

b sg(a)=0 ^ a>0. 

*10.3 

bsg(a)=0 

^ a=0. 

*9.4. 

b sg(a)= 1 ~ a=0. 

*10.4 

bsg(a) = l 

~ a>0. 

*9.5. 

b sg(a) =0 V sg(a) = 1. 

*10.5. 

b sg(a)=0 

V sg(a)=l. 
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Proofs. By induction cases (IM p. 186). 


x ll.l. |a—b| —(a —b) + (b—a). 

*11.2. b |a—b|=0 —■ a=b. 

*11.4. b [a—b| —|b—a|. 

* 11.6. b |a—0| — a. 

*11.8. b |(a+b)-bj=a. 

*11.10. c<a,bD 


*11.3. h |a—b|>0~a^b. 

*11.5. b|a-c|<|a-b[ + |b-c|. 

*11.7. b |(a+c) — (b+c)| = [a.—b| 
*11.9. bc[a—b| = |ca—cb|. 
*11.11. bc>a,bD 


|(a —c) —(b—c)[ = |a-—b|. |(c-a)-(c-b)H|a-b|. 

*11.12. ba—b, b —a<|a—b| <max(a, b)<a+b. 

*11.13. b |(a-c)-(b-c)[, |(c—a) — (c—b)|, |[a-c|-|b-c||<la-b|. 
*11.14. b ja—b|>c ^a>b+c V b>a+c. 

* 11.14a, b. Similarly with >, —. 

*11.15. b |a—b|<c —'a<b+c&b<a+c. 

* 11.15a, b. Similarly with <, ^. 


Proofs. 11.2, 11.3. Using *6.3a, a=b z) |a—bj=0. Using cases 
(a<b, a>b), * 6.12 and *142a, ay^b z> |a—b|> 0 . The converses 
follow by *158, *140. 

*11.5. Use * 6 . 21 . 

* 11 . 10 . Use *11.7, *6.7. 

*11.11. Use *6.5, *6.10. 

*11.14. I. By cases (a>b, a<b). II. By cases. 

*11.15. From *11.14 by *30, *63, *139. 


x 12.1. 

rm(0, b)=0. 


x 12.2. 

rm(a', b) = (rm(a, b))'-sg|b—(rm 

(a,b))'|. 

x 13.1. 

[0/b]=0. 


x 13.2. 

[a'/b] = [ a /b]+sg|b — (rm(a, b))'[ 


*12.3. 

b b>0 ~ rm(a, b)<b. *13.3. 

b [a/0]=0 & rm(a, 0) —a. 

*13.4. 

b a=b[a/b]+rm(a, b). 


*13.5. 

b a=bq+r & r<b z> q=[a/b] & r 

—rm(a, b). 

*13.6. 

b [a/l]=a & rm(a, 1)=0. 


*13.7. 

b a<b z> [a/b]=0 & rm(a, b)=a. 


*13.8. 

b b>0 d [ab+c/b]=a+[c/b] & rm(ab+c, b)=rm(c, b). 

*13.9. 

bb>0D [ab — c/b]=a — ([c/b]+sg rm(c, b)). 

*13.10. 

b a<b d [a/c]<[b/c]. *13.11. 

b a^b>0 z) [c/a]<[c/b]. 


Proofs. *12.3. I. Ind. on a. In the ind. step, use cases by *10.5: 
sg|b—(rm(a, b))'| = 0, sg|b— (rm(a, b))'[ = 1 (then by *10.4 and *11.3, 
b^(rm(a, b))'). 
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*13.4. Similarly. 

*13.5. By * 146b with *13.4, *12.3. 

*13.6, *13.7. By *13.5. 

*13.8. By *12.3 (assuming b> 0 ), rm(c, b)<b. Also b(a+[c/b])-j- 
rm(c, b) = ab+(b[c/b]+rm(c, b)) = ab+c [*13.4]. So *13.5 applies. 

*13.9. Assume b>0. Case 1 : rm(c, b)=0. Then [ab —c/b] = 
[ab—b[c/b]/b] [*13.4] = [b(a —[c/b])/b] [*6.14] = a-[c/b] [*13.8, 
x 13.1] — a —([c/b]+sg rm(c, b)). Case 2 : rm(c,b)>0. Subcase 1 : 
[c/b]<a. Then a-[c/b]2s 1 [*6.12, *l38b], whence ab^b[c/b]^b 
[* 145c, *6.14]. So [ab-c/b] = [ab^(b[c/b]+rm(c, b))/b] [*13.4] = 
[(ab —b[c/b]) — rm(c,b)/b] [*6.5] = [(((ab-b[c/b]) -b) +b) -rm(c,b)/b] 
[*6.7] = [(ab —(b[c/b]+b)) + (b—rm(c, b))/b] [*6.5; *6.6 with *12.3] 
= [b(a —([c/b] + l)) + (b—rm(c, b))/b] = a —([c/b]+l) [*13.8; *13.7 
with *6.16] = a—([c/b] + sgrm(c, b)). Subcase 2 : [c/b]>a. Then 
b[c/b]^ab. So [ab—c/b] — [ab — (b[c/b]4-rm(c, b))/b] = [0/b] [*6.11] 
= 0 [ x 13.1] = a —([c/b]+sg rm(c, b)) [*6.11]. 

*13.10. By ind. on p, [a/c]<[a+p/c]. 

*13.11. Assume a>b>0 and [c/a]>[c/b], and use *13.4 to deduce 
rm(c, b)>b, contradicting *12.3. 

By a standard formula, we mean a (prime) formula of the form 
t —0 where h t =0 V t = 1 (equivalently, b t<;l). The following result 
*14.1 (by *11.2, *10.3) with *10.5 shows that any prime formula 
ti=t 2 is equivalent to a standard formula. This will be useful in 
building other standard formulas to express primitive recursive 
predicates under the constructions of #D-#F. 

*14.1. b a=b ~sg|a—b|=0. 

Hitherto “a<b” has been an abbreviation for 3c(c'+a=b). Now 
*15.1 shows that hereafter we can take it alternatively as an abbre¬ 
viation for the standard (prime) formula sg(a' — b)= 0 , and all formulas 
proved in IM (intuitionistically) and above will still hold. (Either the 
first or the third member in *15.1 is merely the unabbreviation of the 
middle one, according to which way we interpret the abbreviation 
“a<b”) 

*15.1. b 3c(c'+a—b) ^ a<b ^ sg(a'—b) = 0. 

Proof. sg(a'— b )=0 ^ a'— b=0 [*10.3] ~ a'<b [* 6 . 11 ] ^ a<b 
[* 138b]. 
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In IM p. 191, "a|b” abbreviates 3c(ac—b). Now *16.8 gives an 
alternative. (The proofs of *16.1-* 16.5 are good in the system of IM.) 

*16.1. I- a|0. *16.2. h 01b — b=0. *16.3. h l|a. 

*16.4. b a|c & b|d Z) ab|cd. *16.5. b ajb z> (a|c <-w a|b+c). 

*16.6. b b>0 Z) a|a b . *16.7. b 0<b<a Z> b|a!. 

*16.8. b 3c(ac=b) ~ a|b ~ sg(rm(b, a))=0. 

Proofs. *16.2. By *16.1, *156. 

*16.5. To show a|b, a|b+c b a|c, assume ad=b and ae=b+c, 
whence c = ae—b [*6.3] = ae —ad — a(e—d) [*6.14]; or (avoiding —) 
we may proceed as follows. Case 1: a=0. Use *16.2. Case 2: a^O. 
Assume for 3-elim. ap=b and aq=b-J-c. Then ap = b < b-fc = aq, 
so by *145b, p<q. Assume p-)-r=q. Now ap+ar = aq = b+c = 
ap+c, and by *132, ar=c. 

*16.6. Prove a|a c '. 

*16.7. Ind. on a (using *138a). 

*16.8. I. Assume a|b, and for 3-elim. aq=b. Case 1: a—0. Then 
b=0, so rm(b, a) = 0 by x 12.1; etc. Case 2: a>0. Then b=aq-|-0& 
0<a, so rm(b, a)=0 by *13.5. II. Assume sg(rm(b, a))=0. Then 
rm(b, a)=0 by *10.3, hence b=a[b/a] by *13.4, hence a|b. 

#A, #C need no comment. To take over #B, we let the next 
function symbol fis express finite sum (&15 — I 15 = 1), with the 
axioms: 

x Bla. f 15(0, ot) =0. x B2a. fi 5 (z', a)=fi 5 (z, a)+a(z). 

This meets the requirements of Lemma 5.1. So, introducing f ‘S y < 8 t(y)” 
for any variable y and terms t(y), s as abbreviation for fis(s, Ayt(y)), 
and using *0.4, the two axioms are equivalent to the formulas of 
*B1, *B2 below. This puts the development in familiar notation. 
Similarly we introduce the finite product with two axioms: 

x B3a. fi6(0, a) — 1. x B4a. fi6(z', a)=fie(z, a)-a(z). 

For any variable y and formulas A(y), R(y), we may use “Vy A(y) R(y)” 
as abbreviation for Vy(A(y) d R(y)), and “3y A(y) R(y)” for 3y(A(y) & 
R(y)). We also want versions of *B5-*B13, *B16-*B21 with the 
inequality y<z replaced by v<y<z throughout. (Alternative versions 
of *B14, *B15 are given explicitly.) We interpret “2 v < y<z t(y)” as 
an abbreviation for S y<z ^ v t(v+y) if v is free for y in t(y) (otherwise 
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for 2 y<z ^. v ti(v-fy) where ti(y) is congruent to t(y) and v is free 
for y in ti(y)). These versions follow from those given using 
v Yv<y< z R (y) ~ Vy y<2iv R(v+y), h 3y v < y<z R(y) ~ 3y y<IiT R(v+y) 
(by *144a, *6.7 with *6.12; *6.19, *6.7). ' t 'E r<J<a ” shall be 2 v »<y<z» 
etc. (cf. *138a, *138b). In citing *B5-*B23 we shall mean the modified 
versions when appropriate. We shall abbreviate (X y < 8 t(y))-br as 
“E y<8 t(y)+r'\ 

*B1. h S y <oa(y)=0. *B2. b ^y<z'a(y)=S y<z a(y)-+-a(z). 

*B3. b II y<0 a(y) = 1. *B4.1- 11 y <z'a(y) = (riy< z a(y))-a(z). 

*B5. I- Vy y<z a(y) =0 ~ S y<2 a(y) =0. 

“B6. h Vy y<z a(y)>0 ~ Hy< 2 a(y) >0. 

*B7. b 3y y<z a(y) >0 ^ S y<2 oc(y) >0. 

*B8. b 3y y<z <x(y) =0 ~ U y < z a(y) =0. 

*B9. b Vy y<z a(y) < 1 D S y<2 a(y) <z. 

*B10. »-Vy y<z a(y)^l D n y<z a(y)<l. 

*B 11. b Vy y<z a(y) = 1 D S y<2 a(y) =z. 

*B 12. b Vy y<z a(y) < 1 3 [2 y < z a(y) =Z 3 Vy y<z a(y) = 1]. 

*B13. b Vy y<z a(y) * 1 ^ LI y<z a(y) * i. 

*B14. b w^z 3 E y<z a(y)=E y<w a(y)4-5: w < y<z a(y) f 

b V^W^Z 3 ^V<y<z a (y) ^v<y<w a (y)”b^w< y <z a (y)' 

*B15. b w^z 3 n y<z a(y)=(n y<w a(y))-n w < y<z a(y), 

b v<w^z 3 H v < y < z a(y) = (ir v <y< w a(y))*n w <y< z a(y). 

*B16. b 2y<z(a(y)+p(y)HIy<za(y)-hSy< 2 p{y). 

*B17. b n y <za(y)P(y) = (n y< za(y))-II y<z p(y). 

*B18. b Vy y<z a(y) =P(y) D S y<2 a(y) =2 y<z fi{y). 

*B19. b Vy y<z a(y)=p(y) 3 H y < z a(y) = n y <zP(y). 

*B20. I- Vy y<2 a(y) ^(3(y) 3 S y<2 a(y) ^S y<z fi(y). 

*B21. b Vy y<2 a(y) ^(3(y) 3 n y<z a(y)<n y<2 p(y). 

*B22. b Vy y < z a(y) <p(y) 3 £ y < z a(y) <£ y < z (3(y). 

*B23. b Vy y < z a(y) <p(y) 3 II y < z a(y) < H y < z P(y). 

Proofs. *B5. Ind. on z. Basis. Use -iy<0, * 10a, * 11. Ii®. step. 
Use * 138a, * 128. 

*B7. I. Assume 3y y<z a(y)>0. By *136, S y < z a(y)^0. But if 
E y<z a(y)=0, then by *B5 Vy y<z a(y)=0, whence (using *84a with 
Remark 4.1) -i3y y<z a(y)>0, contradicting the assumption. II. As¬ 
sume £y<za(y) >0. By Remark 4.1, 3y y < z a(y) >0 V -i3y y < z a(y) >0. 
But if -i3y y<z a(y)>0, then (using *86, *58b) Vy y<2 a(y)=0, and by 
*B5 S y<z a(y)=0. 
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*B12. In the ind. step a(z)~l or *B9 would be contradicted. 
*B13. Note *131. 

*B14. Assume w<z, and for 3-elim. z=w+c. Then *6.3 gives 
c=z — w. So we have to deduce Sy< w+c a(y)=2y <w a(y)+2y< c a(w+y), 
which is straightforward by ind. on c. 

*B21, *B23. Using a<b D ac<bc and (for *B23) *145a. 

We treat #D, #E as schemata concerning certain forms of defi¬ 
nitions. The results will enable us, for any formulas Pi, ..., P m to 
each of which we have chosen an equivalent standard formula and 
any formula E composed out of Pi, ..., P w by propositional con¬ 
nectives and bounded quantifiers, to build a standard formula equi¬ 
valent to E. By Remark 4.1 now, it suffices under #D to treat V 
and -i (as in IM). Via the alternative versions of *B5 etc., we have 
alternative versions of *E1-*E4 with v<y<z as the bound. For any 
variable y and formula R(y) such that b R(y) '~- , r(y)=0 for some 
term r(y) with b r(y)<l, we take “,«yy< 2 R(y)'’ to be an abbreviation 
for S x <zn y < X 'r(y) for some such term r(y) (by *B18, *B19 it will be 
immaterial which) and a variable x not occurring free in r(y). 

Let Q, R be formulas, and q, r terms, such that b Q ^ q=0 with 
b q<l, and b R ~r=0 with b r<l. Then : 

*D1. bQVR ~qr=0. *D2. bqr<l. 

*D3. b -|Q —' sg(q)=0. *D4. bsg(q)<l. 

Let y be a variable, R(y) a formula, and r(y) a term , such that 
b R(y) 'r(y) — 0 with br(y)<l. In *E5-*E7, let M z be //y y<z R(y). 
Then : 

*E1. b 3y y<z R(y) ~ n y<z r(y)=0. *E2. b n y<z r(y) < 1. 

*E3. b Vy y<z R(y) ^ sg(S y<z r(y))^0. *E4. b sg(S y<z r(y)) < 1. 

*E5. b 3y y<z R(y) d M z <z & R(M Z ) & Vw w<Ma -iR(w). 

*E6. b M z <z ~3y y<z R(y). *E7. b M z =z ^ Vy y<z -iR(y). 

Proofs. *D1. By *129 etc. 

*D4. By *9.5. 

*E1. This is essentially *B8 (merely Ayr(y) has been substituted 
for a.) 

*E2. By *B10. 

*E3. By *B5 with *10.3. 
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Before proving *E5-*E7, we obtain by *B13 with *B11 

(a) b Vy y<z -,R(y) D M z =z. 

Also by Remark 4.1 (or *150), *86 and *58b, 

(b) b 3y y<2 R(y) V Vy y<z -iR(y). 

*E5. Assume 3y y<2 R(y). By *149a (with Remark 4.1, *159, or 
#D, #15), 3v[v<z & R(v) & Vw w <v”i(w<z & R(w))]. Omitting the 
3v (preparatory to 3-elim.), and w<z (by *45), v<z & R(v) & 
Vw w<v -!R(w). It will suffice now to show that M z =v. Using v<z 
with *B14, M Z =M V H-S v < x<z n y<x 'r(y). By R(v), whence r(v)=0, 
with *B8 and *B5, S v < x<z n y < x 'r(y)=0. So M z = M v = v (using (a)). 

*E6. I. Assume M z <z. Then by (b) 3y y<z R(y), since Vy y<z -|R(y) 
with (a) would give M z =z. II. By *E5. 

In #F (for any m ;> 1), we simply take <p m +i = 0 (IM p. 229). 
Let Qi, ..., Q m be formulas such that b -i(Q* & Q^) (i # /), qi, ..., q w 
terms such that h Qi ' q«=0, and pi, ..., p m any terms. Let p be 
the term sg(qi)*pi+... -j-sg(qm)*Pm. Then : 

*F1. bQi=»p= P i. *F2. b-,Q!& ... &-,Q w z»p=0. 

#G (IM § 46) will be taken over by Lemma 5.3 (c) in 5.6. 

*H1-*H4 are equivalent to axioms x Hla- x H4a (with function 
symbols fi 7 , fi 8 ), as *B1-*B4 to x Bla- x B4a. 

*H1. b min y < 0 oc(y)=a(0). 

*H2. b min y < z ,a(y) =min(min y < z a(y), a(z')). 
*H3. b maXy< 0 a(y)=a(0). 

*H4. b max y < z ,a(y)=max(max y < z a(y), oc(z')). 
*H5. b Vy y < z a(y)^min y < z a(y). *H6. b3y y < z a(y)=min y < z oc(y). 

*H7. b Vy y < z a(y) <max y < z a(y). *H8. b 3y y < z a(y)=max y < z a(y). 

By #15, #16, #E and #D (3c(l <c<a & c|a) being equivalent 
to 3c 2 < c<a c|a), we find a standard (prime) formula Pr(a) such that: 

*17.1. b Pr(a) ~ a> 1 & -i3c(l <c<a & c|a). 

Thus the prime formula Pr(a) is equivalent to the composite formula 
taken as Pr(a) in IM p. 191. (The proofs of *17.3, *17.4, *17.5 are 
good in the system of IM.) By 5.4, 

b -iPr(O), b -.Pr(l), b Pr(2), b Pr(3), b -,Pr(4), b Pr(5), .... 
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As we now have the function a ! formally, we can improve * 161 to: 
*17.2. b 3b(a<b<;a!+1 & Pr(b)). (Euclid’s theorem.) 

Proof. By *4.3 and *16.7, b a!>0 & Vb(0<b<a z> b|a!); so a! 
can play the role of d in the arguments on IM p. 192 from (1) on. 
In particular, we had there (as part of (2)) b|d', so now b|a!+ l, and 
by *156 b<a!+l, which is all that remained to be shown. 

*17.3. b Pr(a) & Pr(b) & a=£b Z)-ia|b. 

Proof. By cases (a<b, a>b), using *17.1, *156. 

*17.4. b a> 1 Z) 3p[Pr(p) & p|a]. 

Proof. Assume a>l. Using *153, a>l & a[a, whence 3b[b>l & 
b|a]. Hence by *149a (with Remark 4.1, or in the system of IM 
Remark 1(b) p. 134 with *158-*160, *150), 3p[p>l&p|a& 
Vc c<p -i(c> 1 &c|a)]. Assume for 3-elim. p> 1 &p|a&Vc c <p-i(c> 1 &c|a). 
Now assume 3c(l<c<p & c|p), and for 3-elim. l<c<p & c|p. Thence 
with pja and * 154, c> 1 & c|a; but also using c<p with Vc G <p-i(c> 1 & 
cja), —i(c> 1 & c|a). By reductio ad absurdum (cf. IM Remark bottom 
p. 188), -i3c(l<c<p & c|p). 

*17.5. b Pr(p) & p|ab z> p|a V p|b. (Euclid’s first theorem.) 

Proof. We use the method of Hardy-Wright 1954 p. 21 2.11 (but 
only to get Euclid’s first theorem, not the fundamental theorem of 
arithmetic). Thus informally p\a V p\b holds trivially for ab — 0. 
So we show the absurdity that there exist n, p, a, b such that n=ab & 
n^O & Pr(£) & p\n & p\a & p\b. But if there exist any four such 
numbers n, p, a, b, we can in particular pick the least n for which 
the other three p, a, b exist; then pick the least p for which with this n 
the other two a, b exist; and finally pick the least a for which with 
this n and p the b exists; then the b is determined by n=ab & n^Q. 
This start of the proof is formalized, with the precautions necessary 
for working in an intuitionistic system, in I—III below. The deductions 
about the n, p, a, b by which we then reach a contradiction, in IV-VII, 
are hardly different formally than informally, except for our having 
to verify meticulously that various familiar propositions we need to 
apply are expressed by formulas previously shown to be provable 
in the present system. 

I. For ab=0, use *129, *16.1. It remains for us to prove aby^O & 
Pr(p) & p|ab D p|a V pjb. By the classical propositional calculus 
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(applicable by Remark 4.1, or in the system of IM by Remark 1 (a) 
p. 134 with *158-* 160, *150), this is equivalent to -i(ab^A0 
& Pr(p) & p|ab &-ip|a &-ip|b). So it will suffice, using h 3nn=ab 
(by *100) and 3-elim., to deduce a contradiction from 

(1) n=ab & ny^O & Pr(p) & p|n & -ip|a & -ipjb, 
call this R(n, p, a, b), or by 3-introds., from 

(2) 3n3p3a3bR(n, p, a, b). 

II. We show that R(n, p, a, b) h p<n & a<n & b<n. By n=ab & 
n^AO, a^AO & b^AO. Also a^ 1 (as a= 1 with n=ab and p|n contradicts 
-ip[b); similarly b^l. So a>l & b> 1, and also by *143b, a<ab=n & 
b<ab=n. By Pr(p), p>l. Using n=ab, n^O and p|n in *156, p<ab. 
But if p=ab (so a|p), then by *156 (with p>l, a>l), l<a<p; but 
a=p contradicts -ip|a by *153, so 1 <a<p; but this (with a|p) contra¬ 
dicts Pr(p). So p<ab=n. 

III. Now we take (2) as the 3xA(x) for *149a. To get the 
A(x) V -iA(x), observe that by II with AdB b A ~ B & A and 
*91, 3bR(n, p, a, b) ~ 3bb< n R(n, p, a, b), 3a3bR(n, p, a, b) 
3a a<n 3bb< n R(n, p, a, b) and 3p3a3bR(n, p, a, b) ^ 3pp <n 3a a < n 3bb<n 
R(n, p, a, b). So three uses of *150 (with IM Remark 1 (b) p. 134 etc.) 
give the A(x) V -iA(x), and we are led by *149a to 3y[A(y) & 
Vz z<y -iA(z)]. Omitting the 3y preparatory to 3-elim., we assume 

(3) 3p3a3bR(n, p, a, b) & Vm m<n -i3p3a3bR(m, p, a, b). 
Repeating the procedure twice, we further assume 

(4) 3a3bR(n, p, a, b) & Vqq <p -,3a3bR(n, q, a, b), 

(5) 3bR(n, p, a, b) & Ve e<a -i3bR(n, p, e, b). 

Preparatory to 3-elim. from the first member of (5), assume 

(6) (= (1)) R(n,p, a, b). 

Finally, preparatory to 3-elim. from p[n (in (6)), assume 

(7) pd=n. 

By the anticipated 3-elims., a contradiction deduced from (3)-(7) will 
result in one deduced from (2) and thence from (1) (cf. IM Remark 
bottom p. 188). 
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IV. We deduce p<d. By (7) d#0 (since n#0 is in (6)), and d#l 
(since p<n, by (6) with II). Thus d>l. To show p<d, assume p>d. 
By d>l with *17.4, 3q[Pr(q) & q[d]. Assume for 3-elim., Pr(q) & q|d. 
By *156, q<d, so q<p. By *154 and (7), q|n. If we can deduce also 
-iq|a & -iq|b, we will have R(n, q, a, b) whence 3a3bR(n, q, a, b), 
besides q<p, contradicting the second member of (4). To show 
-iq|a, suppose q|a. For 3-elims. from this and q|d, assume qai=a, 
qdi=d. Then ai#0, di#0 (by a#0 in II, and d#0). Now pqdi = 
pd = n = ab = qaib, whence pdi=aib (by *133, with q>l from 
Pr(q)); so p|aib, but -ip|ai (or we would have p|a). Also by *143b 
with q> 1 and di#0, di < qdi = d; so by *145a, aib = pdi < pd 
— n. Thus aib<n, and R(aib, p, ai, b) whence 3p3a3bR(aib, p, a, b), 
contradicting the second member of (3). Symmetrically, -iq|b. 

V. We deduce a<b. For b<a, with R(n, p, b, a) whence 3aR(n, p, 
b, a), would contradict (5). 

VI. We deduce pa<n. From p<d (in IV) by *145c (5.5 If 4), 
PP <' pd - n; and from a<b (in V), aa < ab = n. Now if pp—n & 
aa—n, we would have pp—aa, which by *145a (with p>l, a#0) 
would make p<a and p>a absurd, and thus would imply p=a; 
but p#a by -ip]a with *153. So pp<n&aa<n or pp<n & aa<n, 
each of which leads by *145a, *145c to papa<nn, whence (by 
contradicting pa;>n) pa<n. 

VII. We finally deduce a contradiction. We have pa^O, also 
pa<n (in VI). Assume (for 3-elim. from pa<n) q'-|-pa=n. Now 
0 q' < n. Also p[q' and a]q' by *16.5; so assume ar—q r . Now 
ab = n = q'+pa = ar+pa = a(r+p), so by *133 b=r+p. But 
—ip|r, or we would contradict —ip]b by *16.5, *153. Thus q'<n, and 
R(q', p, a, r) whence 3p3a3bR(q", p, a, b), contradicting (3). 

*17.6. h Pr(p) & pja n D p|a. 

Proof. Ind. on n. Basis. Assume Pr(p) & p|a°. By x 3.1 and *156, 
p=l. But -iPr(l). Ind. step. Use *17.5 with x 3.2. 

We use #4, #15, #17, #D, #E, #A to select the term 
//b b<a!+2 [a<b & Pr(b)] used in the second recursion equation x 18.2. 

x 18.1. po=2. x 18.2. pi/==^b b<pi!+2 [pi<b & Pr(b)]. 

*18.3. (- pi<pi'<pi!+l & Pr(pi') & Va(pi<a<pi' z» -,Pr(a)). 

*18.4. h Pr(pi). *18.5. hp!>i # . *18.6. F i<j — Pi< P j- 

*18.7. hPr(a) — 3i(a-pi). 
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Proofs. *18.3. By *17.2 (and *138a), 3b b<Pi!+2 [pi<b & Pr(b)], 
whence *18.3 follows by *E5 and x 18.2. 

*18.6. I. Prove pi<pi+ C ' by ind. on c. 

*18.7. I. Assume Pr(a). By *18.5, p a > a' > a, so3jpj>a. By * 149a, 
3j[pj>a & Vii<j-ipi>a]. Assume pj>a & Vii<j-ipi>a, whence 
Vii<jpi<a. Case 1: j=0. Then pj = 2 > a, which with -iPr(O), 
-iPr(l) contradicts Pr(a). Case 2: j>0. Write j=i'. Then i<j, so 
Pi<a. But if pi<a, we would have pi < a < pj = pi', and by the 
last member of *18.3, -iPr(a). 

x 19.1. (a)i=/^x x<a [pf |a & -ipf'|a]. 

*19.2. b a>0 — (a)i<a & p} a)l ja & -,p| a)l+1 |a. 

*19.3. b h<(a)i z> p^Ja. *19.4. b a>0&h>(a)i ^-ip^a. 

*19.5. ha>0&p| 1 |a&-,pS 1 '|aD (a)i=h. *19.6. b (0)i=0. 

*19.7. b(a)i>0~a>0&pi|a. *19.8. hi^aD(a)i=0. 

*19.9. b(p?>)i=h. * 19.9a. h (1) I= 0. *19.10. I- i^j D (pf)j=0. 

*19.11. b ab>0 Z) (ab)i=(a)i+(b)i. 

*19.12. b Vy y < z a(y)>0 Z) (ny<za(y))i=Sy<2(a(y))i. 

*19.13. bj^kD^Kkp^j^O, b j<h V j>k D (n h < i<k pf (i >)j=0. 
*19.14. bj<kz>(n I<k p? (i) )j= a (j), b h<j<k D (n h < i<kPl ? t(i >) j = a (j). 
*19.15. b 0<a<b & Vii<b(a)i = (b)i z> a—b. 

*19.16. b a>0' a—Ili <a pJ a)i . 

Proofs. *19.2. I. Assume a>0. The conclusion will follow from 
x 19.1 by *E5 if we get 3x x<a [pf ja &-ipf'ja]. By *18.5, pi>l. By 
*3.10 pf>a, so by *156 -ipf|a, whence 3y-ipf|a. By *149a, 
3y(-,pfla & Vx x<y -,-,pf ja). Assume -*pf |a & Vx x < y -i-ipf |a, whence 
Vx x <ypf|a. Case 1: y=0. Then -ipf|a contradicts p?|a (obtained by 
*16.3, *3.1); Case 2: y>0. Put y=x'. Then pf|a by Vx x<y pf[a. 
Also x<a; for if x^a, then by *3.12 pf>p a >a, so by *156 -ipfja. 
Thus x<a & pf|a &-ipf'|a. Use 3-introd. 

*19.3, *19.4. By *16.1, *19.2, *154 and h<m D c h |c m (from *3.3). 
*19.6. From X 19.1 by *E7. 

*19.8. Case 1: a=0. By *19.6. Case 2: a>0. By *19.7 (for i;>a 
with *18.5, *156 gives -ipi|a). 

*19.9. By *18.5, pi> 1; so p?>0 by *3.9, and p^p^ by *3.12. 
So by *156, -lpf'lpf. By *153, pflpf. Use *19.5. 

*19.10. Assume i^Aj and (pf)jy^O. Then by *19.7 Pj ip?, whence by 
*17.6 (with *18.4) pj|pi* But by *17.3 (with *18.6) -ipjlpi. 

*19.11. Assume ab>0. By *19.2 (with *129), p| a)l ia, -ipj a)l+1 la, 
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p[ b)l |b, -ipj b)i+1 |b. Hence (by *16.4, *3.3), p{ a)i+<b)l |ab. The conclusion 
will follow by *19.5, if we deduce -ip 1 (a)l+(b)l+1 |ab. So assume 
p(a)i+(b)t+i j a b t and for 3-elims., p( a)l c=a, p{ b)l d=b, p i (a)l+(b)l+1 e=ab. 
Then -ipi|c (or we would contradict -ip i (a)l+1 |a, by *16.4, *153, x 3.2); 
similarly, -ipi|d. Now p{ a)l cp{ b)l d = ab = p{ a)l+(b)l+1 e, whence by 
*133 (with x 3.2, *18.5, *3.9) cd=pie, so piled. By *17.5 (with *18.4), 
this contradicts —*pijc & -ipi|d. 

*19.12. Ind. on z, with * 19.9a, *19.11, *B6, etc. (There is an alter¬ 
native version with v<y<z as the bound.) 

*19.13. Use *19.12 (with *18.5, *3.9), *19.10, *B5. 

*19.14. Use *B15 (with j' as the w), *B4, *19.11 (with *B6), 
*19.9, *19.13. 

*19.15. Using *86, it will suffice to prove -iA(b) where A(b) is 
3a[0<a<b & Vi I<b (a)i=(b)i]. This we do by infinite descent *163. 
Assume A(b), and for 3-elim., 0<a<b & Vi i<t) (a)i=(b)i. Then b>l, 
and by *17.4 3p[Pr(p) & p|b]; assume Pr(p) & p|b. By *18.7, 
3j(p=Pj)> assume p=pj, so pj|b. By *19.7, (b)j>0. By *18.5 and 
*156, j < j' < pj <b; so by Vii<b(a)i=(b)i, (a)j™(b)j. Thence by 
(b)j>0 and *19.7, pj|a. Assume pjc=a and pjd=b. By *145a, 
0 <c<d. By *143b, d<b. So assuming i<d, *19.11 and Vi I<t ,(a)i=(b)i 
give (pj)i+(c)i = (pjc)i = (a)i = (b)i = (pjd), = (pj)i+(d)i; and by 
*132, (c)i = (d)i. Thus Vii <( j(c)i=(d)i, which with 0<c<d and d<b 
gives d<b & A(d). 

*19.16. I. By cases (i<a, i>a) using *19.14, *19.13 and *19.8, 
Vi(a)i=(ITi< a pJ a>1 )i, whence the implication follows by *19.15 (with 
*B6 etc.). 

We obtain the function lh more simply than in IM p. 230. 
x 20.1. lh(a) = S 1<a sg((a)i). 

*20.2. ha>l — lh(a)>0. *20.3. Hh(pf +1 )=l. 

*20.4. ba>0~a>2 lh(a) . *20.5. h a>0 — lh(a) <a. 

Proofs. *20.2. I. Were lh(a) = 0, by *B5, *10.3, x 3.1 and *B13, 
we would have ni< a pS a)l = 1, and so by *19.16 a<l. 

*20.3. By *18.5, *3.6 and *3.12, i'<pf +1 . Now use *B14 (with i' 
as the w), *B2, *19.10, x 10.1, *B5, *19.9, x 10.2. 

*20.4. I. Assume a>0. To infer the conclusion from *19.16, deduce 
IIi<kPi a)l > 2 exp Si< k sg((a)i) by ind. on k, using in the ind. step cases 
((a) k =0, (a)k>0) and *18.5, *3.12, *3.13 etc. 
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*20.5. I. Immediate for a=l; and for a>l, lh(a)^a would contra¬ 
dict *20.4 via *3.12, *3.10. 

x 21.1. a*b=a*n i<lh(b) p 1 ( h(a) + i. 

Let Seq(a) be a standard formula such that *22.1 holds. 

*22.1. b Seq(a) ~ a>0 & Vi i<lh(a) (a)i>0. 

*22.2. b Seq(a) ~ a>0 & Vi i > m(a) (a) i =0. 

*22.3. hSeq(a)^a=n i<lh(a) p[ a \ 

*22.4. b a>0 & Vi i<k (a)i>0 & Vi i > k (a)i^0 ~ lh(a) = k & Seq(a). 

*22.5. b Seq(2 8+1 ). *22.6. ha*l=a. *22.7. b Seq(b) — l*b=b. 

*22.8. b Seq(a) & Seq(b) D lh(a*b)=lh(a)+lh(b) & Seq(a*b). 

*22.9. b Seq(a) & Seq(b) & Seq(c) D (a*b)*c=a*(b*c). 

Proofs. *22.2. When a>0, then by x 20.1 and *B14 with *20.5 
lh(a) = S i<a sg((a)i) = 2 i<1 „ (a) sg((a) i )+2 lh(a)5;i<(1 sg((a)i). I. Assume 
Seq(a), so a>0 & Vi i<lh(a) (a)i>0. Then by *B11 (with x 10.2), 
Si<i h (a)Sg((a)i)=lh(a), so by *132 the second term 2 lh(a) < 1<a sg((a)0 
is 0. Thence by *B5 with *10.3 Vi 111(a) < i<a (a)i=0, and by *19.8 
vi i>ih(a)( a )i =0 * Assume a>0 & Vii> lh(a) (a)i=0. Then by *B5 
(with x 10.1) the second term is 0, hence the first term is lh(a), hence 
by *B12 (with *10.5, *10.4) Vi i<lh(a) (a)i>0. 

*22.3. When a>0, then by *19.16 and *B15 with *20.5, a = 
n l<A pi^ = (n i<lll(a) p[ , ‘ ), )-n ih(a)sl<!l p 1 (a) ‘. I. Assume Seq(a). Then by 
*22.2 Vi tt(a)£i<a (a)i=0, so by *B13 the second factor n m(a) < I<a pi a>1 
is 1. II. Assume a=II i<lb(a) p( a)l . By *B6 (with *18.5, *3.9) a = (the 
first factor) > 0. So by *133 the second factor is 1. Hence by *B13 
with *3.10 and *19.8 Vi lh(a) < i (a)i=0, and so by *22.2 Seq(a). 

*22.4. I. Assume the hyp. By *19.8, k<a; so by x 20.1, *B14, 
*B11, *B5 etc., lh(a) = k; so by *22.2, Seq(a). 

*22.7. By *22.3 (with lh(l)=0). 

*22.8. Assume Seq(a) & Seq(b). Then a*b^A0 (*B6 etc.). Using *6.3 
(with *B 19) n i<lh(b) p{^ )+i -ni h(a) < i<lh(a)+lh(b) pj b)l - liiw . So using 
*22.3, *19.11, *19.13, *19.14, *6.19 and *6.3, we obtain the evalu¬ 
ations 

i<lh(a) D (a*b)j=(a)i, 

lh(a)<i<lh(a)+lh(b) Z) (afcb^^b)^,!^ & i—lh(a)<lh(b), 
i>lh(a)+lh(b) z> (a*b)i=0. 

Hence by *22.4, lh(a*b)=lh(a)+lh(b) & Seq(a*b). 
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*22.9. Assume the hyp. By *22.8 and the evaluations in its proof, 
*6.17, *6.3 and *6.19, 

i<lh(a) D ((a*b)*c)i—(a)j=(a*(b*c))i, 
lh(a)<i<lh(a)+lh(b) D ((a*b)*c)i=(b) iJLlll(a) =(a*(b*c))i, 
lh(a) +lh(b) <i<lh(a) +lh(b) +lh(c) => 

((a*b) *c)i=(c)^ ah(a)+ ih(b» = ( a * (b* c )) 1 > 
i>lh(a)+lh(b)+lh(c) => ((a*b)*c)i=0=(a*(b*c))i. 

Hence by *19.15, (a*b)*c=a*(b*c). 

x 23.1. a(x) = n I<x pf (i > +1 . x 24.1. a(x) = n I<x pf< 1 >. 

*23.2. bi<x—' (a(x))i=a(i)+ 1. *24.2. b i<x D (a(x))i = a(i). 

*23.3. bi>x~ (a(x))i=0. *24.3. b i>x z> (a(x))i=0. 

*23.4. b y<x ^a(y) = n i<y p5 a(x))l . *24.4. b y<x d a(y) = rii< y pj a(x>)l . 
*23.5. b lh(a(x))=x & Seq(a(x)). 

*23.6. bSeq(a) '3a3xa==a(x). 

*23.7. b a (t+u) = a(t) *(Axa(t+x)) (u). 

*23.8. b a(x') = a(x)-p“< x)+1 a(x)*2 a < x>+1 . 

Proofs. *23.2, *23.3, *23.4. I. By *19.14, *19.13, *B19 (with 
*23.2), respectively. 

*23.5. By *22.4. 

*23.6. I. Assume Seq(a). Then a = n kIh(a) pj a)l [*22.3] = 
n i<ih(a)Pi (a), ^ 1)+1 with ( a )i>° from Se q( a )> *B19] = 

n i<lh(a) p^ x<a) *" 1)(i)+1 [ x 0.1, *B19] = (Ax(a)x — l)(lh(a)), whence 
3a3xa—a(x). 

*23.7. a(t+u) = (n I<t pr (i)+1 )-n I<u p t t i +i)+1 [*B15, *6.3] = 
(n i <tpf (i)+1 )-n 1<11 p^ a(t+x>)(u)>l [*23.2, *0.1, *B 19] =a(t)*(Axa(t+x))(u) 
[*21.1 with *23.5]. 

*23.8. First use *B4; then *21.1 with *20.3, *B4, *B3, *23.5, *19.9. 

5.6. We may want a function defined by recursion for temporary 
use only (so that we prefer not to add a new formal symbol and 
axioms), or even for use only in constructing a deduction under 
assumption formulas preparatory to using a subsidiary deduction 
rule (cf. IM Chapter V). We can in effect adjoin such a function 
temporarily by assuming the formula A(a) expressing the recursion 
equations, preparatory to 3-elim. from the proved formula 3aA(a) 
of Lemma 5.3 (b) (a and any other variables free in A(a) to be held 
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constant during this temporary use of a). An illustration occurs in 
the proof of Lemma 5.3 (c). This serves the purpose of IM Example 9 
p. 415; but this comes at a later stage of development, and the greater 
resources of the present system make it easier to obtain. 

Using instead Lemma 5.3 (c), the recursion can be of the course- 
of-values type (IM § 46 #G). 

We may even find it convenient notationally to introduce similarly 
a variable to stand for an explicitly defined function, preparatory to 
3-elim. from Lemma 5.3 (a). An illustration occurs in the proof of 
Lemma 5.3 (c). (The same effect could be gained by introducing a 
symbol of abbreviation for the functor Ayp(y), for which however we 
prefer not to use a Greek letter.) 

Lemma 5.3. Let y, z be distinct number variables , and ol a function 
variable. Let p(y), q, r(y, z), r(z) be terms not containing a free , with 
a and y free for z in r(y, z) and in r(z). Then : 

(a) h 3otVyot(y)=p(y). 

(b) h 3ot[ot(0)=q & Vya(y') =r(y, a(y))]. 

(c) h 3aVya(y)=r(a(y)) and V 3aVya(y)=r(y, 5(y)). 

(If q contains y free, some occurrences of y in the proof and appli¬ 
cations of (b) will have to be changed to other variables. By *23.5, 
r(y, a(y))= r (a(y)) when r(z) is r(lh(z), z).) 

Proofs, (a) By *100 and x 0.1 {Ayp(y)}(y)=p(y), whence by 
V- and 3-introd. 3aVya(y)=p(y). 

(b) Let B(c, i, w) be the formula (c)i=w. By IM *171 p. 199, 

h 3!wB(c, i, w). 

By *19.9 b (pJDo—w, whence 

(a) h 3cB(c, 0, w). 

Using *19.11 etc., *19.14, *19.10, *19.13, *19.9, 

i- vi J<y -(c 1 )i=((n 1<y .pp‘>‘)-p^) 1 & ((n i<y .p<<=*»-)-p^) y .=w, 

whence 

(p) b 3c 2 {Vi i < y 3u[B(ci, i, u) & B(c 2 , i, u)] & B(c 2 , y', w)}. 

Let Q(w), R(y, z, w) be q=w, r(y, z)=w. By *171, 

b 3!wQ(w), b 3!wR(y, z, w). 
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Form P(y, w) as P(y, X 2 , ..., x TO , w) was formed on IM p. 243, but 
with the present B, Q, R. By Remark 1 p. 244, 

(1) f-p(o,w)~e(w), 

(2) f- P(y', w) ~ 3z[P(y, z) & R(y, z, w)], 

(3) b3!wP(y, w), 

whence h Vy3wP(y, w), and by *2.2 h 3aVyP(y, a(y)). Assume for 
3-elim., VyP(y, a(y)). Now as in IM top p. 416, a(0)=q& 
Vyoc(y')=r(y, a(y)), whence (b) follows by 3-introd. (and the 3-elim.). 
(c) with a(y). Assume for 3-elim. from (a case of) (b), 

(i) fS(0) = 1 & Vyfi(y') = p(y)-p^^». 

Assume for 3-elim. from (a), 

(ii) Vya(y) = (p(y')) y . 

Using *19.11 (with *24.1, *B6 etc.), *24.3, *19.9, 

(hi) («(y)-pf •“ (y >») y =r(y, «(y)). 

Now we deduce by induction 

(i v ) P(y)=«(y)- 

Basis. p(0) = 1 [(i)] = a(0) [ x 24.1, *B3]. Ind. step, p(y') = 
P(y).pr(y,«y )) m = a(y)*Py y *“ (y )) [hyp. ind.] = «(y)•?<?<*'»- [(hi)] = 

S(y)-P? y> [(h)] = «(y')_ P24.1, *B4], - So «(y) = (p(y)-jyy (y - Wy ») y 
[(ii). (i)] = («(y)-Py <y, “ <3,>) )y [(iv)] = r(y, 5(y)) [(hi)]. By V- and 3- 
introd. (and the two 3-elims.), 3otVya(y)=r(y, a(y)). 

(c) with a(y). Apply (c) with a(y), for r(ni<ypi (z)l+1 ) as the r(y, z). 

5.7. We bring together results permitting alterations of quantifiers, 
based on #19 in 5.5. Cf. *0.5, *0.6, *2.1a, *2.2a in 4.5-4.6; IM p. 285; 
Kleene 1955 p. 315, 1959 2.1. For each m > 0, let "<a 0 , . .^a™)” 
abbreviate pj 0 *. .. *pj^, where p i is the numeral for the prime number 
pi (and "[ao, ..., a m ]” abbreviate <ao+1, ..., a1>, after 1955 9.2); 
let “<ao, abbreviate Ax<ao(x), . ..^(x)); and let “(a)i” 

abbreviate Ax(a(x))i (and "(a),j’’ abbreviate ((a)i)j, etc.). The letters 
here are subject to the obvious stipulations, under the blanket rule 
of 3.2. 

*25.1. h (<ao, • • 9-ra) > )i =: h (^ — • • •» w )- 

*25.2. h (<a 0 , . . ., £*„*>),=oq (i = 0, 

*25.3. h Va 0 ...Va m A(a 0 , . .a m ) ~ VaA((a) 0 , . •(a)J. 
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*25.4. 

b 3a 0 . . .SamAfao, . 

■ •, &m) ~ 

3aA((a) 0 , • • 

•> ( a )m)- 

*25.5. 

b Vao. • . Va^Afao, . 

* • i °bn) ^ 

■' VaA((a) 0 , ■ 

■ • > («)« 

*25.6. 

b 3ao. - .BotjreAfao, . 


3aA((a) 0 , . . 

•.(«)«)• 


*25.7. b Vao-.. Va^BbAfao, ..ab) 

^ 3aVao. • .Va^A(ao, ..a m> a (< a o, • • •) &?»>))• 
*25.8. b Vao - • .Va^3otA(ao t • • •> a^, ®) 

~ 3aVa 0 ..Va^ao, ... f a m , Aya(<a 0 , y>)). 

*25.9. b Vi i<a 3xA(i, x) ~ 3xVi i<a A(i, (x)i). 

*25.10. b Vi i<a 3aA(i, a) — 3aVi i<a A(i, (a)i). 

Proofs. *25.1. By *19.11 (with *18.5, *3.9, *129), *19.9, *19.10 
(and Lemma 5.2, by which p i=Pi)- 
*25.2. By x 0.1, *25.1, *0.4. 

*25.3. I. Simply by the predicate calculus. II. Assume VaA((a)o, 
..., (a) m ), and apply V-elim. with <a 0 , ..., a w > as the t (IM p. 99), 
*25.1 and V-introd. (IM *64). 

*25.7. I. Use *25.3 and *2.2; then, prior to 3-elim., assume 
VaA((a) 0 , ...» (a) m , a(a)) and continue as for *25.3. 

*25.8. I. Similarly, using x 2.1, and transforming A(a 0 , ...,a w , 
Aya(«a 0 , .... a m >, y») into A(a 0 , . -., a», Ay{Aza(«(z) 0 , ..., (z) m >, 
(z)m-»K<ao, . ...a*,,y»). 

*25.9. I. Assume Vi i<a 3xA(i, x). By cases (i<a, -ii<a) 3x[i<a D 
A(i, x)], whence by V-introd. Vi3x[i<a D A(i, x)], whence by *2.2 
3aVi i<a A(i, a(i)). Assume Vi i<a A(i, a(i)). Using *24.2 i<a D A(i, (a(a))i), 
whence by V- and 3-introd. 3xVi 1<a A(i, (x)i). 

Remark 5.4. Alternatively *25.9 can be proved by induction on a, 
whereupon x 2.1 will be used since 4.6 only as follows: via *2.2 in 
proving Lemma 5.3 (b) (and thence (c)) and *25.7; directly in proving 
*25.8 (which for m = 0 is *2.la). Cf. 7.15 below. 

Now we combine #F (e.g. for m = 2) with Lemma 5.3. 

Lemma 5.5. (stated for m = 2). Under stipulations like those for 
Lemma 5.3: 

(a) Qi(y) V Q,(y). -i(Qi(y) & Qa(y)) » 3aVya(y) = { Pg | ggj; 

The first assumption formula expresses that the cases are exhaustive. 
The other fj) (= 1 for m = 2) assumption formulas express that the 
cases are mutually exclusive. The conclusion formula shall be an 
abbreviation for 

3 “ v y[(Qi(y) v Q2(y))&(Qi(y)=>“(y)=pi(y)) & (Q2(y) 3 «(y)=pa(y))]. 
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(b) 


Qi(y> a(y)) V Q 2 (y, «(y)), -.(Qi(y, a(y)) & Q 2 (y, a(y))) b ya 


3a[a(0) = q & Vyot(y') = 


f r i(y. “(y)) if Qi(y. *(y)). 
l r 2(y,a(y)) if Q2(y,«(y))]. 


(c) Qi(s(y)) V Q 2 («(y)), -.(Qi(s(y)) & Q 2 («(y))) K- 


3aVya(y) = 


_f r i(*(y)) if Qi(«(y)). 


and 


r 2(a(y)) if Q 2 («(y)) 


Qi(y. «(y)) v Q2(y. *(y)), -i(Qi(y. *(y)) & Q 2 (y, «(y))) i- y “ 

3aVya(y) = \ M Ql(y> “ (y)) ' 

y w 1 r a(y. “(y)) if Q 2 (y. «(y))- 


Proofs, (a) In the special case that Qi(y), Q 2 (y) are prime for¬ 
mulas, or equivalent to prime formulas by applications of #D and 
#E, we need only apply Lemma 5.3 (a) for p(y) the term p obtained 
by using #F with V Q$(y) ~ q«—0 and with p$(y) as the pi (i = 1,2). 

However, the general case can be treated directly, thus. The first 
assumption formula gives two cases. Case 1 : Qi(y). Then -iQ 2 (y)> 
So 


(Qi(y) v Q 2 (y)) & (Qi(y) o pi(y)=pi(y)) & (Qa(y) d pi(y)=p 2 (y)). 

By 3-introd., 

3 a [(Qi(y) V Q*(y)) & (Qi(y) => a= P i(y)) & (Q 2 (y) 3 a=p 2 (y))]. 


Case 2: Q 2 (y). Similarly. — By V-introd. and *2.2, 

aaVytCQify) V Q 2 (y)) & (Qj(y) 3 «(y)= P i(y)) & (Q a (y) 3 a(y)=p 2 (y))]. 

(b) Substituting (y) 0 , At(y)i for y, a, and using * 0 . 1 : 

Qi((y)o. (y)i) V Qa((y)o, (y)i) and -i(Qi((y)o, (y)i) & Q 2 ((y)», (y)i))- So > 

using (a), we can assume for 3-elim. 


(i) 


Vyp(y) = 


_ r 

r ; 


i((y)o. (y)i) if Qi((y)o, (y)i), 
2((y)o, (y)i) if Q 2 ((y)o, (y)i). 


Applying Lemma 5.3 (b) with p(<y, z>) as the r(y, z), assume for 
3-elim. 


(ii) a(0)=q&Vya(y')=p«y, a(y)». 

Taking <y, a(y)> for y in (i) (by V-elim.) and using *25.1, the result 
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with (ii) gives Q*(y, oc(y)) D a(y')=ii(y, oc(y)). By V- and 3-introds., 
we obtain the required formula. It does not contain p or a free, so 
the 3-elims. can be completed. 

(c) with a(y). By *158 since Seq(z) is prime, Seq(z) V-iSeq(z). 
Using cases thence, and in the first case *23.6 with Qi(a(y)) V £>2(a(y)): 

(i) (Seq(z) & Qi(z)) V (Seq(z) & Q2(z)) V -iSeq(z). Using *23.6 with 
-i(Qi(*(y)) & Q2(a(y))): Seq(z) => -,(Qi(z) & Q 2 (z)). Using this and 
*50, the three cases in (i) are mutually exclusive. Assume for 3-elim. 
from the result of an application of (a) with m = 3, 

n(z) if Seq(z) & Qi(z), 

Vzp(z)= r 2 (z) if Seq(z) & Q 2 (z), 

0 if -iSeq(z). 

Now use Lemma 5.3 (c) with p(z) as the r(z) (and later *23.5). 

(c) WITH 5(y). Apply (c) with a(y), for Qj(lh(z), n^^p, 00 '" 1 ), 
r«(lh(z), as the Q<(z), r«(z). 

Lemma 5.6. Let x be a variable, and A(x) a formula . Then 

3!xA(x) h A(x) V -,A(x). 

Proof. Assume preparatory to 3-elim. from 3!wA(w), A(w) & 
Vx(A(x) d w—x). By *158, w=x V w^x. Case 1: w=x. Then A(x), 
whence A(x) V -iA(x). Case 2: w^x. Then -iA(x), whence again 
A(x) V tA(x). 

§ 6. Postulate on spreads (the bar theorem). 6.1. In the intuition- 
istic set theory or analysis of Brouwer, a fundamental role is played 
by what he called a "set (Menge)" in his early papers on the subject 
(1918-9 I p. 3, 1919 pp. 204-205 or 950-951, 1924-7 I pp. 244-245) 
and more recently a "spread” (1954 p. 8). There are several versions 
of the notion of ‘spread’, differing in details. We begin with a version 
differing from that of Brouwer’s early papers, reproduced in Kleene 
1950a § 1 (p. 680 end line 8, add "> 0”), by the omission of what 
Brouwer called "sterilized (gehemmt)” sequences. In 6.9, we shall 
consider other versions. 

A given spread is generated by (i) choosing natural numbers in 
sequence, (either freely or) under an effective restriction which says, 
given the (numbers chosen in the respective) previous choices if any 
and any number, whether that number may be chosen next, and 

(ii) after each choice correlating effectively an object (depending on the 
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previous choices if any and that choice) from a fixed countable set. 
Furthermore, under (i) it is effectively determined after each choice 
whether (depending on the previous choices if any and that choice) 
the sequence of choices is to terminate therewith or shall continue; 
in the latter case, the restriction governing the choices must allow 
at least one natural number to be chosen next. 

When a sequence of choices terminates, the element of the set or 
spread correlated to the sequence is the finite sequence of the objects 
correlated to the choices up to its termination. When a sequence of 
choices continues unterminated ad infinitum, the element correlated 
to the sequence is the infinite sequence of the objects correlated to the 
choices; intuitionistically this element is not considered as completed, 
but only as in process of growth as the choices proceed. 

The word “effectively” in the foregoing is intended to convey what 
Brouwer expressed (in his early papers) by speaking of a “law 
(Gesetz)”; and indeed in 1924 § l, 1927 § 2 he used “algorithm (Algo- 
rithmus)” in a related connection. What choices are permitted, and 
whether termination takes place, is determined by a law, which we 
call the choice law. What object is correlated is determined by another 
law, which we call the correlation law . (Cf. Kleene 1950a p. 680, and 
Heyting 1956 p. 34, where the terminology is a little different.) These 
two laws each operate upon the finite sequence of the choices (natural 
numbers) up to and including the one which is under consideration 
(i.e. the natural number about to be chosen, when the question is 
whether the choice of it after the choices already made if any is 
permissible; the one just chosen, when the question is whether the 
sequence of choices thereupon terminates, or what object is thereupon 
correlated). 

A set or spread is not thought of intuitionistically as the “totality” 
of its elements, not even in the case all (permitted) choice sequences 
terminate so that the elements themselves become intuitionistically 
completed objects. To do so would (in general) involve the completed 
infinite (IM p. 48); e.g. the spread in which all choice sequences 
terminate after one choice which is completely free, with the number 
chosen correlated, is simply the set of all (unit sequences of) natural 
numbers. A spread from the intuitionistic standpoint is the pair of 
laws governing the generation process under which its elements grow. 
Through his notion of 'spread', Brouwer found a way, while maintain- 
ing the standpoint of the potential infinite, to deal with collections 
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some of which are even uncountably infinite (of classical cardinal 
number 2 **°). 

The objects correlated to the choices in Brouwer’s applications may 
be, e.g., natural numbers, rational numbers, intervals with rational 
endpoints. Since for a given spread they must be chosen from a given 
countable class of objects, abstractly we can always take them to be 
natural numbers. When we do so, the notations available in the formal 
system suffice for the theory of spreads. 

Indeed, these notions include the fundamental constituents for 
dealing with spreads. These constituents can be combined under the 
formation rules of the system in a flexible manner, so that the parti¬ 
cular way of combining them that gives a spread loses some of its 
preeminence in this formalism. Cf. however 7.8 below. 

6.2. In this section, we shall concentrate on the choice sequences, 
which may underlie a spread, and which can be regarded as themselves 
constituting a spread by taking for the correlation law the trivial 
one which correlates the last natural number chosen. If then there 
is no restriction on the choices, the spread consists simply of all the 
infinite sequences of natural numbers in process of growth. This 
Brouwer called the universal spread. We study it now. 

When exactly t (> 0) natural numbers a Q , a\, ..., a t -i have been 
chosen successively, we have in other words chosen the first t values 
a(0), a(l),..., a(/— 1) of a number-theoretic function a(x), the 
remaining values of which are still undetermined. Now we may 
associate with any finite sequence a 0> ..., a t -i of natural numbers 
the natural number a = ^o° +1 ‘* * = <#o+l, .«t-i+l> = 

[ao, .. a t - 1 ] = a(£), whereupon t = lh(a(£)), and = a (i) = 
(a(Q)i—1 for i <t (cf. #18-#23 in 5.5, and 5.7). This maps the 
finite sequences of choices 1-1 onto the natural numbers a such that 
Seq(a), which we call sequence numbers. The theory of choice sequences 
can now be dealt with in terms of the sequence numbers. The funda¬ 
mental relation between sequence numbers is that of a sequence 
number a to the sequence numbers a*2 S+1 (s = 0, 1,2, ...) which 
represent the sequences ao, ..., at- i, s coming from a 0 , ..., a t - 1 by 
choosing one more number s; the numbers a*2 s+1 are thus exactly 
the numbers a(£+l) for the various functions a such that a = 6c(t). 
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6.3. Because the sequences of choices (“Wahlfolgen” in Brouwer 
1918-9 and 1924-7, “infinitely proceeding sequences" in Brouwer 1952 
and Heyting 1956) are considered intuitionistically as in process of 
growing by new choices, especial prominence is given in intuitionism 
to those properties of choice sequences which if possessed can be 
recognized effectively as possessed at some (finite) stage in the growth 
of the choice sequence. Such a property of a choice sequence a is of 
the form (Ex)R(a(x)) where R(a) is a number-theoretic predicate, 
effective at least when applied to sequence numbers a. 

With respect to such a predicate R(a), we say that, as a choice 
sequence a(0), a(l), a( 2 ), ... is generated, the finite sequence of the 
choices a( 0 ), ...,«(£— 1 ), or the sequence number a(£) representing 
these first t choices, is secured, if it is known already from these t 
choices by the test of the predicate R that a possesses the property 
(Ex)R(ol(x)) , i.e. if (Ex) x < t R(a(x)); past secured, if this was known 
already without the last choice, i.e. if (Ex) x< tR(oL(x )); immediately 
secured, if this is known only after the last choice, i.e. if ( x) s;< tR{oL(x )) & 
R(a(t )) (the first conjunctive member can be omitted if R is taken so 
that, for any a, R(ot{x)) is true of at most one x). We say a( 0 ), ..., 
oc(t — 1 ), or a(£), is securable, if, no matter how the future choices (the 
t~\- 1 -st, t-\- 2 -nd, t-\- 3-rd, ...) are made, a will possess the property 
(Ex)R(a(x)), i.e. if (p)[fi(t) = dc(t) (Ex)R({i(x))] or equivalently 
(Ex) x<t R{oL(x)) V ( f})(Ex)R(oL(t)*li(x )). In particular (changing the 
bound variable 0 to a), 1 is securable exactly if {ol){Ex)R(6l(x)) . We 
have stated these notions with respect to a fixed predicate R{a). 
A sequence number w not past secured is securable with respect 
to R(a) exactly if 1 is securable with respect to la R(w*a). A sequence 
number w is barred, if 1 is securable with respect to XaR(w*a), i.e. 
if (a )(Ex)R(w*(x(x)). (Numbers other than sequence numbers are to 
be unsecured, unsecurable, unbarred.) 

6.4. We have used function variables in expressing these notions. 
But there is a basic difference between the classical and the intuition- 
istic concepts; for the intuitionists, the functions are not completed. 
The universal function quantifier (/?) or (a), with its scope, in the 
expression for securability cannot be considered intuitionistically as 
a conjunction extended over all completed one-place number-theoretic 
functions, as it is classically. The intuitionistic meaning of 
(oc)(Ex)R(a(x)) is that, whenever one chooses successively natural 
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numbers a(0), a(l), a(2), ... in any way, one must eventually en¬ 
counter an x such that R(cx(a;)). 

How then can the intuitionists utilize the notion of securability ? 

To begin with, they can particularize, compatibly with their inter¬ 
pretation of (a), from (a )(Ex)R(a(x)) to (Ex)R(ol\(x)) for such partic¬ 
ular choice sequences ai as they can specify; these, in connection 
with which Brouwer (1952 p. 143, 1954 p. 7) uses the term “sharp 
arrows”, are ones whose growth can be completely governed in 
advance by a law (after any t ;> 0 choices, the law allows exactly 
one next choice). We have the formal counterpart of this in Axiom 
Schema 10F, where the functors u express primitive recursive functions 
in the case they contain no function variables (by Lemma 3.3). 

But it would seem that this makes rather weak use of (cx){Ex)R{6l(x)). 
In fact, under the interpretation that an ai giving a sharp arrow is 
a general recursive function, (<xi)(Ex)R(on(x)) is in general weaker 
than (a)(iLe)i?(a(x)); and the important “fan theorem” (in 6.10 below) 
fails when its hypothesis is weakened in the corresponding manner 
(Kleene 1950a §3, or Lemma 9.8 below). The intuitionists may 
refrain from adopting this interpretation, but they are in no position 
to refute it, since their actual constructions or laws conform to it 
(Chapter II below). Pursuing the matter further from the classical 
standpoint, while the fan theorem becomes true upon enlarging the 
class of a's to the arithmetical functions (those such that a(x)=w 
is an arithmetical predicate IM p. 239; cf. Lemma 9.12 below), in 
order to exhaust the full force of (a) (Ex)R(di(x)) not even all the 
hyperarithmetical functions suffice (Kleene 1955b pp. 210, 208 with 
1959 p. 48; or 1959b). 

Remark 6.1. In the intuitionistic system, using * 158, we can prove 
VaVx(a(x)=0 V a(x)^0), which seems to imply that any function a 
taking only 0 and 1 as values is recursive. (More generally, we can 
prove VaVxVw(a(x)=w V ot(x)^w), which seems to say that, for 
each a, the predicate a(x)=w is decidable, so presumable recursive, 
so by IM Theorem III p. 279 the function a, = Xx fjiwoi(x)=w, is re¬ 
cursive.) On the other hand, as noted, we cannot interpret the uni¬ 
versal quantifier (a) to mean “for all recursive functions a” without 
making the fan theorem of intuitionism false. This apparent contra¬ 
diction is explained thus. As we choose the numbers a(0), «(1), a(2), ... 
making up any choice sequence <x, it will be known after each choice 
what number has been chosen; it is in this sense that VotVx(a(x)—0 V 
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a(x)^O) is true. But as a choice sequence a(0), a(L), ot(2), ... grows, 
in advance of each choice any number in the case of the universal 
spread (any number < 1 in the case of the spread of choice sequences 
governed by (x)a(x) < 1 ) is eligible to be chosen; so the a is not 
restricted to be a recursive function. 

Remark 6.2. In the present classical system with the same for¬ 
mation rules as the intuitionistic, the functors u available for Axiom 
Schema lOF are the same. (This is not so in classical systems like 
the ones in Hilbert-Bernays 1939 Supplement IV having a choice 
operator e or descriptive operator i.) Fuller use of assumptions 
VaA(a) is obtained in the classical system via indirect proofs. 

6.5. Brouwer found a solution to the problem of how to utilize an 
hypothesis of securability more fully than by Axiom Schema 10 F. 
This consists in looking at the situation from the opposite direction, 
proceeding backwards from those sequence numbers a(x) for which 
R(a(x)) to the other sequence numbers having such numbers in all 
their (sufficiently continued) extensions. 

To fix our ideas, let us confine our attention for the moment to 
sequence numbers not past secured (so that, in any sequence a of 
choices, we don't overrun the first x at which we find R(&(#)) true). 
Then, slightly paraphrasing Brouwer 1927 Footnote 7 to make it 
read in our notation and terminology: Thought through intuitionisti- 
cally, this securability is nothing else than the property which is 
defined thus. It holds for every sequence number a such that R(a). 
It holds for any sequence number a, if for every $ ($ = 0 , 1 , 2 , ...) 
it holds for a*2 s+1 . This remark draws after it immediately the well- 
orderedness property .... 

In other words, Brouwer's Footnote 7 says that securability is that 
property (of sequence numbers not past secured) which originates 
at the immediately secured sequence numbers, and propagates back 
to the unsecured but securable numbers across the junctions between 
a sequence number a and its immediate extensions a*2 s+1 (s = 0 , 

1 , 2 ,...). 

Let us review the situation using a geometrical picture (Figure 1). 
We can represent the universal spread 6.2 by a "tree”, with the 
sequence numbers a = = [«o, • • •, &t- 1 ] at the ver¬ 

tices. The initial (leftmost) vertex is occupied by the sequence number 
I — [ ] = a(0). From any vertex, occupied by the sequence number a , 
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Figure 1. 


infinitely many arrows lead to the next vertices, occupied by the 
sequence numbers a*2 8+1 (s = 0, 1, 2, . . .). A part of this tree is 
shown in Figure 1; but the arrows for $ > 1 are left to our imagination, 
as well as the vertices for t = lh(<st) > 4 suggested by the dots. (The 
figure actually shows the ‘'binary spread” or “binary fan” 6.10 as 
far as its vertices with lh(a) < 4.) 

An infinite choice sequence <x or a(0), a(l), a(2), ... is represented 
by an infinite path in the tree, starting at the leftmost vertex (occu¬ 
pied by) [ ] and following arrows; a finite sequence of choices by an 
initial segment of such a path, or by the vertex 5 (t) at the (right) 
end of that segment. Thus, before a(0) is chosen, we are at the vertex 
[]; then if we choose a(0) = 1, we move to the vertex [1]; choosing 
next a(l) =0, we continue to [1,0]; choosing oc(2) = 1, to [1,0, 1]; 
choosing a(3) = 1, to [1,0, 1, 1]; etc. 
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Consider a predicate R(a), effective at least when applied to sequence 
numbers a . For each a, let us follow the corresponding path in the 
tree (starting from [ ]j until we first encounter a vertex a(x) for 
which R(oc(x)) t if we ever do, whereupon we underline that vertex. 
In the language of 6.3, we underline (the vertices occupied by) the 
immediately secured sequence numbers. 

Now (a)(Fx)i?(a(x)), as we considered it in 6.3 and (intuitionistically) 
in 6.4, means geometrically that, along each infinite path starting 
from the leftmost vertex [ ] and following arrows, we will encounter 
an underlined vertex. This is illustrated in Figure 1, so far as it can 
be shown with only the arrows for s = 0, 1. More generally, 
(l8)(Ex)R(a*ft(x)) or in words a is securable (but not past secured) means 
geometrically that, along each infinite path starting from the vertex 
occupied by a and following the arrows, we will encounter an under¬ 
lined vertex. 

Brouwer’s reversal of the direction consists in replacing this meaning 
of a is securable (but not past secured) by that of belonging to the class 
of sequence numbers which is defined to include the ones underlined, 
and to include a whenever it includes all a*2 s+1 for s = 0, 1,2, ..., 
but to include no other sequence numbers. (This definition is an 
example of an inductive definition, in the terminology of IM § 53.) 

In Figure 1, the securable but not past secured sequence numbers 
are those which are in bold face (heavy type), if we suppose appro¬ 
priate behavior along paths containing arrows with s > 2. But under 
the first meaning of securable (but not past secured ), which we now 
call the explicit sense, a vertex’s being in bold face means that pro¬ 
ceeding rightward from it in the direction of arrows along all possible 
divergent paths an underlined vertex will be encountered. Under 
the second meaning (the inductive sense), a vertex’s being in bold 
face signifies its membership in the class of vertices generated by 
putting into the class the underlined vertices, and proceeding in the 
leftward or convergent direction (reverse to arrows) to include a in the 
class whenever all a*2 S+1 (s = 0, 1,2, ...) are included in the class. 

Since the explicit sense, which our symbols in 6.3 directly express, 
had already been used before Brouwer’s 1927 Footnote 7 was intro¬ 
duced, that Footnote 7 must come to this: The two meanings of 
securable (but not past secured) are equivalent; and this equivalence 
is given by intuition (by thinking the matter through intuitionistically). 
We agree with him. 



6 


THE BAR THEOREM 


51 


In the figure, whether one puts vertices in bold face by the criterion of 
finding an underlined vertex at or to the right of them along all paths, 
or moves leftward across the figure putting vertices in bold face by 
the two principles generating a class of vertices, the result is the same. 

One of the implications in this equivalence is actually unproblemati- 
cal, i.e. easily proved (cf. end 6.7). The other implication, that by 
securable (but not past secured) in the explicit sense of securable (but 
not past secured ) in the inductive sense (or of the "well-orderedness 
property", which the latter entails immediately) is essentially what 
Brouwer subsequently called the "bar theorem” (1954 p. 14, cf. 
Remark 6.3 below). 

In 1924 § 1 (cf. 1924a §§ l, 2), in the text of 1927 § 2, and in 1954, 
he used a more complicated analysis to prove the bar theorem. Foot¬ 
note 7 of 1927 concluded, "The proof carried through in the text 
for the latter property [well-orderedness] seems to me nevertheless 
of interest on account of the propositions included in its line of 
thought.” 

We shall simply introduce what is needed here by an axiom schema 
x 26.3 which gives the effect of the bar theorem for the case of the 
universal spread. This schema takes the form of a principle of induction 
which attributes to the securable (but not past secured) sequence 
numbers any property expressible in the symbolism of the system 
which originates and propagates in the same way as the securability 
property itself (under the inductive sense). Our procedure amounts 
to adopting Brouwer’s 1927 Footnote 7 in place of the more elaborate 
treatment in the text of 1927. 

We thus quickly get over a moot point in Brouwer’s deduction of 
his analysis by postulating an axiom schema. This may strike some as an 
evasion. But this axiom schema is independent of the other intui- 
tionistic postulates, as we shall see in Corollary 9.9 (and 9.2, by which 
its negation is unprovable). So there can be a question of deriving the 
axiom schema (the bar theorem), only if we first substitute another 
postulate to derive it from. We are unconvinced that any known 
substitute is more fundamental and intuitive. However, in view of the 
attention which the proof in Brouwer’s text of 1927 has continued to 
receive, we shall also examine that, in 6.12. 

6 .6. We consider now just how to state the bar theorem in the 
formal symbolism. 
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The definition of a property in Brouwer's Footnote 7 reads, under 
the restriction there to sequence numbers not past secured, as an 
inductive definition of the securable (sequence) numbers. If we sub¬ 
stitute “a which is secured” for “a such that R(a )”, then without the 
restriction it reads as an inductive definition of all the securable 
numbers (Kleene 1955a p. 416). If we omit the restriction, but require R 
to be a predicate such that, for any a, R(a(x)) for at most one x, it 
reads as an inductive definition of the numbers securable but not past 
secured. If we simply omit the restriction, it reads as an inductive 
definition of the barred numbers. It makes little difference to us here 
which reading we use, and the last is the simplest. 

We also obtain some simplification by stating the induction principle 
corresponding to the inductive definition only for inferring properties 
of 1 (for which ‘securable’, ‘securable but not past secured’ and 
‘barred’ are equivalent). We do not lose thereby, as we shall verify 
in 6.11. 

For securability in the explicit sense of 6.3 we now write “secu- 
rable E ”, in the inductive sense of Footnote 7 “securable!”. The bar 
theorem is then the implication 

(*) securable E -> securablej, 

when the right side is rendered by the principle of induction corre¬ 
sponding to the inductive definition (cf. IM § 53). We want to formalize 
this, applied to 1, with respect to R. 

The left side of (*) is then simply (ol)(Ex)R{ol(x)). 

Let $(R, A) be (a)[Seq(a) &R(a) ->d(a)] & (a)[Seq(a) & (s),4(a*2 s+1 ) 

A(a)] -^^4(1); and for any formulas A(a) and R(a), let 3(R, A) 
be the correspondingly constructed formula. The principle of induction 
rendering the right side of (*) is (^4)3(R, A). 

Thus we render (*) in informal symbolism as {oi)(Ex)R(ol(x)) -> 
(di)3(R, A). Expressing this in the formal symbolism as nearly as 
we can in the absence of predicate variables (cf. IM p. 432), we are 
led to Va3xR(a(x)) D 3(R, A), which (trivially rearranged) is *26.1. 

6.7. Before postulating a slight restriction of this for the basic 
system or the intuitionistic system, we verify that it is provable in 
the classical system. The proof is a formalization of the classical proof 
of (*) in Kleene 1955a (E) p. 417. 

If a, s, x are any number variables (a and s distinct), a. is any 
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function variable, A (a) is any formula not containing s free in which s 
is free for a, and R(a) is any formula not containing a or x free in 
which a and x are free for a: 

*26.1°. f- Va3xR(a(x)) & Va[Seq(a) & R(a) z> A(a)] & 

Va[Seq(a) & VsA(a*2 s+1 ) z> A(a)] z> A(l). 

Proof. By the classical propositional calculus, it will suffice to 
assume 

(a) Va[Seq(a) & R(a) Z) A(a)], 

(b) Va[Seq(a) & VsA(a*2 8+1 ) z> A(a)], 

(C) iA(l), 

and deduce -|Va3xR(a(x)), which by the classical predicate calculus 
(*85, *86) is equivalent to 3otVx-iR(a(x)). Likewise (b) is equivalent 
to Va[Seq(a) & -iA(a) Z) 3s-iA(a*2 8+1 )], whence by *97 Va3s[Seq(a) & 
-iA(a) D -iA(a*2 s+1 )], whence by *2.2 3sVa[Seq(a) & -iA(a) D 
-iA(a*2 a(a)+1 )]. Assume for 3-elim. from this 

(d) Va[Seq(a) & -,A(a) D -,A(a*2° (a>+1 )]. 

By Lemma 5.3 (c), 3aVxa(x)=a(a(x)); so assume 

(e) Vxa(x)= a(a(x)). 

Now we deduce by induction 

(f) -iA(«(x)). 

Basis. By x 23.1 and *B3, a(0)=L So by (c), -iA(a(0)). Ind. step. 
a(x') a(x)*2 a(x)+1 [*23.8] - a(x)*2° ( “ W)+1 [(e)]. So by (d) with the 

hyp. ind. and *23.5, -|A(a(x')). - By (f) and (a) with *23.5, -iR(a(x)). 
By V- and 3-introd., 3aVx-iR(oi(x)). 

The converse implication 

(**) securablej -> securable B 

(Kleene 1955a (D) p. 416) is (^)^(R, A) (cx)(Ex)R(ot(x)). This holds 
intuitionistically, a fortiori from g(R, Ai) -> (<x)(Ex)R(at(%)) where 
Ax = M {(x)(E%)R(a*ai(%)). So *26.2 can be considered as giving (**) 
in the basic system. 

If a, s, x are any distinct number variables, a is any function 
variable, and R(a) is any formula not containing x, s, a free in which 
x, s, a are free for a: 
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*26.2. I- {Va[Seq(a) & R(a) D Va3xR(a*a(x))] & 

Va[Seq(a) & VsVa3xR((a*2 8+1 )*a(x)) Z) Va3xR(a*a(x))] 

D Va3xR(l*a(x))} z> Va3xR(a(x)). 

Proof. Using a=a*ot(0) (by *22.6 with x 23.1, *B3), 

(a) Va[Seq(a) & R(a) Z> Va3xR(a*a(x))]. 

Toward (b) below, assume (i) Seq(a) and (ii) VsVa3xR((a*2 s+1 )*ot(x)). 
Using (ii), 3xR((a*2 a(0)+1 )*{Axot(l+x)}(x)). Assume preparatory to 3- 
elim. (iii) R((a*2*(° )+1 )*{Axa(l +x)}(x)). But (a*2 a(0>+1 )*{te[(T+^)}(x) 
= a*(2 a(0)+1 *{Axa(l+x)}(x)) [*22.9 with (i), *22.5, *23.5] = 

a*oc(l+x) [23.7 with x 23.1, *B4, *B3, *127]. So by 3-introd., (com¬ 
pleting) the 3-elim., and V-introd., Va3xR(a*a(x)). By &-elim. and 
Z)- and V-introd., 

(b) Va[Seq(a) & VsVa3xR((a*2 8+1 )*a(x)) z> Va3xR(a*a(x))]. 

Assuming the antecedent of the main implication of *26.2, and using 
(a) and (b), we obtain Va3xR(l*a(x)), whence the consequent 
Va3xR(a(x)) follows by *22.7 with *23.5. 

6 .8. The restriction that R be an effective predicate, introduced 
beginning 6.3 (but immaterial from the classical standpoint), must 
be made explicit in postulating the bar theorem (*) for the basic 
system or the intuitionistic system. As expressed by *26.1 simply, 
(*) is inconsistent with the further intuitionistic postulate x 27.1 to 
be introduced in § 7, by *27.23. We give four forms x 26.3a- x 26.3d 
of the new axiom schema. Whichever one is introduced now as the 
postulate, all axioms by each of the others become provable. When it 
is immaterial which one we cite, we call it simply x 26.3. The stipu¬ 
lations for x 26.3a and x 26.3c are the same as for *26.1. For x 26.3b, 
a and p are any distinct function variables, etc. 

x 26.3a. Va[Seq(a) D R(a) V -iR(a)] & Va3xR(a(x)) & 

Va[Seq(a) & R(a) Z) A(a)] & Va[Seq(a) & VsA(a*2 8+1 ) D A(a)] 
=>A(1). 

x 26.3b. Va3xp(a(x)) = 0 & 

Va[Seq(a) & p(a) =0 D A(a)] & Va[Seq(a) & VsA(a*2 s+1 ) D A(a)] 

dA(I). 
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x 26.3c. Voc3!xR(a(x)) & 

Va[Seq(a) & R(a) "D A(a)] & Va[Seq(a) & VsA(a*2 8+1 ) D A(a)] 
DA(1). 

x 26.3d. Va3x[R(a(x)) & Vy y<x -,R(a(y))] & 

VaVx[R(a(x)) &Vy y<x -,R(a(y)) =) A(oc(x))] & 

Va[Seq(a) &VsA(a*2 8+1 ) DA(a)] dA(1). 

Derivation of x 26.3b from x 26.3a. Taking R(a) in x 26.3a as 
p(a)—0, we have R(a) V -iR(a) by *158, a fortiori Va[Seq(a) D 
R(a) V -.R(a)]. 

x 26.3a from x 26.3b. Assume the four hypotheses (a)-(d) of 
x 26.3a. By *158, because Seq(a) is prime, Seq(a) V-iSeq(a). Using 
cases thence, and in the first case subcases from (a), (Seq(a) & 
R(a)) V -i(Seq(a) & R(a)). Using this with *50 to apply Lemma 
5.5 (a), assume preparatory to 3-elim. from the result 

Vac(a)-! ° if Seq(a) & R(a)> 
va PW-I, if _,(Seq(a) & R(a)). 

Now Seq(a) D (R(a) ~ p(a)=0), using which and *23.5 the three 
hypotheses of x 26.3b follow from (b)-(d). 

x 26.3c from x 26.3a. Assume Va3 !xR(a(x)). Assume Seq(a), so via 
*23.6 we can put a=a(x) (i.e. we assume this preparatory to 3- 
elims.). Using Lemma 5.6, R(a(x)) V -iR(a(x)), whence R(a) V -*R(a). 
By (completing) the 3-elims., D- and V-introd., Va[Seq(a) D R(a) V 
-iR(a)]. Also, Va3xR(a(x)). 

x 26.3a from x 26.3c. Assume the four hyps, (a)-(d) of x 26.3a. 
Let R'(a) be R(a) & Vy y<lh(a) -iR(ni<yp} a)l ), so using *23.5 and *23.4 
R'(oc(x)) <-w R(a(x)) & Vy y<x -|R(a(y)). By *23.5 Seq(a(x)), so (a) gives 
R(ot(x)) V -iR(a(x)). Thence by *149a and *174b Va[3xR(a(x)) o 
3!xR / (a(x))], and by *69 Vot3xR(a(x)) DVa3!xR'(a(x)). So we have 
V«3!xR'(a(x)). Since R'(a) D R(a), we also have Va[Seq(a) & R r (a) D 
A(a)]. Now we can apply x 26.3c with R' as the R. 
x 26.3d from x 26.3c. Use *174b. 

6.9. The foregoing induction principle x 26.3 takes care of the bar 
theorem for the universal spread. We should like it also for other 
spreads of choice sequences. 

So instead of dealing with the class of all the sequence numbers a, 
characterized by Seq(a), we shall now deal with any suitable subclass 
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of them, which we shall characterize by a(a)= 0 for some function o. 

For simplicity, we may omit from consideration terminated sequences 
of choices (cf. 6 . 1 ), so this a will serve as the choice law (the other 
function of the choice law in 6 . 1 , to say when a sequence of choices 
terminates, is suppressed). We may do this here without loss, since 
we are interested only in what happens up to an % such that i?(a(x)). 
Indeed in general, with a simplified choice law a that doesn't provide 
for termination, we can still obtain the effect of termination, either (a) 
by using a predicate R and considering a(0), “(i), a( 2 ), . . . to termi¬ 
nate at a(#—1) for the least x if any such that jR(a(#)), or (b) for 
spreads with a non-trivial correlation law, by using positive integers 
as (or to represent) the objects which we are interested in correlating, 
and correlating 0 otherwise (essentially Brouwer 1924—7 I Footnote 1). 

In our theory of choice sequences we have been using to advantage 
the empty sequence, represented by the sequence number ce( 0 ) = 1 . 
(Brouwer employed neither the empty sequence, nor sequence 
numbers.) For spreads all of whose elements are to be sequences with 
the same first member, we find it convenient to correlate that first 
member to the empty choice sequence. Then the correlation law p 
operates simply on all sequence numbers a with a(a) — 0 . When we 
don't want the elements all to begin with the same first member 
(correlated to 1), we may simply ignore what p( 1 ) is. But whether 
we do or do not wish to consider p(l) as first member of the elements, 
it seems to us natural to take advantage of our empty sequence by 
letting the spread be non-empty exactly when the empty sequence 
is permitted, i.e. when <y( 1) = 0. Thus the choice law suffices itself 
for deciding whether a spread is empty or not. 

When we thus both omit terminated sequences and use the empty 
sequence to test for a spread's not being empty, we are led to the 
following formula Spr(cr) expressing in the formal symbolism the 
restrictions on a that it characterize the choice sequences for a spread. 

Spr(tr): Va[<r(a) -0 z> Seq(a)] & Va[<r(a) = 0 D 3s<r(a*2®+ 1 )=0] 

& Va[Seq(a) & <r(a)>0 Z> Vs<T(a*2 s+ 1 )>0]. 

In *26.4 we state the bar theorem for spreads generally, using this 
version of the notion of 'spread'. The second hypothesis cr(l) = 0 
expresses that the spread is not empty. 

If we were simply to omit terminated sequences (which would give 
the version of Heyting 1956 pp. 34-35, = essentially Brouwer 1924-7 
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I Footnote 2), we would use instead of Spr(cx) the formula Spd(cx) 
obtained from it by prefixing <r(l)=0 & and replacing the second Va 
by Va a>1 . *26.4 would become *26.4' with 3scx(2 s+1 )=0 replacing 
cr(l) =0 to express the non-emptiness of the spread. 

Under the version of 'spread' in Brouwer 1954, all spreads are 
non-empty. 

That a choice sequence a is permitted by the choice law a of a 
spread is expressed formally by Vxcr(a(x))=0, which we abbreviate 
as “ae<r , \ 

The form *26.4a of *26.4 corresponds to x 26.3a and is proved from 
it; using instead x 26.3b Jt 26.3d, corresponding forms *26.4b-*26.4d 
are obtained (not written out when clear). Also, from any one of 
*26.4a-*26.4d the others can be derived (using only Postulate Groups 
A-D), as with *26.3. Similarly with *26.6, *26.7 and *26.8 below. 

*26.4a. h Spr(cy) & <y(l)=0 & Va[er(a)=0 z> R(a) V -,R(a)] & 
Va aeo 3xR(a(x)) & Va[<x(a)=0 & R(a) Z> A(a)] & 

Va[a(a)=0 & Vs{er(a*2 s+1 )—0 z> A(a*2«+i)} D A(a)] Z> A(l). 

*26.4d. h Spr(<r) & tr(l)=0 & Voc aeo 3x[R(a(x)) & Vy y<x -iR(a(y))] & 
VaVx[cr(a(x))=0 & R(a(x)) & Vy y<x -,R(a(y)) D A(a(x))] & 
Va[a(a)=0 & Vs{fr(a*2 s+1 ) =0 z> A(a*2 s +!)} z) A(a)] Z) A(l). 

Proof of *26.4a. In I, we shall set up a mapping of the universal 
spread onto the spread characterized by a. Thus, to each element a 
of the universal spread, the function <x v (= U (y(a(0))t — 1) 
belong to the spread g, as shown by (e). If a already belongs to a, 
a v — a, as shown by (•/)). (We give (£) and (tj) for use in proving 
*26.7a, *27.4 etc.) In II, this mapping carries the bar theorem for 
the universal spread into the bar theorem for a. 

I. Assume the first two hypotheses of *26.4a, call them (1) and (2). 
By cases from <r(a)=0 V <r(a)^0 (by *158), using (1), 3s[ty(a)=0 
Z> fT(a*2 s+1 )=0], whence by V-introd. and *2.2 37tVa[>(a) = 0 d 
ty(a*2 7r(a)+1 )=0]. Assume 

(a) Va[er(a) = 0 z> ff(a*2 re<a)+1 )=0]. 

In the following formula (($), the case hypotheses are exhaustive 
(by cases from applications of * 158, since the components are prime) 
and mutually exclusive (using *50). So Lemma 5.5 (c) applies (indeed, 
the special case), and we assume (preparatory to 3-elim. from the 
result) 
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(B 


Vay(a) = 


0 if -iSeq(a), 

1 if Seq(a) & lh(a)=0, 

(T( a ))B*2 s+1 if Seq(a) &lh(a)^0&a((^(a))B*2 s+1 )=0, 
(y (a)) B*2 TT((Y(a))B>+1 

if Seq(a) & lh(a) ^0 & a((f (a))B*2 s+1 ) ^0 


where B is n i<lh(a)J . 1 p{ a)l and S is (a)i h(a)il — 1. If in ((U) we use a(0) 
for a (via V-elim.), the second case applies and gives y(a(0)) = 
y(l) = 1 (using *23.5, x 23.1, *B3). If in ((U) we use a(x') for a, then 
the third or fourth case applies; furthermore using *23.4, *23.2, *23.8 
etc., B=a(x), S=a(x), a(x') = a = B*p^ +1 = B*2S+i=a(x)*2 a(x)+1 , 
so B < a (using *143b, *3.10 etc.) and (y(a))B = y(B) = y(a(x)) 
(by *24.2). Now by ind., using (2) in the basis, and (a) to deal with 
the fourth case of (fi) in the ind. step, 


(y) °(y(*M))=o. 

Let “ol Y ” abbreviate At(y(a(t'))) t — 1. Now we deduce by induction 
(«) a Y (x)=y(a(x)). 

Basis: trivial. Ind. step. «"(x') = o^(x)*2 ((Y( * (x ' )))x ^ 1)+1 [*23.8, x 0.1] 
= y(a(x))*2 ((Y(0t(x )))x “ 1)+1 [hyp. ind.], which (using (y(a(x))*2 A+1 ) x = 
(^(x)*2 A+1 ) x [hyp. ind.] = A+l), if the third case of ((U) applies to 
a=a(x'), = y(a(x))*2 a(x>+1 = y(a(x')) {if the fourth case applies, 
= y(a(x))*2 It(Y( “ (x>>>+1 = y(a(x'))}. — By (y) and (8), 

(s) a Y etT. 


We also deduce by induction 
CO 5(*(x))=0D T (5(x))=a(x). 


Ind. step. Assuming a(a(x'))^0, the third member of (1) gives 
<r(a(x))=0, so by hyp. ind. y(a(x))=a(x), and the third case of ((U) 
applies. — By (8), (Q, *23.2 and *6.3, <r(a(x'))=0 d a Y (x)=a(x), whence 

(■/]) ae<r Z) a y —a. 

II. Assume also the remaining hyps. (3)-(6) of *26.4a. We shall 
apply x 26.3a with R(y(a)), A(y(a)) as the R(a), A(a). If we can then 
verify the four hyps, of x 26.3a, the concl. of *26.4a will follow using 
y( 1) = 1 (in I). We get the first hyp. by (y) with (3) (using *23.6 to 
put a=a(x) preparatory to 3-elims.). For the second, by (e) and (4) 
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3xR(o^(x)), whence by ($) 3xR(y(a(x))). We get the third (putting 
a=ot(x)) by (y) with (5). For the fourth, assume Seq(a) & VsA(y(a*2 s+1 )). 
By (y) with *23.6, <r(y(a))=0. Put x=lh(a). Assuming a(y(a)*2 s+1 )=0, 
and using *22.8, *22.5, *23.6 to put a*2 s+1 = a(y) (then y=x' [*22.8, 
*20.3, *23.5], a-p^ 4 * 1 = a*2 s+1 [ x 2l.l etc.] = a(x') = a(x)-p“< x) + 1 
[*23.8], so s=a(x) [*19.11, *22.2, *19.9, *6.3] and a=a(x) [*133]), 
the third case of ({J) applies to a(x') and gives y(a(x'))=y(a)*2 8+1 , 
so VsA(y(a*2 s+1 )) gives A(y(a)*2 s+1 ); thus Vs{a(y(a)*2 8+1 )=0 D 
A( r (a.)*2»+i)}. By (6), A( Y (a)). 

6.10. From his bar theorem Brouwer inferred his "fan theorem" 
(implicit in 1923a p. 4 (II); 1924 Theorem 2; 1927 Theorem 2; 1954 § 5). 
A "finite set" or "finitary spread", most recently called a fan , is a 
spread in which each choice must be from a finite collection of numbers. 
Say e.g. that, for t — 0, 1,2, ..., the number a(£) must be chosen 
from among 0, 1, ...,/?(<*(£)); i.e. (t)cx(t)<p(ot(t)). We shall here be 
considering only the choice sequences underlying a fan, which con¬ 
stitute a fan by taking for the correlation law p the trivial correlation 
p(ol(x')) = oc(x). According to one version of the fan theorem (classically 
true), if, for all choice sequences a restricted to this fan (determined 
by /?), (Ex)R(a(x)), then there is a finite upper bound 2 to the least 
x’s for which R(a(#)). In this "pure" version, symbolized by *26.6a 
(or *26.6b-*26.6d), we can prove , the fan theorem from the bar 
theorem with no further postulate. Another version, *27.7 (classically 
false), favored by Brouwer, will follow from this by the new intu- 
itionistic postulate x 27.1 of § 7. A classical contrapositive of the present 
version is Konig’s lemma 1926, which we shall give in Remark 9.11. 

First, we give a proof of the present version of the fan theorem 
informally. Consider any sequence number a belonging to the given 
fan, i.e. representing a finite choice sequence belonging to that fan; 
by the subfan issuing from a we mean the fan of those choice sequences 
a by which a can be extended in the given fan, i.e. such that, for each x, 
the sequence number a*ci(x) represents a finite choice sequence 
belonging to that fan. We apply Brouwer’s 1927 Footnote 7 in 6.5 
above, but considering only sequence numbers not past secured 
belonging to the given fan: "for every s (s = 0, 1,2, ...)" becomes 
"for every s < f}(a )”. We use the corresponding form of induction 
to prove as follows that, under the hyp. of the fan theorem for the 
given fan and the given predicate R, the conclusion of the fan theorem 



60 


FORMAL INTOITIONISTIC ANALYSIS 


CH. I 


holds for the subfan issuing from any sequence number a = d(y) 
securable but not past secured (in the given fan with respect to the 
given R) and the predicate XwR(a*w). The subfan issuing from a 
sequence number a such that R (a) has 0 as a z for the fan theorem. 
Consider a sequence number a whose securability follows from that 
of all a* 2 S+1 for s < (3(a)] by the hyp. ind., for each s < (3(a) the 
subfan issuing from a*2 S+1 has a z, call it z 8 , for the fan theorem. 
So the subfan issuing from a has l+max(z 0 , • •^ (a) ) as a 2 for the 
fan theorem. This completes the induction. But under the hyp. of 
the fan theorem, 1 is securable but not past secured. So the conclusion 
of the fan theorem holds for the subfan issuing from 1 and the pred¬ 
icate Xw R(l*w), i.e. for the given fan and R. 

This is easily pictured geometrically. Our fan is represented by a 
tree in which from each vertex, occupied by the sequence number a, 
finitely many arrows (namely /?(#)+1 of them) lead to vertices, 
occupied by a* 2 0+1 , ..., a*2^ (a)+l . This is illustrated by Figure 1 in 
6.5 for the case (a)[(3(a) = 2] (the binary fan), where now we are not to 
imagine arrows for s > 1. Again consider a predicate R(a) ; and 
suppose that, for each a, we underline the first oc(x) (if any) for which 
R(a(#)). Figure 1 illustrates a case in which (oc)(Ex)R(a(x)). To simplify 
terminology, let us suppress in each branch all vertices to the right of 
an underlined oc(x) ; so in Figure 1 only the part of the tree printed 
in bold face remains. The hypothesis of the fan theorem then says 
that all paths are finite. The conclusion says that there is a finite upper 
bound to their lengths. The proof is by induction, corresponding to the 
inductive definition of the class of the securable (but not past secured) 
sequence numbers a (6.5, but now in the fan rather than in the uni¬ 
versal spread). The induction proposition is that there is a finite upper 
bound to the lengths of paths in the subtree issuing from a. As basis 
of the induction, this upper bound is 1 (the 2 is 0) for a at the end of 
any branch. As induction step, in proceeding leftward from all a*2 s+1 
(s = 0, 1 in Figure 1) to a, we graft finitely many subtrees (2 in our 
Figure 1) with respective finite upper bounds onto a to obtain a 
subtree with upper bound the maximum of the respective upper 
bounds increased by one. 

In formalizing this proof, we first prove a lemma *26.5, in which 
b, s, z, w are any distinct number variables, and B(s, z) is any formula 
not containing b, w free in which w is free for z. 
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*26.5. VsVzVw[B(s, z) & w>z z> B(s, w)] 

h Vs g < b 3zB(s, z) d 3zVs s < b B(s, z). 

Proof. We assume (a) VsVzVw[B(s, z) & w^z d B(s, w)], and 
deduce the rest by ind. on b. Ind. step. Assume Vs g < b ,3zB(s, z), 
whence 3zB(b', z) and Vs g < b 3zB(s, z). By hyp. ind., 3zVs g < b B(s, z). 
Assume for 3-elim., B(b', zj and Vs g < b B(s, Z2). Using (a) and *8.4, 
B(b', max(zi, Z2)) and Vs g < b B(s, max(zi, z 2 )), whence 
Vs g < b ,B(s, max(zi, Z2)), whence 3zVs g < b ,B(s, z). 

*26.6a. b Va[Seq(a) => R(a) V -,R(a)] & Va B(a) 3xR(a(x)) z> 

3 zV «B(«) 3 x x<z R ( 5 ( X )) 

where B(a) is Vta(t)<fi(5(t)). 

*26.6d. h Va B(cl) 3x[R(5(x)) & Vy y<x -,R(«(y))] D 

3zVa B(«) 3x x<z[ R (*( x )) & v y T <x-i R (*(y))]- 

Proof of *26.6a. I. B(a) does indeed restrict a to a non-empty 
spread. For, we can introduce a function variable <7 so that the 
following formula (a) holds. Specifically, using #22, #D, #E, etc., 
the right member of (a) is equivalent to p(a)=0 for some term p(a) 
(with hp(a)<l). Using Lemma 5.3(a), assume preparatory to 3- 
elim. Va[<r(a)=p(a)]. Thence 

(a) Va[<r(a)=0 ~ Seq(a) & Vt t<lh(a) (a) t ^ 1 <p(n i<t p, <a) ‘)]. 

(The following also proves *26.6a' in which the f ‘Seq(a)” of *26.6a 
is replaced by the right side of (a).) By. *23.2, *23.4, *23.5 and *6.3, 

(b) o(5(x))=0 ~ Vt t<x oc(t)<i(J(a(t)). 

Thence 

(c) B(a) ^ aGa. 

Furthermore, the first two hyps (1) Spr(tr) (using 0 for the s in the 
second member) and (2) cr(l ) =0 of *26.4a now hold. 

II. We shall apply *26.4a with the present g and R taking A(a) 
as follows. 

A(a): 3zVa[Vta(t) <^(a*a(t)) Z) 3x x < z R(a*a(x))]. 

With this A(a), the concl. 3zVa B(ot) 3x s < z R(a(x)) of *26.6a will follow 
from A(l) by *22.7. So it will suffice, assuming the two hyps, of 
*26.6a, to deduce the other four hyps. (3)-(6) of *26.4a. The next 
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three (3)—(5) we quickly obtain (with 0 for the z in (5)). To deduce 
( 6 ), assume (d) <r(a )—0 and (e) Vs{a(a*2 s+1 ) = 0 D A(a*2 s+1 )}; we 
must deduce A(a). Using (d), (a) and *23.6, we can put (for 3-elims.) 
(f) a=$(y). Then by (d) and (b): (g) Vt t<y $(t) <p(S(t)). We shall deduce 
A($(y)), i-e. 3zVoo[Vt a (t) <[S(%)*a(t)) D 3x x < z R(S(y)*a(x))]. 

A. Assume (h) s<p(S(y)). Using *23.6 with *22.5 and *22.8, we 
can put (for 3-elims.) §(y)*2 8 + 1 =<i'(u), whereupon (by *23.5, *22.8, 
*20.3) u=y', so Sty^s+^SV). By *23.2, *21.1, *19.11 with *23.3 
and *19.9, 8 '(y)=s; with *23.2_and *19.10, t<y D 8 '(t)= 8 (t); hence 
by *B19 with x 23.1, t<y z> 8 '(t)=§(t). Now (g) and (h) give 
Vt t<y ,$'(t) <(3(<i'(t))» whence by (b) ff(8'(y'))=0, whence c(§(y)*2 s+ 1 )=0, 
whence by (e) and (f) A($(y)*2®+i) f i.e. 3zVoc[Vt a (t)<p(($(y)*2®+i)* 
a(t)) d 3x x < z R((8(y)*2 8 + 1 )*a(x))]; call this formula 3zB(s, z). By 
the 3u- and 38'-elim., and z>- and V-introd., Vs g < p( g- (y)) 3zB(s, z). But 
B(s, z) has the property expressed by the assumption formula of 
*26.5. Hence 3zVs s < p(g - (y)) B(s, z). 

B. Assume (for 3-elim.) Vs 8 < e( 5 (y)) B(s, z), and Vta(t) <[}(§(y)*a(t)). 
Now a(0) <£(%)), and so B(oc(0), z), i.e. V a '[Vta'(t) <p(($(y)*2* (0)+1 )* 
7(t)) =>3x x < z R((§(y)*2 a( 0 )+ 1 )^(x))]. Let ‘V” abbreviate Atoc(t'). 
Then a'(t) = a(t') _[* 0 .1] < p(*(y)*a(t')) = M§(y)*(a(l)^(t)))_[*23.7] 
= P((%)*2 a < 0 )+ 1 )*a'(t)) [*22.9]; so Vta'(t)<^((§(y)* 2 a( 0 )+ 1 )*a(t)). 

So from B(a(0), z), 3x x < z R((§(y)*2 a( 0 )+ 1 )*a'(x)). Assume x<z & 
R((§(y)* 2 * ( 0 >+ 1 )*a , (x)). Thence x'<z' & R(§(y)*a(x')), whence 
3x XSz ,R(§(y)*a(x)). By the 3x-elim., z>-, V- and 3z-introd., and the 
3z-elim., 3zVa[Vta(t)<fJ(§(y)*a(t)) z> 3x x < z R(S(y)*a(x))]. 

More generally, the choices permitted for ot(t) in a fan need not be 
a non-empty initial segment of the natural numbers. The choice law 
is then a function a satisfying the first two hypotheses of: 

*26.7a. h Spr(tr) & Va[<r(a)=0 z> 3bVs{<r(a*2 s+1 )=0 d s<b}] & 

Va[er(a) —0 D R(a) V -,R(a)] & Va aeo 3xR(a(x)) 

=> 3 zV “«<, 3 x x<z R (*( x ))- 

Proof. Case 1: cx(l)^0. Then -lotecx. Use *10a. (The fan is empty 
and the theorem holds vacuously.) 

Case 2: <r(l) — 0. Assume the four hyps. (l')-(4') of *26.7a. 

I. We have the first two hyps. (1) and (2) of *26.4a, so we can 
introduce n and y as in I of the proof there and (a)-(7)) will hold. 
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II. Using o(a)=0 V a (a) ^0 and (2'), Va3b[er(a)=0 d Vs{s(a*2s+i) =0 
Z) s<b}]. Applying *2.2, we may assume for 3-elim. 

(6) Va[a(a)=0 D Vs{cr(a*2s+i)=0 D s<(*(a)}]. 

III. We shall apply *26.6a for the (3 of (6) (entering into B(a)) with 
R(y(a)) (for the y of I) as the R(a). 

A. First we verify that the concl. of *26.7a will then follow from 
the concl. SzVag^x-^R^fafx))) of *26.6a. Assume for 3-elim. 
(i) Va B(a) 3x x < z R(y(a(x))). Assume ( x ) olGg, whence cr(a(t))=0 and 
a(a(t'))=0. But a(t')=a(t)*2* (t)+1 . Applying (0), a(t) <(3(a(t)); and 
by V-introd., B(a). Hence by (t), 3x x < z R(y(a(x))). Omitting 3x for 
3-elim., we have x<z and R(y(a(x))); by (x), <r(a(x))=0. So by (£), 
R(a(x)). By 3- and D-introd., (completing) the 3x-elim., V- and 
3-introd., and the 3z-elim., 3zVa a€CT 3x x < z R(a(x)). 

B. It remains for us to verify the two hyps, of *26.6a. For the first, 
assume Seq(a), and put a=a(x). By (y) <r(y(a(x)))=0, so by (3') 
R(y(a)) V -iR(y(a)). For the second, by (e) and (4') 3xRf v (x)), whence 
by (8) 3xR(y(ot(x))), whence by *11 B(a) D 3xR(y(a(x))), whence by 
V-introd. Va B(a) 3xR(y(a(x))). 

6.11. We now formalize the induction principle in the bar theorem 
for inferring a property A of any barred sequence number w (cf. 
6.6 2, 3). This gives us an axiom schema modelled directly on 

Axiom Schema 13 for ordinary induction. In this the implication 
of an inductive by an explicit sense of securability, barredness, etc. 
(i.e. the reversal of direction, 6.5 ^ l), which is the kernel of the bar 
theorem, enters thus: the conclusion of the induction that each barred 
sequence number w has the property A is formulated using the explicit 
sense of ‘barred’. The intuitionistic restriction on the predicate R 
with respect to which numbers w are barred we give as a preliminary 
hypothesis, in two forms. (For a classical result, corresponding to 
*26.1, we may omit the first hyp. of x 26.8a.) 

x 26.8a. Va[Seq(a) =) R(a) V -iR(a)] & 

Va[Seq(a) & R(a) D A(a)] & Va[Seq(a) & VsA(a*2s+i) z> A(a)] z> 
{Seq(w) & Va3xR(w*ot(x)) D A(w)}. 

x 26.8c. VaVxVy[R(a(x)) & R(a(y)) => x=y] & 

Va[Seq(a) & R(a) D A(a)] & Va[Seq(a) & VsA(a*2 s+1 ) d A(a)] D 
{Seq(w) & Va3xR(w*a(x)) D A(w)}. 
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x 26.8d. VocVx[R(a(x)) & Vy y<x -|R(a(y)) D A(a(x))] & 

Va[Seq(a) &VsA(a*2 s+1 ) d A(a)] Z) 

{ v “iw-i5M 3x *>z[ R (“( x )) & v y y <*-i R (*(y))] =A(P(z))}. 

Derivation of x 26.3a from x 26.8a. Substitute 1 for w, and use 
Seq(l), *22.7 and *23.5. 

Derivation of x 26.8a from x 26.3a. Assume the five hyps, of 
x 26.8a. Using *22.8, *22.9 and *22.5, the four hyps, of x 26.3a follow 
for R(w*a), A(w*a) as the R(a), A(a). So by x 26.3a A(w*l), whence 
by *22.6 A(w). 

6.12. Finally we consider Brouwer’s longer proof of the bar theorem 
given in the text of 1927, and slightly differently in 1924 (cf. 1924a) 
and 1954. Brouwer confined his attention (in 1924, 1927) to an R such 
that (<x)(E\x)R(ol(x)), of which we now assume the uniqueness part 
(a) (#)(y)[R («(#)) &R(a(y)) ->x=y\. We take the case of the universal 
spread (though Brouwer was considering any spread), since the 
theorem for arbitrary spreads is a corollary *26.4. 

In this longer proof, Brouwer begins with the following interpre¬ 
tation. Consider any sequence number w securable (i.e. securableE) 
but not past secured; i.e. assume Seq(w) & (<x){Ex)R(w*a(x)). (Here 
we edit Brouwer’s proof slightly; he considered the unsecured 
sequences, which is a bit less convenient.) That w is securable means 
intuitionistically that there is a “proof (Beweisfiihrung)” of w 's being 
securable. Such a proof must rest “ultimately (in letzter Instanz)” 
(1924, 1927) upon the “atomic” facts in the situation (1954), which 
are only the truth of R(v) for certain sequence numbers v, and the 
relationships between sequence numbers v and their immediate 
extensions v*2 s+1 (s = 0, 1,2, ...). So when a proof that w is securable 
is analyzed into its atomic inferences (“Elementarschliisse”), these 
will be of three kinds: ^-inferences (from 0 premises) that v is securable 
because R(t>), /'-inferences (from s 0 premises) that v is securable 
because all v*2 s+1 (s = 0, 1,2, . ..) are securable, and ^-inferences 
(from 1 premise) that v*2 s+1 is securable because v is securable. 
(Brouwer did not use the term “^-inference”.) 

Disregarding considerations of the symbolism, such a proof differs 
from the proofs in metamathematics (IM § 19 especially p. 83 lines 
8-10, end § 24 especially bottom p. 106) only in that one of the present 
three rules of inference (namely /-inference) has infinitely many 
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premises. The logical structure of such a proof is represented directly 
by taking it in tree form (IM p. 106), but now with infinitely many 
branches concurrent downward at each /’-inference. (Brouwer in 1924, 
1927 uses instead the sequence form IM p. 106, which brings the 
inferences or the propositions inferred into a linear ordering, which 
when /-inferences occur is a transfinite well-ordering. Thus he connects 
with his theory of well-ordered species 1918-9 I § 3, 1924—7 III, 1954 
§ 4, which Vesley plans to formalize. Brouwer says "species (Spezies)” 
rather than "set”, as he used "set” for what he later called "spread”. 
— Brouwer 1954, and Heyting 1956 pp. 43-44 dealing with a fan, omit 
this unnecessary linearization.) Now we can use induction over proofs 
by Yj-, /- and ^-inferences, i.e. the form of induction corresponding 
to the inductive definition of ‘provable formula’ (IM p. 83, top p. 260) 
when used with the present three rules of inference. (Proceeding 
downward in the trees of IM pp. 106-107 corresponds to proceeding 
to the left in trees as drawn here, e.g. in 6.5 Figure 1.) 

Brouwer’s interpretation (just described) of what is entailed in 
‘w is securable (but not past secured)’ taken with the principle of 
induction over proofs, like his 1927 Footnote 7 (6.5 above), introduces 
a reversal of direction. We start from the hypothesis (a)(#)(y) [I?(a(A;)) & 
R{oi(y)) x—y] & Seq(ze>) & (ol)(Ex)R(w*ol(x)), with the prefix (ol)(Ex) 
looking forward from w into the tree of diverging paths of growth of 
a choice sequence a. The interpretation (with the induction principle) 
then enables us to argue inductively, proceeding backward from many 
bases at the ends of the branches of a tree along converging paths to a 
single conclusion. But this time, instead of proceeding in the convergent 
direction in the original tree of the sequence numbers issuing from w 
and terminating in the w*ac(x)’ s for which R(w*a(x)), we are doing 
so in another tree constituting a proof of w’s being securable. 

By induction over this latter tree, we readily establish that the 
^-inferences are eliminable, so we obtain the bar theorem. 

To formalize this proof of the bar theorem, we shall require a 
postulate expressing Brouwer’s presupposition, 

(«)M(y)[ B («M) &-R(“(y)) -►*=?] 

,**** & Se qW & {<*)(Ex)R{w*«(x)) 

^ ' -> {there is a proof of ‘w is securable’ 

by r)-, /- and ^-inferences}. 

To formulate this postulate, we must find a way of rendering the 
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notion of a proof by r)-, F- and C-inferences into the formal symbolism. 
Agreement on this must necessarily be reached outside the formalism. 

All the propositions in a proof of securability by rj-, F- and f- 
inferences are of the form that a number v is securable. So by replacing 
(the occurrences of) the propositions ‘v is securable 5 in the proof- 
tree by (occurrences of) the numbers v which those propositions are 
about, we obtain a tree isomorphic to that proof-tree, while escaping 
any difficulty from the lack of formal metamathematical symbols 
in the system. (In 1924 Brouwer dealt at once with the well-ordered 
species of the finite choice sequences in the order in which their 
securability is established by the proof. It was in 1924a that he began 
first to speak of the proof as a well-ordered species of inferences.) 

Now we must find a way to talk about the latter tree of (occurrences 
of) sequence numbers. But indeed it constitutes simply a mapping of 
sequence numbers onto the vertices of a certain tree of terminating 
choice sequences. This, when viewed in the forward (divergent) 
direction, is precisely a spread, where as in 6.9 ^ 4 w is to be correlated 
to the empty sequence of choices, i.e. to the sequence number a(0) = 1. 
(Of course here we have no interest in the finite sequences constituting 
the elements of the spread as such.) 

In specifying this spread by a choice law and a correlation law 
(6.1, 6.9), instead of sometimes terminating sequences of choices or 
forbidding some choices (while allowing others), it is simpler to cor¬ 
relate 0, which isn't a sequence number, to the choices which would 
thereby be disallowed (cf. 6.9 ^ 3 (b)). By this device, the choice law 
g becomes trivial, and a correlation law p will specify the spread. 
More explicitly, there are two spreads, the one specified directly by p 
which overlies the universal spread of all the choice sequences and has 
sequence numbers and 0's as the correlated objects, and the other 
which is obtainable from that by disallowing the choices to which 0’s 
are correlated and is the spread isomorphic to the proof of ‘w is 
securable 5 . But we are viewing the latter spread in the backward 
(convergent) direction, as is essential to Brouwer’s argument. 

Now we can formulate conditions that p thus represent a proof 
of securability. When Seq(a) & p(a)>0, then p(a)=v where ‘v is 
securable 5 is the result of an rj-, F- or ^-inference as described above; 
etc. That the proof represented by p is of ‘w is securable 5 is expressed 
by p(\) = w. Altogether, the “local 55 requirements ^(^, p, R) on 
p that it represent a proof of ‘w is securable 5 are as follows. 
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%(w,p,R) : p{\)=w& (a)(Seq(^) &/>(«)>0 -► [R(p(«)) & (s)p(a*2^) =0 ] 
V ($)p(a*2 s+1 )=p(a)*2 s+ W [Seq(p(#*2)) & 
(Es)p(a)=p(a*2)*2s+i & (s)p(fl*2«+ 2 )=0]} & 

(0){Seq(a) &p(a)=0 -> (s)p(«*2»+i)=0}. 

The principle of induction over proofs of e w is securable’ by r)-, F- 
and C-inferences, as we have now represented such proofs, is 
p, A) where 3(z^, p, A) is as follows. 

3(w, P ,A): (a) (Seq(a) & p{a )>0 & (s) [A (p(a*2»+i)) V 
p(a*2 s+1 )=0] -^A(p(a))} ->A(w). 

Let $(w, p, R) and 3( w > p» A) be the correspondingly constructed 
formulas, for any formulas R(a) and A(a). 

The conclusion of (***) is now (Ep){ty(w, p, R) & (A)$(w, p, A)}. 
Thus we are led to the following axiom schema, expressing (as nearly 
as we can in the absence of predicate variables) the presupposition 
for Brouwer's longer proof. 

x 26.9. VaVxVy[R(a(x)) & R(a(y)) D x=y] & Seq(w) & Va3xR(w*a(x)) 
D3ppP(w, p, R)&3(w, p, A)}. 

With x 26.9 as an axiom schema, we can prove each axiom by 
x 26.3c, formalizing Brouwer's longer proof, thus. 

We take 1 for the w (since in x 26.3c we specialized to 1, though 
Brouwer didn't), and for the A(a) the following formula. 

A'(a) : 3y y<lh(a) R(n i<y p{ a)l ) V Vc{Seq(c) & V a 3xR((a*c)*a(x)) & 
Vb[Seq(b)&R(b)=>A(b)]& 

Vb[Seq(b) & VsA(b*2 8 +i) => A(b)] D A(a*c)}. 

Assume (a) Va3 !xR(a(x)). If from (a) and the axiom by x 26.9 we 
deduce A'(l), we will have what we want by taking 1 for the c (using 
lh(l)—0, Seq(l), *22.7). Using (a), we have the three hyps, of that 
axiom, so our problem reduces to seeing that from (a), (b) p(l) = 1, 

(c) Va{Seq(a) & p(a)>0 => [R(p(a)) & Vsp(a*2 8 +i)=0] V Vsp(a*2s+i) = 
p(a)*2 8+1 V [Seq(p(a*2)) & 3sp(a)=p(a*2)*2 8+1 & Vsp(a*2 8+2 ) = 0]} and 

(d) Va{Seq(a) & p(a)=0 z> Vsp(a*2 8+1 )=0} we can deduce (A) 
Va{Seq(a) & p(a) >0 & Vs[A'(p(a*2 8+1 )) V p(a*2 s+1 )=:0] z> A'(p(a))}. By 
ind. on x, using (b)-(d): (e) p(a(x))>0 D Seq(p(a(x))). Using (a) in 
Lemma 5.6: (f) Va[Seq(a) Z) R(a) V -iR(a)]. Using (for p(a)>0) *150 
with (e), (f), *23.4 etc.: (g) Seq(a) 3 3y y<lhWa)) R(n i<y p! p(a »‘) V 
^3y y <m (P ,a„R(n l<y p! p<a)) ‘). To deduce (A), we assume (h) Seq(a), 
(i) p(a)>0 and (j) Vs[A'(p(a*2 8+1 )) V p(a*2 8+1 )=0], and undertake 
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to deduce A'(p(a)). Using (g) we have two cases; and using (c) we 
have three subcases for use in the second case. Case 2: (k) 
-i3y y <i h ( P ( a) )R(n i<y pj p<a))l ). Toward deducing the second disjunctive 
member of A'(p(a)), we assume (!) Seq(c), (m) V<x3xR((p(a)*c)*a(x)), 
(n) Vb[Seq(b) &R(b) => A(b)] and (o) Vb[Seq(b) & VsA(b*2 8 +i) => A(b)] f 
and undertake to deduce A(p(a)*c). By (h), (i) and (e): (p) Seq(p(a)). 
Subcase 1: R(p(a)) & Vsp(a*2 8+1 )=0. Using (m) and (a), c=l (and 
x—0). Using (n) with (p), we obtain A(p(a)), so A(p(a)*c). Subcase 2: 
Vsp(a*2 8+1 ) = p(a)*2 8+1 . By (j) with (p): (q) VsA'(p(a*2 8+1 )). By (k) 
with (p), *22.3 etc. : (r) Vs{3y y<to(p(a) * 2 „ 1) R(n i<y p! p< »>* 2 "‘>‘) ~R(p(a))}. 
By (f) with (p), R(p(a)) V -iR(p(a)). Sub 2 case 1: R(p(a)). Like Sub¬ 
case 1. Sub 2 case2: -|R(p(a)). Using (q) with (r), (n) and (o): (s) 
VsVd{Seq(d) & Va3xR(p(a)*2 8+1 *d*a(x)) z» VsA(p(a)*2 8+1 *d)}. Sub 3 - 
case 1: c—1. We first deduce A(p(a)*2 s+1 ) by cases from (f) with (p). 
Case A: R(p(a)*2 s+1 ). By (n), A(p(a)*2 8+1 ). Case B: -iR(p(a)*2 s+1 ). 
By (m), Va3xR(p(a)*2 8+1 *a(x)). By (s), A(p(a)*2 s+1 ). — By (o), A(p(a)), 
so A(p(a)*c). Sub 3 case 2: c^l. Using (1) (and *23.7 etc.), we can 
put c—2 8+1 *d where Seq(d). Using (s) and (m), A(p(a)*c). Subcase 3: 
Seq(p(a*2)) & 3sp(a) = p(a*2)*2 s+1 & Vsp(a*2 8+2 )=0. Assume (t) 
p(a)=p(a*2)*2 8+1 . By Seq(p(a*2)), p(a*2)>0, so by (j): (u) A'(p(a*2)). 
By (t) with (k): (y) - 1 3y y , lh(p( « 2)) R(n 1<y p|'> ta * 2 »-). By (u) with (v), 
(n) and (o), Vc{Seq(c) & Va3xR(p(a*2)*c*a(x)) D A(p(a*2)*c)}. Thence 
taking 2 8+1 *c for the c and using (t), (1) and (m), A(p(a)*c). 

Conversely, x 26.9 is derivable from x 26.3. The following derivation by 
Joan Rand (March 22, 1963) is shorter than the author’s original deri¬ 
vation (winter 1958-59) and avoids his direct use (not via *2.2) of x 2.1. 

Assume (a) VaVxVy[R(a(x)) & R(a(y)) z> x=y], (b) Seq(w), and 
(c) Va3xR(w*a(x)). Then (d) Va3 !xR(w*a(x)). Thence by Lemma 5.6, 
(e) R(w*a(x)) V -iR(w*a(x)). Thence Seq(a) & a^l z» (R(w*II 1<lh(a) ^ l 
Pi a)i ) V -iR(w*n i<lh(a)J . 1 p i (a>1 )). So we can introduce p as follows, 
preparatory to 3-elim. from the result of an application of Lemma 5.5 
(c) (with a(y)), using *23.5 [*23.2 with *6.3, *22.3, *6.7, *B4, *143b 
etc.] to express a [p(n i<lh(a)J . 1 p} a)l )] in terms of p(a): 

w = w*a if a=l, 

w*a if Seq(a) & a=£l & -^(w*^^,.^ 1 ) 

& p(ni<ih(a)^iPi a)l )>^> 

0 otherwise. 

Then (g) p(a)>0Dp(a)=w*a. (For more detail, cf. (A) in 14.1.) 


(f) Vap(a) = 
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The first and third conjunctive members (h) and (i) of ^(w, p, R) 
are immediate from (f). Toward the second (j), assume Seq(a) & 
p(a)>0. Using (e), we have two cases. Case 1: R(w*a). Then by (g) 
R(p(a)), and by (f) Vsp(a*2 8+1 )=0. Case 2: -iR(w*a). Using this with 
p(a)>0 and (f), Vsp(a*2 s+1 ) = w*(a*2 8+1 ) = (w*a)*2 8+1 = p(a)*2 8+1 

[t»y (g)]- 

Toward 3(w,p, A), assume (k) Va{Seq(a) &p(a)>0&Vs[A(p(a*2 s+1 )) 
V p(a*2 s+1 )=0] D A(p(a))}, To deduce A(w) by use of x 26.3c, it will 
suffice to deduce the hypotheses (d), (A) and (B) of x 26.3c with 
R(w*a), A(w*a) & p(a)>0 as the R(a), A (a). Using *149a: (1) 
p(s( x ))=0 d 3y ysx [p(s(y))=0 & Vz 2<yP (a(z))>0]. Deduction of (A). 
Assume Seq(a) & R(w*a). Put a=a(x). By (f), Vsp(a*2 8+1 )^0. To 
apply (k), we still need (m) p(a)>0. Assume p(a)=0. From (1), 
assume (n) y<x & p(a(y))=0 & Vz z<y p(a(z)) >0. By p(a(y))=0 with 
(f) (and w>0 from (b)), y>0 and R(w*a(y—1)) V p(a(y — 1))=0. But 
p(a(y—1))=0 is excluded by (n) with y>0. Thus R(w*a(y— 1)) & 
R(w*a(x)) & y — 1 <y<x, contradicting (d) with *172. — Now (k) 
gives A(p(a)). Thence by (m) and (g), A(w*a) &p(a)>0. Deduction 
of (B). Assume Seq(a) & Vs(A(w*(a*2 s+1 )) & p(a*2 s+1 )>0). By (i): 
(o) p(a)>0. Using (g), VsA(p(a*2 8+1 )). So by (k), A(p(a)), whence by 
(o) and (g), A(w*a) &p(a)>0. 

Remark 6.3. In Brouwer’s “bar theorem” 1954 p. 14, he comes out 
with a (linear) well-ordering, but this entails an induction principle 
similar to that in our x 26.3 etc. At no other place we know in Brouwer’s 
writings is a similar proposition stated explicitly as a theorem, except 
in 1924 § 1 (not cited from 1954), where the hypothesis of 1954 p. 14 
or x 26.3 is replaced by one entailing it via Brouwer's principle § 7 
below (making the theorem false classically). However, from 1954 
p. 14 he cites the passage pp. 63-65 of 1927 proving that version. 
We do not consider a proposition to be a version of the bar theorem 
unless, from an hypothesis giving (or entailing) securability E or 
barredness E , it concludes securabilityi or barrednessi or a well- 
orderedness property or an induction principle; for, that is what the 
labor in Brouwer’s proof in 1954 or 1927 is devoted to obtaining. 

§ 7. Postulate on correlation of functions to choice sequences 
(Brouwer's principle). 7.1. Suppose that to each choice sequence 
“(0), «(1), qc(2), ... a natural number b is correlated (“zugeordnet”). 
Since intuitionistically choice sequences are considered as continually 
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growing by new choices rather than as completed, this correlation 
can subsist intuitionistically only in such a manner that at some 
(finite) stage in the growth of the sequence a(0), a(l), a(2), ... the 
correlated number b will be determined (effectively). That is, in¬ 
tuitionistically the b must be determined effectively by the first y 
choices a(0), . .., oc(y— 1) of a for some y (depending in general on 
those choices). 

We call this “Brouwer’s principle (for numbers)”. Brouwer main¬ 
tained it in 1924 § 1, 1927 § 2 and 1954 p. 15, in the course of proving 
his version of the fan theorem. He also maintained it in 1918-9 I 
end § 1 and 1924-7 I end § 5, in arguing (without using Cantor’s 
diagonal method, IM § 2 bottom p. 7) that the universal spread 
C cannot be mapped l-l onto a subset of the natural numbers A ; 
taking this with the usual definition of > for cardinal numbers 
(IM p. 10), and an obvious 1-1 mapping of A onto a subset of C, it 
is a rather trivial theorem intuitionistically that the cardinal number 
of C is greater than the cardinal number of A. 

Brouwer’s principle must be made explicit for our formal develop¬ 
ment. One might do so by incorporating it explicitly into each state¬ 
ment that a b is correlated to each a. Then the simple statement 
without the added explanation would not be used. In any case, 
Brouwer elected rather to consider the determination of the correlated 
number b by an initial segment a(0), ..., a(y—1) of a as implicit in 
his use of the mode of expression ‘a b is correlated to each a’. Then 
formulas expressing his principle, or something entailing it, must be 
postulated for the intuitionistic formal system. For the principle is 
false classically, e.g. in the case of the classically-admissible correlation 
of 0 to the sequence consisting of all 0’s and 1 to all other sequences. 
So (with 9.2) the principle is independent of the other intuitionistic 
postulates, which are all true classically. 

Brouwer’s intention that the determination of the b be effective 
is attested by his phraseology “the algorithm of the correlation law 
(dem Algorithmus des Zuordnungsgesetzes)” (1924 § 1, 1927 § 2, 
italics his). 

Toward formulating the necessary postulate, consider first what 
the algorithm must do. It must decide for each initial segment a(0), ..., 
a(y—1) of a choice sequence a whether from that segment it will 
produce the correlated number b. When this decision is affirmative 
(as it must be for some y), it must produce the b . It will be convenient, 
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as in §6, to represent each initial segment a(0), . ..,a(y —1) of a 
choice sequence a by the sequence number a(y). Now we can combine 
the two operations the algorithm must perform into one function r, 
which operates on sequence numbers d(y), thus. As the initial segment 
a(0), ..ot(y— 1) of a choice sequence a grows (y increasing), r(a(y)) 
remains 0 so long as the algorithm does not accept ot(0), .. a(y— 1) 
or d(y) as a basis for producing the b; but when it first does, then 
r(a(y)) = 6+1. (This representation was selected in January 1956 
in the course of the present study. It has meanwhile been used in 
Kleene 1959a. Using the terminology of that paper intuitionistically, 
Brouwer’s principle for numbers can be stated: Each type-2 functional 
is countable.) 

We are not saying that, as y increases, r(a(y)) remains 0 only as 
long as a(0), ..., a(y—1) or d (y) does not "determine” the b in the 
sense that the same b is correlated to all a’s having a(0), . .., a(y—1) 
as initial segment. Intuitionistically, the correlation is first established 
by the algorithm itself, i.e. r(a(y)) changes from 0 when a(y) determines 
the b effectively by the algorithm. This does not exclude the possibility 
that we may be able to prove about the algorithm that, in some case, 
it puts off producing the b to beyond the first y at which, for all ways 
of extending the choices a(0), ..., a(y—1), it will ultimately produce 
the same b. (Cf. Brouwer 1924 § 1 end 1, 1927 § 2 end ^ 1.) 

We give an example (from Kleene 1959a* p. 83) in which such 
postponement by the algorithm is essential, if t to express an algorithm 
must be general recursive (Church's thesis). Let a b be correlated to 
each a by the rule that b =*= 0 if ^(afO), a(0), a(l)) and b = a(l) + l 
otherwise (IM p. 281). If the production of the b is always put off 
until y = 2, a primitive recursive t suffices, namely 

1 if fi((0) o ^-l, (a) o-l, (fl)i-l) &lh(a)=2, 
r (a) = <(a)i+l if (a)o— L (<*)i—1) &lh(#)=2, 

0 otherwise. 

But if the b were always produced as soon as classically it is determined, 
then we would have (y)Ti(x, x, y) =r(2 iC+1 ) = l, so by IM p. 283 
t would not be general recursive. 

It will be convenient to take r(a(y)) = 0 after the first y for which 
r(a(y)) > 0, so that we will have (a)(E!y)r(a(y))>0. Had we merely 
a t with (a)(Ey)T(a(y))>0, we could get one with (cx)(E !y)r(a(y)) >0, 
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call it n, by putting 

(a) = f*(«) if seq(«) & (2), < jh(,,)T(n << ^“>‘)=o, 

1 )0 otherwise. 


The formulas by which we shall presently state Brouwer's principle 
will thus be interderivable with ones expressing it without taking the 
y to be unique, using Lemma 5.5 (a), *149a (with *159) and *174b. 

Next, consider the hypothesis that a natural number b is correlated 
to each choice sequence a. This asserts the existence of a function 
from as to b’s, i.e. a type-2 functional F. We might add functional 
variables to our formal symbolism to formalize the hypothesis of 
Brouwer's principle. But we wish to keep the symbolism as simple 
as possible. At least as far as we go in this monograph (including 
Vesley’s Chapter III), all we need is that, for each a, b = F(a) bear 
some given relation A (a, b) to a. Then we can take the hypothesis 
to be simply (a) (Eb) A (a, 6). As we understand intuitionism, 
(a) (Eb) A (a, b) means exactly that there is a process F by which, 
given any a, one can find a particular b such that A(a t b). Thus an 
axiom of choice ( a)(Eb)A(oc , ft) -> (£F) (a)A (a, F(a)) holds intuitionisti- 
cally. (Other axioms of choice, corresponding to the prefixes (x)(Ey) 
and (jt)(£a), were introduced above as *2.2 and x 2.1.) Brouwer’s 
principle says that any F can be represented by a r in the manner 
just described. Then the t can replace the F. So the F has only a 
transitory role, between the initial hypothesis (a) (Eb)A (a, b) and the 
appearance of the t. By combining the principle of choice implicit 
in the intuitionistic meaning of the prefix (a)(Eb) with Brouwer's 
principle for numbers as he directly stated it, we obtain a version 
of Brouwer’s principle, (each instance of) which can be expressed in 
our formal symbolism as it stands. Thus we arrive at *27.2 as our 
formalization of Brouwer's principle for numbers. (In 1957* (4) we 
already stated in like manner a consequence of Brouwer’s principle.) 

As another case of Brouwer's principle (the case for functions), if 
to each choice sequence a(0), a(l), a(2), ... a function /? is correlated, 
then intuitionistically each value f$(t) of must be determined ef¬ 
fectively by t and some initial segment a(0), . .., a(y—1) of a. This 
can be handled as the correlation of a number b = p(t) to each of the 
choice sequences t, a(0), a(l), a(2). 

We originally supposed that this would be required in formalizing 
Brouwer’s proof of his uniform continuity theorem (1923a Theorem 3, 
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1924 Theorem 3, 1927 Theorem 3, 1952 p. 145, 1954 § 6). But Vesley in 
§ 15 of Chapter III has managed using only Brouwer’s principle for 
numbers for each value fi(t) of separately. 

Still, it seems to us that the intuitionistic reasons for accepting 
the principle for numbers apply equally to the principle for functions 
(even though we do not know of an explicit affirmation of it in Brou¬ 
wer’s writings). So we elect to postulate the latter, as x 27.1 (for the 
intuitionistic, but not the basic, system); cf. 7.15. 

7.2. For x 27.1, a, (U and t are any distinct function variables, t and y 
are any distinct number variables, and A(a, £J) is any formula not 
containing t free. 

x 27.1. Va3(3A(a, p) Z) 3'rV a {Vt3!yT(2t+ 1 *a(y))>0 & 

V(*[Vt3yT(2t+My)) = [*(t)4-l =» A(a, p)]}. 

Thence we can specialize to Brouwer’s principle for numbers. 

*27.2. b Va3bA(a, b) Z> 3TVa3y{T(a(y)) >0 & 

Vx[T(a(x))>0 D y=x] & A(a, r(a(y)) - 1)}. 

Proof. Assume Vot3bA(a, b). By *0.6, Va3pA(a, ($(0)). Applying 
x 27.1, omitting 3t preparatory to 3-elim., and using V- and &-elim., 

(1) Vt3!yT(2 t+1 *oc(y)) >0, 

(2) Vp[Vt3yT(2t+i*a(y))=p(t) +1 Z) A(oc, p(0))]. 

Applying *2.2 to (1) (unabbreviating 3 !y by IM p. 199), and omitting 
3u from the result (preparatory to 3-elim.), 

(3) Vt [t( 2 t+1 *a(u(t))) >0 & Vx[T(2*+i*a(x)) >0 z> u(t)=x]]. 

By V-elim. from (2) (using AtT(2 t+1 *a(u(t))) — 1 for fi) and x 0.1, 

(4) Vt3yT(2 t+1 *a(y)) = (t( 2 t+1 *a(o(t))) -1)+1 z> A(a,T(2*a(u(0)))-1). 

By V-elim. from (3) and *6.7, T(2 t+1 *a(u(t))) = (T(2 t+1 *a(u(t))) — 1) + 1, 
whence Vt3yT(2 t+1 *a(y)) = (T(2 t+1 *a(u(t))) — 1)+1. Thence by (4), 
A(a, t(2*oc(u(0))) — 1), and by x 0.1, 

(5) A(a, (AtT(2*t)}(a(u(0))) — 1). 

Also by V-elim. from (3) (with 0 as the t) and x 0.1, 

(6) {AtT(2*t)}(a(u(0))) >0 & Vx[{AtT(2*t)}(a(x)) >0 D u(0) = x]. 
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The formula of *27.2 follows from (6) and (5) by &- and 3y-introd., 
the 3u-elim., Va- and 3x-introd., the 3x-elim., and z>-introd. 

A third case of Brouwer’s principle (the case for decisions) applies 
when A and B are classes such that each choice sequence a belongs 
to A or to B. Then intuitionistically one of A and B to which a belongs 
must be determinable from a sufficient initial segment a(0), ..., a(y— 1) 
of a. 

*27.3. h Va(A(a) V B(a)) => 3xVa3y{Vx[x(a(x)) >0 D y=x] & 

{(A( a ) &T(5(y)) = l) V (B(a) &x(a(y))=2)}}. 

Proof. Assume Va(A(a) V B(a)). By V-elim„ A(a) V B(oc)- Case 1: 
A (a). Using *100, A (a) & 0=0, whence by V-introd. (A (a) & 0=0) V 
(B(a) & 0=1), whence by 3-introd. 3b{(A(a) & b=0) V (B(a) & b=l)}. 
Case 2: B(oc). Similarly. — By V-introd., Va3b{(A(a) & b=0) V 
(B(a) & b=l)}. By *27.2, 3xVa3y{x(a(y)) >0 & Vx[x(a(x))>0 => y=x] 
& {(A(a) & x(a(y)) — 1 =0) V (B(a) & x(a(y)) — 1 =1)}}. Via 3-, V-, &- 
and V-elims. and introds. and *6.7 in proper sequence, and z>-introd., 
we obtain the formula of *27.3. 

Using *2.2 and *6.7, the converse of x 27.1 can be proved in the basic 
system. So in x 27.1 the outermost z> can be strengthened to ^(anal¬ 
ogously to x 2.1); call it then *27.la. Likewise (usually more simply), 
*27.2-*27.10, *27.15 can be strengthened to *27.2a-*27.10a, *27.15a 
(BdA, C&BdA, D&C&BdA becoming B ~ A, C d (B ^ A), 
D & C D (B ~ A)). 

7.3. In 7.2 we introduced Brouwer’s principle for the universal 
spread. It applies to other spreads. 

*27.4. hSpr(cr) & Va a€CT 3j3A(a, (U) D 3xVa a€CT {Vt3!yx(2 t+1 *a(y)) >0 
& Vp[Vt3yx(2 t +i*a(y)) = ^(t)+ 1 Z) A(a, (*)]}. 

*27.5. I- Spr(cx) & Va aea 3bA(a, b) D 3xVa a€CT 3y{x(a(y)) >0 & 

Vx[x(a(x)) >0 =) y=x] & A(a, T(oc(y)) - 1)}. 

*27.6. h Spr(cy) & Va aeo (A(a) V B(a)) Z> 3xVa aeo 3y{Vx[x(a(x)) >0 => 
y=x] &{(A(a) &T(fi(y)) = l) V (B(a) & x(a(y))=2)}}. 

Proofs. *27.4. Case 1: <r(l)^0. Then -iaecx. Use *10a. Case 2: 
ct( 1) =0. Assuming also Spr(cx), we can introduce n and y as in I of 
the proof of *26.4a and (oc)-(y]) will hold. Assume Va aeCT 3(UA(a, £J). 
By V-elim. a y ec D 3£jA(a y , £), whence by (e) and V-introd. V<x3fiA(a y , fi). 
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Using x 27.1 for A(a Y , (U) as the A(a, (U), and omitting 3t preparatory to 
3-elim., Va{Vt3!yT(2 t+1 *a(y))>0 & Vp[Vt3yT(2*+i*a(y)) = p(t) + l =) 
A(a Y , (U)]}. Thence, assuming a.ea and using V-elim. and (■/]), 

Vt3 !yT(2 t+1 *a(y))>0 & VfJ[Vt3yT(2 t+1 *a(y)) = £J(t)-t-1 z> A(a, (*)]. 

*27.5, *27.6. Similarly from *27.2 and *27.3, respectively, or 
successively from *27.4 as *27.2 and *27.3 from x 27.1. 

7.4. Brouwer combined his principle (for numbers) with what we 
already have in *26.6 (or *26.7) to state his “fan theorem” thus: If 
to each element d of a fan a natural number b# is correlated, then 
a natural number 2 can be determined such that, for each 6, the 
correlated number b# is completely determined by the first 2 choices 
of the choice sequence a generating 6. We establish this now. First 
we deal directly with the fan of the choice sequences a (cf. 6.10). 

*27.7. bVa B(a) 3bA(a,b) =) 

3zV« B(a) 3bV YBW {Vx x<zY (x)=a(x) =3 A( y , b)> 

where B(a) is Vxa(x)<3(a(x)). 

*27.8. h Spr(a) & Va[o(a) =0 D 3bVs{cr(a*2*>+i) =0 D s<b}] & 

Va a60 3bA(a.b) =>3zVa a60 3bV YTaj {Vx x<zY (x) = a(x) 3 A( Y .b)}. 

Proofs. *27.7. As in I of the proof of *26.6a, we introduce g so 
that (a)-(c), (1) and (2) hold. Assume (d) Va B(a) 3bA(a, b). Applying 
*27.5 with (1) and (c), and omitting the 3 t for 3-elim., 

(e) Va B(a) 3y{T(a(y))>0 & Vx[t(«(x)) >0 D y =x] & A(a, T(a(y)) - 1 )}. 

We have the first hyp. of *26.6a for x(a)>0 as the R(a) by *159 or by 
*15.1 and *158, and the second using (e). So, applying *26.6a and 
omitting 3z for 3-elim., 

( f ) VaB^x^zT^x)) >0. 

Toward the concl. of *27.7, assume B(a). Using (e), assume for (&- and) 
3-elim. (Iq) Vx[t(oc(x)) >0 3 yi=x]. Assume B(y). Using (e), assume 
(g 2 > T( Y (yz))>0, (h 2 ) Vx[t( y (x))>0 z> y 2 =x] and (i 2 ) A( Y , x( Y (y 2 ))^l); 
and using (f), assume (j) x<z and (k) t(y(x))>0. Assume 
Vx x<z y(x)=a(x). Thence using (j) with *B19 and x 23.1 y(x)=a(x). 
By (k) and (I 12 ) y 2 =x, so y(y 2 ) = y(x) = a(x), whence by (g 2 ) and 
(hi) yi=x, so y-(y 2 )=*(yi). Hence by (i 2 ), A(y, r(a(yi))-1). Now we 
can carry out the D-, V- and 3-introds. and &- and 3-elims. in proper 
order, with r(a(yi)) — 1 as the b. 
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*27.8. Similarly from *26.7a. — 

Now consider the fan of elements d determined by a choice law a 
(satisfying the first two hypotheses of *27.8) and a correlation law p 
(cf. 6.1, 6.9). That a b (such that A(6, b )) is correlated to each element 
6 can be expressed in the formal symbolism by VS{3a aecT VtS(t) = 
p(a(t)) z> 3bA(8, b)}. Via *96, x 0.1 and Lemma 4.2, this is equivalent 
to Va a€0 3bA(Atp(a(t)), b). The fan theorem for such a fan is expressed 
by *27.8 with A(Atp(a(t)), b) as the A(a, b). 

7.5. The postulates and results thus far obtained place us in a 
favorable position for following Brouwer's development of his anal¬ 
ysis. This is done up to a point by Vesley in Chapter III below. 
We continue here with investigations concerned more with foundations. 

LTsing Brouwer's principle, we can dispense with the hypothesis 
Va[Seq(a) D R(a) V -iR(a)] (Va[>(a)=0 D R(a) V -iR(a)]) in our pre¬ 
vious version *26.6a (*26.7a) of the fan theorem. 

*27.9. b Va B(ot) 3xR(a(x)) => 3zVa B(a) 3x x < z R(a(x)) 
where B(oc) is Vta(t) <j3(a(t)). 

*27.10. b Spr(ty) & Va[cx(a)=0 Z) 3bVs{a(a*2 s+1 ) = 0 z> s<b}] & 
Va « e a 3 ^ R (a(x)) Z> 3zVoc a€0 3x x < z R(a(x)). 

Proofs. *27.9. This will follow from *27.11 as *26.6a from *26.4a; 
the following proof is more direct. We proceed as in the proof of 
*27.7 down through (f), for R(a(b)) as the A(oc, b). For 3-elim. from 
Lemma 5.3 (b), assume 

(s) t( 0)=* &Vk[Y(k')=r(k)-(p k exp 1+max t < Y<k) p(t))] 

(cf. Kleene 1956 Footnote 8). By ind. on k as follows, 

(h) B(a) & x<k D a(x) <y(k). 

Ind. step. Assume B(a) & x<kh Case 1 : x<k. Then a(x) < y(k) 
[hyp. ind.] < y(k') [(g), and *143a with *3.9 and *18.5]. Case 2: 
x=k'. Then a(x) = a(k)-p£ (k)+1 [*23.8] < a(k)-(pkexp 1 -hmaxt^^^ft)) 
[for, a(k) < P(a(k)) [by B(a)] < max t < Y(k) ^(t) [hyp. ind., *H7]; now 
use *145c (in 5.5 ^[4 above) with *144b, and *3.12 with *18.5] 
< y(k)*(pk exp 1 +max t < Y(k) p(t)) [hyp. ind. and *145c again] = 
y(k') [(g)]. — Toward the concl. of *27.9, assume (i) B(a). By (f), 
3x x < z T(a(x))>0. Thence assume (j) x<z & T(a(x))>0; and using (e), 
assume (k) Vx[t(oc(x))> 0 D y=x] and (1) R(a(T(a(y)) — 1)). By (j) 
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and (k) y=x, so by (1): (m) R(a(x(a(x)) — 1)). By *R7 and (h) with 

(i) and (j): (n) x(a(x)) -1 <max g < Y(z) T(s) -1. Using (n) and (m), we 
obtain the concl. of *27.9 by 3-, d- and V-introds. and &- and 
3-elims. in proper sequence, with x(a(x)) —1 as the x and 
max s < y(z) x(s) — 1 as the z. 

*27.10. From *27.9 as *26.7a from *26.6a. 

We can similarly weaken the hyp. of the bar theorem *26.4a in 
the case the spread is a fan. These results, with those in 6.7-6. 9, 7.6 
and 7.14 give a survey by proof-theoretic methods of intuitionistic vs. 
classical forms of the bar theorem. 

*27.11. bV« B(ac) 3xR(a(x))& 

VaVx[Vt t<x a(t) <p(a(t)) & R(a(x)) => A(a(x))] & 
VaVx[Vt t<x a(t) <£J(a(t)) & 

Vs{s<p(a(x)) D A(a(x)*2 s+1 )} Z) A(a(x))] z> A(l) 

where B(a) is Vta(t) <(J(a(t)). 

*27.12. h Spr(tr) & tr(l)=0 & 

Va[ty(a)=0 z> 3bVs{<r(a*2 s+1 )=0 z> s<b}] & 

Va a€CT 3xR(a(x)) & Va[<x(a)=0 & R(a) D A(a)] & 

Va[cr(a)—0 & Vs{<7(a*2s+i)=0 z> A(a*2«+i)} d A(a)] dA(1). 

Proofs. *27.11. We proceed as in the proof of *27.9 through (h). Let 
R'(a) be 3u u < v(z) [<j(u) =0 & lh(a) + 1 =t(u) & Vi i<mln(lh(a) li(ll)) (a)i = (u)i]. 
Now assume the remaining two hyps, (o) and (p) of *27.1 1. We shall 
apply *26.4a with R'(a) as the R(a). Of the remaining hyps. (3')-(6') 
of *26.4a, we have (3') by Remark 4.1 (or #D, #E etc.). Toward 
(4'), assume olGg, whence (c) gives (i) B(a), so we may further assume 

(j) . Using (h)-(j), (b), *6.7, *23.2 etc. we get R'(a(x(a(x)) — 1)) with 
a(x) as the u. To deduce (S') from (o) and (a), (b) etc., it will suffice 
(using (a), *23.6) to deduce s(oq(xi))=0 & R'(oq(xi)) z> R(^(xi)). 
So assume a(oq(xi))=0 & R'(oq(xi)), and for 3-elim. (simplifying): 
(q) u<;y( z ) & o(u)=0 & Xi+1=t(u) & Vi 1<mto(3Cl>lh(0)) a 1 (i)+l = (n)i. By 
tr(u)=0 with (a), Seq(u). Using Lemma5.3 (a), let Via(i)=max((^(xi))i, 
(u)i) — 1. Using the last part of (q), *23.2, *23.3, *22.2 etc., i<xi z> 
a(i)=ai(i), i<lh(u) z> a(i) = (u)i — 1 and (r) i>max(xi, lh(u)) z> a(i) = 0. 
So using first *B19 and x 23.1, then also *22.3, *6.7 with *22.1, etc.: 
(s) a(xi)=o^(xi) & a(lh(u))=u. Thence using also <y(oq(xi)) = 0 and 
a(u)=0 with (b), (c) and (r): (i) B(a). So as in the proof of *27.9 we 
can assume (k) and (1). By (s) with (q): (t) xi+1 =x(a(lh(u))). So by 
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(k) y=lh(u), whence by (1) R(a(x(a(lh(u))) — 1)), whence by (t) and 
*6.3 with (s), R(aT(xi)). — Finally (6') follows from (p) and (b). 

*27.12. Assuming the six hyps. (l")-(6") of *27.12, we take over 
I and II of the proof of *26.7a Case 2. 

III. We shall apply *27.11 for the p of (0) with R(y(a)) as the R(a) 
and tr(a)=0 D A(y(a)) as the A(a). B. The first hyp. of *27.11 (= the 
second of *26.6a) is verified as before. For the second, assume 
R(y(a(x))). By (y) and (5") A(y(fic(x))), whence *(a(x))=0 => A(y(a(x))). 
For the third it will suffice, assuming 

(i) Vs{s<£J(a(x)) => [cr(a(x)*2 s+1 )=0 => A(y(a(x)*2s+1))]}, 

to deduce cx(a(x)) = 0 Z) A(y(a(x))). Assume (x) ty(a(x))=0. By (y) 
and (6") it will suffice, assuming (X) <7(y(a(x))*2 s+1 )=0, to deduce 
A(y(a(x))*2 s+1 ). From (A) by (x) and (£): (p.) a(a(x)*2 s+1 )=0. By (0) 
with (x) and Qj.) : (v) s<p(a(x)). By (t) with (v) and (jjl) A(y(a(x)*2 s+1 )), 
whence by (£) with (p.) A(a(x)*2 s+1 ), whence by (^) with (x) 
A(y(a(x))*2 s+1 ). 

7.6. Using ( x 27.1 via) *27.2, we can establish a fifth intuitionistic 
version of the bar theorem (cf. x 26.3a- s 26.3d). 

*27.13. hVaVx[R(«(x))z>Vy y>x R(oc(y))]& 

Va3xR(a(x)) & Va[Seq(a) & R(a) D A(a)] & 

Va[Seq(a) & VsA(a*2 s+1 ) d A(a)] D A(l). 

Proof. Assume the four hyps. (l)-(4) of *27.13. Using (2) with 
*27.2, and omitting 3x for 3-elim., 

(a) Va3y{T(«(y)) >0 & Vx[t(«(x)) >0 D y=x] & R(5(T(5(y)) -1))}. 

Let R'(a) be lh(a)=<(lh(a))„, (lh(a))!> & Tfn^^pW^GhfaJJi+l, 
so 

(b) R'(a(x)) ~x=<(x) 0 , (x)!> &T(a((x) 0 )) = (x)!+l 

[*23.4 with *19.2 etc.]. We shall apply x 26.3a with R'(a) as the R(a). 
We have the first hyp. of x 26.3a by Remark 4.1 or #D. The second 
with <y, x(a(y)) —1> as the x we obtain from (a) and *25.1, *6.7. 
Toward the third, assume Seq(a) & R'(a), and a=a(x), so we have 
the right side (c) of (b). Using (a), assume for 3-elim. (d) Vx[x(a(x)) >0 
D y=x] and (e) R(a(x(a(y)) —1)). By (c) with (d) y=(x) 0 , so 
T(8(y))-M = f(a((x) 0 )) — 1 = (( X )i+1)-1 = (x)i [*6.3] < x [*19.2, 
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*19.6]. Hence by (e) and (1), R(a(x)) f i.e. R(a). So by (3), A(a). The 
fourth is (4). 

Derivation of x 26.3a from *27.13 (as postulate in place of x 26.3, 
without x 27.1). Assume the four hyps. (l)-(4) of x 26.3a. Pick R'(a), 
A 7 (a) so that via *23.4 

(a) R 7 (a(x))^3t t<x R(a(t)), 

(b) A'(a(x)) ~ A(a(x)) V 3t t<x R(a(t)). 

We shall apply *27.13 with R'(a), A'(a) as the R(a), A(a). The first 
hyp. of *27.13 is immediate. The second follows from (2). Toward 
the third, assume Seq(a) & R'(a), and put a=a(x). Using ( 1 ), 
R(a) V -iR(a). Case 1: R(a). Then A(a) by (3), whence A'(a) by (b). 
Case 2: -iR(a). Then by R'(a) with (a) 3tt< x R(a(t)), whence A'(a) 
by (b). — Toward the fourth, assume Seq(a) & VsA'(a*2 s+1 ), and put 
a=a(x). By (1) with *150, 3tt< X 'R(a(t)) V -|3tt< X 'R(a(t)). Case 1: 
3tt< X 'R(a(t)). Subcase 1: 3tt< x R(a(t)). Then A'(a) by (b). Sub¬ 
case 2: R(a(x)). Then A'(a) by (3) and (b). Case 2: -|3tt< X 'R(a(t)). 
But VsA'(a*2 s+1 ) gives Vs[A(a*2 s+1 ) V 3tt< X 'R(a(t))], whence by the 
case VsA(a*2 s+1 ). By (4) and (b), A'(a). 

*27.14. h Spr(a) & <r(l)=0 & VaVx[cx(a(x)) =0 & R(a(x)) => 
Vy y>x {^(a(y))=0 D R(a(y))}] & Va a 60 3xR(a(x)) & 

Va[a(a )=0 & R(a) D A(a)] & Va[<r(a)=0 & Vs{<r(a*2 s+1 )—0 z> 
A(a*2 s+1 )} D A(a)] dA(1). 

7.7. Brouwer’s principle for numbers can be stated (similarly to 
the fan theorem in *27.7) without mentioning the algorithm t ex¬ 
plicitly. 

*27.15. h Va3bA(a, b) Z> V a 3y3bVy{Vx x<yT (x) =a(x) D A(y, b)}. 

This formula appears in Kreisel 1962 Remark 9, where it is misnamed 
"the bar theorem”; cf. Remark 6.3. (Kreisel seems to be suggesting 
it as a postulate to replace the postulate *27.7 of Kleene 1957; but 
by Corollary 9.9 below, *27.7 would not then be provable lacking 
x 26.3.) It is Heyting 1930 a 12.22, allowing for considerable differences 
in the symbolism. In the hypothesis Heyting explicitly uses a function 
from choice sequences to natural numbers, which our symbolism doesn’t 
provide. In *27.15 our practice (initiated in 1957) is followed under 
which the existence of the correlation of b to a is implied by the simple 
prefix Voc3b, or for a fan Vot B(a) 3b etc. (cf. 7.1)., — The proof of *27.15 
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from x 27.1 via *27.2 (without x 26.3) is straightforward by reasoning 
used in the proof of *27.7. We do not see how *27.2 could be proved 
from *27.15 as a postulate replacing x 27.1. 

7.8. In 7.1 we explained Brouwer’s principle on the basis of the 
intuitionistic conception of choice sequences as continually growing 
rather than as completed objects. This applies in talking about the 
totality of choice sequences a making up the universal spread or any 
other spread. It is true that the property a go of being a choice 
sequence a of a spread involves all the values of a (cf. 6.9). But it 
involves them only in such a way that, whenever at a given stage 
ol(x) in the growth of a the property a gg is satisfied “thus far”, i.e. 
a(a.(x))=0, the growth can continue so that the property will be 
satisfied at every subsequent finite stage, and thus so that a ea itself 
will be satisfied. But a species (not a spread) of choice sequences a 
can be characterized by a property C(oc) involving all the values of a 
not merely in that manner (cf. 6.12 3). In reasoning about the 

members a of such a species, C(a) functions as a non-constructive 
hypothesis, which so to speak augments what the intuitionist can 
do “by himself”. (This theme will be developed in Chapter II, 
especially 8.6.) 

We now show that Brouwer’s principle as formulated in *27.4-*27.6 
for any spread (characterized by ae<y) cannot be extended consistently 
with the basic system to arbitrary species (characterized by C(a)). 
Indeed, using only the intuitionistic Postulate Groups A-D: 

*27.16. I i[Va C(a) (A(a) V B(a)) 3 3TVa C(at) 3y{Vx[T(a(x)) >0 D y=x] 

& {(A(a) &T(fi(y)) = 1) V (B(a) &t( fi(y))=2)}}] 

when A (a) is Vxot(x) = 0, B(a) is -|Vxa(x)=0, and C(a) is A(a) V B(a). 

Proof. Va C(a) (A(a) V B(a)) holds by the principle of identity *1. 
So via 3-elim. it will suffice to deduce a contradiction from 

(a) V« C(cl) 3y{V X [T(a(x)) >0 => y=x] & {(A(«) & x(«(y)) = 1) V 
(B(a) &x(a(y))=2)}}. 

Assume Vxai(x)=0 (Lemma 5.3 (a)), so A(ai), hence C(ai). Applying 

(a) and omitting 3yi for 3-elim., 

(b) T®yi))=l. 

Now assume Vxot 2 (x)=x'—yi, so (by *6.11 etc.) 

(c) x<yiDa 2 (x)=0, (d) x>y x D a 2 (x) >0. 
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By (d), a 2 (yi)^ 0 , so -iVxa 2 (x)= 0 , i.e. B(« 2 ), hence C(a 2 ). Applying 
(a) and omitting 3y 2 for 3-elim., 

(e) Vx[T(5i(x))>0Dy 2 =x], (f) T(^(y 2 ))=2. 

But by (c) (and *B19, x 23.1), o^(yi)=a7(yi), so by (b): 

(g) TG5(yi)Hl. 

By (g) and (e) y 2 =yi, so by (f) and (g) 2=1, contradicting 2^1. 

Thus, with a particular choice of A(a), B(a), C(a), we have refuted 
the modification of *27.6 obtained by suppressing Spr(a) as hyp. and 
changing ae<r to C(a). The corresponding modifications of *27.4 and 
*27.5 are likewise refutable, since that of *27.6 is deducible from each 
of them in the way that *27.3 was deduced from *27.2 and thence from 
x 27.1. 


7.9. Now (through subsection 7.14), we shall explore consequences 
of Brouwer’s principle which contradict classical results. 

We begin in the next subsection with refutations of laws of classical 
logic. Demonstrations that various laws of classical logic are not 
provable in intuitionistic logic have been given in a number of ways. 

For the propositional calculus, cf. Godel 1932 , Gentzen 1934-5 (or 
IM pp. 479-486), Jaskowski 1936 (and Pil'Cak 1952, G. F. Rose 1953), 
Wajsberg 1938 , Stone 1937-8, Tarski 1938, McKinsey-Tarski 1946, 
1948 (which uses ideas that appeared in Skolem 1919 ; cf. Skolem 1958, 
Scott 1960), Scott 1957, Kreisel-Putnam 1957, Schmidt 1958, Harrop 
1956, 1960, Kleene 1962a. 

For the predicate calculus, the methods of Gentzen 1934-5 were 
applied to this end by Curry 1950 and Kleene 1948 and IM § 80. 
Mostowski 1948 used a topological interpretation of the predicate 
calculus (extending Stone 1937-8, Tarski 1938). Kleene 1945 used 
unrealizable number-theoretic formulas constituting (free-) substi¬ 
tution instances of the predicate letter formulas, from which the 
unprovability of the latter formulas follows by Nelson’s theorem 1947 
that all formulas provable in the predicate calculus are realizable 
(also in IM § 82). An elegant new method of Beth 1956, related to 
Gentzen 1934 - 5 , is available on the basis of an outline in Kreisel 
1958b p. 381 of how to correct errors in Beth's proof (cf. the reviews 
Kleene 1957a and Kreisel 1960) and a report Dyson-Kreisel 1961 
carrying out these corrections. Other criteria are in Rasiowa 1954, 
1954a, Harrop 1960, Kleene 1962a. 
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Brouwer in 1924—7 I, 1925, 1927, 1928 and Heyting 1930 p. 50, 
1930 a p. 65 used contradicting propositions in intuitionistic analysis 
to refute formulas of the classical propositional and predicate calculi. 
We shall return to this earliest method here. But we shall be using 
explicitly given formation and transformation rules, while Brouwer’s 
and Heyting’s examples were given informally. (Heyting had such 
a formalism later in 1930 a, but he didn’t restate those examples in it.) 
Also their examples presuppose that intuitionistic analysis provides 
a model for intuitionistic predicate calculus, which hardly had been 
demonstrated explicitly then. Likewise our exhibiting a contradicting 
formula in our system of intuitionistic analysis will not show un¬ 
provability in the intuitionistic predicate calculus, until we have 
given a consistency proof for the system. Such a proof, employing a 
realizability notion for intuitionistic analysis, will be given in Chapter 
II. By Godel’s second theorem ( 1931 ; IM pp. 210-213), no proof of 
the consistency can be elementary. The only demonstrations of the 
intuitionistic unprovability of classically provable formulas of the 
predicate (not merely the propositional) calculus which seem to us 
really elementary are those based on Gentzen’s Hauptsatz 1934-5 
(IM p. 453), including Beth’s demonstrations. Simply to demonstrate 
unprovability in the intuitionistic predicate calculus, there would be 
slight point to the examples here. But having for other reasons gone 
through the work of reaching the position in which we now stand, 
and granting what we will also do in Chapter II, the examples are 
simple and sweeping. Moreover, as we shall see in a moment, the 
existence of a contradicting formula in intuitionistic analysis is a 
stronger result than unprovability in the intuitionistic predicate 
calculus. Also, it rules out provability in any extension of the in¬ 
tuitionistic predicate calculus compatible with intuitionism. The 
examples are also applied in analysis. 

There is no effective method or “decision procedure” (IM §§ 30, 60, 
61) to decide in general whether a predicate letter formula A (IM 
p. 143) already known to be provable in the classical predicate 
calculus is provable in the intuitionistic predicate calculus, as the 
following argument (due to Kleene, and published in Beth 1955a 
p. 341) shows. Let C be a fixed (say closed) predicate letter formula 
provable in the classical predicate calculus, but unprovable in the 
intuitionistic predicate calculus (examples in the literature or below). 
Let A be any (closed) predicate letter formula. Then A V C is prov- 
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able in the classical predicate calculus. But by Gentzen 1934-5 
p. 407 (or IM Theorem 57 (a) p. 486 but for the predicate calculus), 
A V C is provable in the intuitionistic predicate calculus exactly if 
A or C is so provable, i.e. since C is not, exactly if A is. So, were there 
a decision procedure for the intuitionistic provability of classically 
provable formulas, there would be one for the intuitionistic prov¬ 
ability of arbitrary formulas. This is contrary to the version for the 
intuitionistic predicate calculus of a theorem of Church 1936 a and 
Turing 1936-7 (IM Theorem 54 p. 432). 

We should not seek to “refute” formulas of the predicate calculus 
in intuitionistic analysis simply by proving the negations of sub¬ 
stitution instances. Thus V -ie2? is unprovable in the intuitionistic 
propositional (and predicate) calculus. But no formula of the form 
-1 (A V -iA) is provable in intuitionistic analysis, if that is consistent. 
For -i-i(<3 V -ie2?) is provable in the intuitionistic propositional 
calculus (*51a), so -i-i(A V -*A) is in intuitionistic analysis. In general, 
we must seek rather to prove negations of closures of (free-)substi¬ 
tution instances (cf. Kleene 1945 §§ 10 , 16). For example, we will 
“refute” e2? V by proving in intuitionistic analysis -|Va(A(a) V 
-iA(a)) for a suitable A (a) (*27.17). This of course does show <^2 V -1 
unprovable in intuitionistic propositional (and predicate) calculus, if 
intuitionistic analysis is consistent, since its provability in intuitionistic 
propositional (or predicate) calculus would entail that of A (a) V -iA(a), 
and by V-introd. V<x(A(a) V -iA(a)), in intuitionistic analysis. 

Not every predicate letter formula provable in the classical pred¬ 
icate calculus but not in the intuitionistic can be refuted in this 
way, using our formal system of intuitionistic analysis or any other 
given formalism F consistent with the intuitionistic predicate calculus. 
For if all could be, we would have a decision procedure for the prova¬ 
bility in the intuitionistic predicate calculus of a predicate letter 
formula A provable in the classical predicate calculus thus: search 
through an enumeration of the provable formulas of the intuitionistic 
predicate calculus for A itself, and simultaneously through an 
enumeration of the provable formulas of F for the negation of the 
closure of a substitution instance of A. 

7.10. However, with one possible exception, all the predicate letter 
formulas mentioned in IM as being classically provable but intuitionisti- 
cally unprovable can be thus refuted in our intuitionistic analysis. 
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*27.17. h-,Vot(Vxot(x)=0 V -|Vxa(x)=0). 

Proof. Assume Va(Vxa(x)=0 V-|Vxa(x)=0). Writing A(a) for 
Vxa(x)=0 and B(a) for -tVxa(x)=0, and applying *27.3, 

(a) Va3y{Vx[T(a(x))>0 D y=x] & {(A(a) &r(a(y)) —1) V 

(B(a)&T(a(y))=2)}}. 

We continue as in the proof of *27.16, except that C(ai) and C(a 2 ) 
aren’t required for using (a). 

*27.18. b -iVa(-i3xa(x) ^0 V -n3xa(x) ^0). 

Proof. Vxoc(x)=0 V -|Vxa(x)=0 comes from -i3xot(x)^OV 
-i-i3xa(x)^0 by *86, *158 and *49c. 

In *27.17 we directly refute (a closure of a substitution instance 
of) V ■“ie2f, Vx( «£?(*) V -^(x)) and -,-,Vx(«2f(x) V -,«2f(x)) (cf. *49b), 
and *27.18 adds -ieT V —i—ie^ etc. to this list. 

There must be a like refutation of any predicate letter formula B 
from a (free-) substitution instance Bi of which a formula A thus 
refutable is deducible in the intuitionistic predicate calculus. Proof. 
Given: in intuitionistic analysis b -*VA* where A* is a substitution 
instance of A, and in intuitionistic predicate calculus Bi b A. By 
V-elim. and 3 -introd. b VBi 3 A, whence by substitution (IM Theo¬ 
rem 15 p. 159) and *69 (and perhaps *75) b VBi* 3 VA* in in¬ 
tuitionistic analysis, whence by contraposition *12 b -iVA* 3 -|VB]*. 
By 3-elim. b -iVBi*. But Bi* is a substitution instance of B. 

For example, we can hence refute also -i-i d (by IM Remark 1 
p. 120), —i— i(Vjc —i—i < C?(x) 3 ”i”iVxc ^i(x)) (which is -i-i(Ici 3 lb) IM 
pp. 166, 491), -iVx-i<C?(x) 3 3xJ?(x) (since -i-i 3 follows after 
substituting c VI for cC?(x)), etc. Altogether, using these examples and 
deductions noted in IM pp. 486 and 491, we can from *27.17 and 
*27.18 thus refute all the examples in IM for the propositional calculus 
(Example 4 p. 485, and those listed in Theorem 57 (b) p. 486), and all 
of those for the predicate calculus (listed in Theorem 58 p. 487) 
except (b) (i) (or *92), (b) (iii), lie 3 lib, Illb 3 Ilia and *97. 

We now refute (b) (i) (or *92). 

*27.19. b -|Voc{Vx(a(x) =0 V -iVxa(x)=0) 3 Vxa(x) =0 V -iVxa(x) =0}. 

Proof. By *158, a(x)=0 V -, a (x)=0. Thence by cases (using *85a 
in the second case) and V-introd., (a) Vx(a(x)=:0 V -|Vxa(x) = 0). 
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Assume V<x{Vx(a(x)=0 V -|Vxa(x)=0) D Vxa(x)=0 V -|Vxoc(x)=0}. 
Thence by (a) and *41 Va(Vxa(x)=0 V -iVxa(x) —0), contradicting 
*27.17. 

Next we refute *97. 

*27.20. b -iVa{(3xa(x) = 0 D 3xa(x) =0) D 3x(3xa(x)=0 Z> a(x)=0)}. 

Proof. Assume Va{(3xa(x)=0 d 3xa(x)=0) d 3x(3xa(x)=0 D 
a(x)=0)}. Using *1 and *41, Va3x(3xa(x)=0 D a(x)=0). Applying 
*27.2, and omitting 3 t for 3-elim., 

(a) Va3y{r(a(y)) >0 & Vx[t(oc(x)) >0 Z) y=x] & 

[3xa(x)=0 Z) a(r(a(y)) — 1)=0]}. 

Assume Vxai(x)=l. Using V-elim. from (a), and omitting 3yi for 
3-elim., 

(b) T(5(y 1 ))>0. 

Assume Vxa 2 (x) =sg(max(yi, T(al(yi))) — x), so 

(c) x<max(yi, T(al(yi))) => a 2 (x) = 1, 

(d) x^max(yi, T(al(yi))) 3 a 2 (x)=0. 

Applying (a), and omitting 3y 2 for 3-elim., 

(e) T(ai(y 2 ))>0, (f) Vx[t(o 2 (x)) >0 Z) y 2 =x], 

(g) 3xa 2 (x)=0 Z> a 2 fr(5i(y 2 )l ” !)=0. 

By (c): (h) al(yi) = ai(yi). So by (b) and (f): (i) y 2 =yi. By (c) with 

(h) and 03): (j) a 2 (ir(S£(yi))-l)= L By (d) 3xa 2 (x)=0, so by (g): 
(k) a 2 (T(a2(y2)) —1)=0. By (j), (k) and (i) 1=0, contradicting 1^0. 

By *158 and *49c a(x )=0 ^-na(x)=0, so we also refute 
(c^? Z) 3 jc$(jc)) Z) D -i-iS(jc)). But this we can deduce from a 

substitution instance of lie ID lib, thus. Assume (a) <^Z>3*£(*) 
and (b) Vjc-i(c^ d $(*)). From (b) by V-elim. and *60d, and 

-i$(jc); from the latter by V-introd. and * 86 , -i3xB(x) ) whence from 
(a) by * 12 , -*<3, contrad. -i-i So by -i-introd. (discharging the 
assumption (b)), -iVjc-i(e^f z> S(jc)). Thence by a substitution instance 
of llc 3 3 llb, 3*n(«Sf D B(x)), and by *60g, h 3*(«d 3 
By D-introd. (discharging (a)), (e d 3jcS(jc)) z> 3x(^i Z) -i-|S(ar)). 

Finally, IIc 2 D lib is a substitution instance of Illbi D Ilia, 
which for the predicate calculus leaves only (b) (iii) unrefuted. 
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7.11. We refute the closure of an instance of the least number 
principle *149 (whence *148 is refutable, like IM p. 513 (vii)). 

*27.21. h -,Va{3xC(oc, x) D 3y[C(a, y) & Vz(z<y D -,C(a f z))]} 

when C(a, y) is y=l V (Vxa(x)=0 & y=0). 

Proof. Call the formula -iVaD(a). From VaD(a) by the method 
of IM (vi) pp. 512-513 we deduce Va(Vxa(x)=0 V -|Vxa(x)=0), 
contradicting *27.17. 

7.12. We refute the classically-provable duals of *2. la, *2.2a and 
*25.9, beginning with the last. (In each of these duals, one implication 
is provable by the predicate calculus simply.) 

*27.22, h -|Va{Vx3ii <2 A(a, i, (x) ± ) D 3i i<2 VxA(a, i, x)} 

when A(a, x) is a(x)=0, B(a) is -iVxa(x)=0 and A(a, i, x) is 
(A(a, x) & i—0) V (B(a) & i= 1). 

Proof. Assume 

(a) Va{Vx3i i<2 A(a, i, (x)i) Z) 3i i<2 VxA(a, i, x)}. 

Assume Vx(A(a, x) V B(a)). By V-elim., A(a, (x)o) V B(a). Case 1 : 
A(a, (x) 0 ). Then A(a, (x) 0 ) & 0=0, hence A(a, 0, (x) 0 ), hence 0<2 & 
A(a, 0, (x) 0 ), hence 3i i<2 A(a, i, (x)i). Case 2 : B(a). Similarly. Com¬ 
pleting the case argument (V-elim.) and using V-introd., Vx3i i<2 A(a, 
i, (x)i). By (a) 3i i<2 VxA(a, i, x). Assume i<2 & VxA(a, i, x) for 3- 
elim. Case 1 : i=0. Then VxA(a, 0, x), hence (using 0^1, *47, *48, 
*89) VxA(a, x), hence VxAja, x) V B(a). Case 2 : i=l. Similarly. 
Thus, completing the V- and 3-elim. and using z>- and V-introd., 
Va{Vx(A(a, x) V B(a)) d VxA(a, x) V B(a)}, contradicting *27.19. 

This refutation extends to the duals of *2.2a and *2.la (or their 
implications beginning with Va3x), since the dual of *25.9 follows from 
that of *2.2a and thence of *2.la in the same manner as *25.9 itself 
from *2.2a and thence from *2.la. 

7.13. We take one illustration from Brouwer’s theory of species. 

In 1924-7 I p. 246 9 he gives a pair of species M and N which are 

“congruent” but not “identical”. As a newcomer to this field in 1941, 
the present author found this example hard to decipher from Brouwer’s 
austere text. (A different example is in Brouwer 1954 p. 6 ^ 4.) We 
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now give the 1924-7 example rearranged and simplified. Let 

“aeM” abbreviate Vxa(x) ^0 V -iVxa(x) ^0, 

"aGN” abbreviate Vxa(x)=0 V -|Vxa(x)=0. 

That the species M is "congruent” to the species N is expressed by 

(i) -i 3 a (aeM & -iaGN) & -i3a(aGN & -iaGM). 

This formula is provable, since by *5la -naGN and -noceM are 
both provable. That M and N are not "identical” is expressed, after a 
simplification permissible because the elements of M and N are 
already choice sequences (and not merely spread elements Overlying 
choice sequences by a correlation law), by 

(ii) -i{Va(aGM D aeN) & Va(aGN => aGM)}. 

Both -|Va(aeM D aGN) and -|Va(aGN aeM), a fortiori (ii), are 
provable. To prove the first, assume Va[aGM D ogN], i.e. 

(a) Va[Vxa(x) ^0 V -»Vxa(x) ^0 "D Vxa(x)=0 V -|Vxa(x)=0]. 

Assume Vxai(x)=sg(x)-a(x- 1 -1), so ai(0)—0, ai(x')==a(x). Then 
-iVxai(x)^0, hence (b) Vxai(x) ^0 V-,Vxai(x)^0. Also (c) 
Vxai(x)=0 ~ Vxa(x)=0. From (a) using V-elim. (with ai for a), 

(b) , (c), 3ai-elim. and V-introd. we deduce Va(Vxa(x) = 0 V -|Vxa(x) =0), 
contradicting *27.17. 

7.14. Finally, we refute the classical version *26.1 of the bar 
theorem. 

*27.23. h -,V(3{Va3xR((3, a(x)) & Va[Seq(a) & R(p, a) z> A(p, a)] & 
Va[Seq(a) & VsA(p, a*2*+i) D A(p, a)] D A(p, l)} 

when R(p, a) is (a=l &-,Vxp(x)=0) V (lh(a) = l & p((a)o—l)=0) and 
A(p, a) is R(p, a) V VxR(p, a*2*+i). 

Proof. Call the formula -|VpB(p). Assume VpB(p). 

I. We establish the three hypotheses of the implication B(p). 
(A) For the first, by *158 p(a(0))=0 V p(a(0))^=0. Case 1: p(a(0))=0. 
Then by *23.5, *23.2 and *6.3, lh(a(l)) = l & p((a(l)) 0 -1)=0. So 
R(p, a(l)), hence 3xR(p, a(x)). Case 2: p(a(0))^0. Then 3x|3(x)^0, 
whence by *85a -iVxp(x)=0. Also ot(0) = l. So R(p, a(0)), hence 
3xR(p, a(x)). Completing the case argument (V-elim.), and using 
V-introd., Va3xR(fJ, a(x)). (B) The second hyp. of B([U) is immediate, 
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because R([U, a) is a disjunctive member of A(£J, a). (C) Assume Seq(a) 
and VsA((S, a* 2 s +i), i.e. Vs[R(p, a*2 8+1 ) V VxR(p, (a*2 8 + 1 )*2 x+1 )]. But 
-iVxR(p, (a*2 8 + 1 )*2 x+1 ); for by *22.8 with *22.5, lh((a*2 s+ 1 )*2 x+1 ) = 
lh(a)-f 2 , which with lh(l )=0 contradicts both disjunctive members 
of R(p, (a*2 8 + 1 )*2 x+1 ). So VsR(($, a*2 8+1 ), whence A((3, a). 

II. Now by V- and D-elim. from VpB([U) we infer A((U, 1), whence 
(using *22.7 with *22.5) R( 0 , 1 ) V VxRQJ, 2 X +!). Case 1 : R(|J, 1 ). Then 
since lh(l)=0, -|Vx($(x)=0, whence Vx($(x)=0 V -iVxp(x)=0. Case 2: 
VxR@, 2 X +!), i.e. Vx[(2 x+1 = 1 & -,VxfS(x)= 0 ) V (lh(2 x +i) = l & 
[U((2 x+1 )o—1)=0)]. But by *3.10, 2 x +i^l. So Vx^(( 2 x + 1 ) 0 ^l)= 0 , 
whence by *19.9 and *6.3 VxfJ(x) —0, whence VxfJ(x)=0 V -|Vx[J(x)=0. 
Completing the case argument and using V-introd., we contradict 
*27.17. 

7.15. In 1957 Kleene proposed *2.2 as a postulate. Subsequently 
he thought there would be need for the apparently stronger x 2 . 1 , 
which likewise is acceptable intuitionistically (as well as classically). 
Then Kleene (in February 1963) obtained a result *R15.1 bypassing 
the only direct use (not via *2.2) of x 2.1 in Vesley’s Chapter III; 
Joan Rand (in March 1963) eliminated Kleene’s direct use of x 2.1 
in deriving x 26.9 from x 26.3; and finally Vesley (in July 1963) obtained 
the following: 

Derivation of x 2.1 from *2.2. Assume Vx3£JA(x, fi). By *0.5, 
Va3fJA(a(0), p). By x 27.1 (omitting 3t prior to 3-elim.), Va{Vt3!y 
T (2 t+ 1 *a(y))>0 & V£J[Vt3yT(2 t+ 1 *a(y))~(U(t) +1 Z) A(a(0), ($)]}. Using 
V-elim. with Azx for a, x 0.1 and V-introd.: (a) VxVt3yT(2 t+ 1 *Azx(y)) >0, 
(b) VxVp[Vt3yT(2t+i*A^(y)) = p(t) + l dA(x,P)]. Using (a) in *25.7 
(cf. Remark 5.4), assume (omitting 38 prior to 3-elim.): (c) 
VxVtT(2 t+ 1 *Azx(8(<x, t>)))>0. Assume (prior to 3-elim. from Lemma 
5.3 (a)): (d) Vwy(w)=t(2< w)i +i*Xz(w)o(S(<(w)o, (w)i>))) — 1. Now 

(Aty(2 x *3 t ))(t) + 1 ^~ y(2 x *3 t )+ 1 = (T( 2 t+l*to(S«x, t»)) - 1 ) + 1 [(d), 
*25.1] = T(2 t+ 1 *Azx(8(<x, t>))) [*6.7 with (c)]. By 3- and V-introd., 
Vt3yi;(2 t+ 1 *Xzx(y)) = (Aty(2 x *3 t )) (t) +1. Thence using (b), A(x, Xty(2 x *3 t )), 
whence 3yVxA(x, Xty(2 x *3 t )). — 

This derivation uses x 27.1, directly (not via *27.2). So replacing 
x 2.1 as postulate by * 2.2 would leave it uncertain whether x 2.1 and 
*25.8 (our sole remaining result other than *2.la using x 2.1 directly) 
would hold in the basic system (or even in the present classical 
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system); cf. end §2. Also x 27.1 is in a similar status to x 2.1, as a 
postulate that is acceptable, but could for our essential purposes 
be replaced by its specialization from functions to numbers; it is 
used directly only here (and for *27.4). 

The modification *27 .V of x 27.1 with Vot3p replaced by Va3!p 
(where 3!p is like 3!x IM p. 199, using the = for functors 4.5) is 
derivable from *27.2. Hint: Va3! £JA(a, £J) h Va3bA'(a, b) where A'(a, b) 
is 3p{p(a(0))=b& A(Ata(t+l), W & Vy[A(Ata(t+l), y) => P=y]}- 



Chapter II 


VARIOUS NOTIONS OF REALIZABILITY 
by S. C. Kleene 


§ 8. Definition of realizability. 8.1. In the introductory § 1 we 
proposed to relate intuitionistic analysis and the theory of general 
recursive functions. But in setting up the formal system in Chapter I 
we did not use the general recursive functions. In particular, we did 
not carry out the early proposal by Beth and ourselves to take the 
“laws” or “algorithms” in Brouwer’s definition of a spread to be 
general recursive functions; those laws, and also the one in Brouwer’s 
principle, we expressed simply by function variables, the a in *26.4, 
the p in x 26.9 and the t in x 27.1. (Cf. Remark 6.1.) 

A non-classical meaning of the prefixes VodfJ and Va3b is incorpo¬ 
rated into the intuitionistic system through the postulate x 27.1 
expressing Brouwer’s principle. But can one give a special meaning 
to just these prefixes, without having to consider the effect in the 
presence of the predicate calculus on all other forms of composition 
of formulas by the logical connectives? Initiates to intuitionism may 
ask for an explicit interpretation that applies to all formulas while 
satisfying Brouwer’s principle for those beginning with VaBfJ or Va3b. 
Indeed, a classical mathematician might question the consistency 
of the intuitionistic system with Brouwer’s principle. He can be 
assured of its consistency by the interpretation we now give, which 
is to be based on only principles acceptable classically as well as 
intuitionistically. 

If our semantical (or model-theoretic) arguments using this inter¬ 
pretation should be formalized in the basic formal system (end § 2), 
a metamathematical consistency proof for the intuitionistic system 
relative to the basic system would result. We shall discuss later the 
possibility of such a formalization (cf. 9.2 ^ 5). 
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8.2. We begin by recasting some results in the theory of general 
and partial recursive functions of number and (one-place) function 
variables (end 3.2) into a form convenient for the present application. 

Let W be a list of variables, number or function or both. We write 
e.g. ^pP], with square brackets instead of parentheses, for a function 
of the variables W with (partial or total) one-place number-theoretic 
functions as values. We say is primitive {general) [ partial\ 

recursive , absolutely or in 0, if = U i) where the function 

9 >( 1 P, t ) with natural numbers as values is such. 

As in § 7 where we formalized Brouwer’s principle, a certain kind 
of functional which correlates a one-place number-theoretic function 
I? to a one-place number-theoretic function a (in fact, a “countable” 
functional Kleene 1959a § 5) can be represented by a one-place number- 
theoretic function r such that, for each t and a, T(2* + 1 *a(y)) > 0 for 
exactly one y, and r{2 t+1 *a(y)) = /?(£) +1 for that y. We now write 
{r}[a] for the function ft. In order to be able to construe {r}[a] as a 
partial recursive function of r and a, we define it in general by 

( 8 . 1 ) {r}[a] = ^T(2*+i*5(y ( ))-i-l 

where y t ~ /*yr( 2 m *a(y)) > 0 . But we shall say that {r}[a] is properly 
defined if {t)(E\y)T{2 t+1 *oc{y))>0. 

Lemma 8 . 1 . To each partial recursive function <p[0, a], there is a 
primitive recursive function ip[0] such that , for each 0, a: {y[0]}[oc] = 
(p[0, a], and if <p[0, a] is completely defined then {y)[0]}[oc] is properly 
defined. 

(Proof follows.) We shall write 

(8.2) Aoc <p[0, oc] = y)[0], 

i.e. Aoc <p[0 , a] shall be a notation for some primitive recursive 
function ip[0] with the properties in the lemma, so that for each 0, a: 

(8.3) {Aoc <p[0, a]}[a] = <p[_0, a], 

and {Acl <p\0, a]}[a] is properly defined if completely defined . 

If <p\z, 0 , a] is partial recursive and ip[z, 0\ = Aocq>{z, 0, a], and 
we put <p[0, a] = <p[e, 0 , a] for a fixed e, then y)[e, 0] = Aoc <p[e, 0 , a] 
is a Aa(p[0, a], i.e. it has the properties. 

Proof of Lemma 8.1. Consider e.g. <p\b, /?, a] with b, ft as the 0 . 
Write <p [ft, (3 , a] = U <p(b, ft, a, t) where the latter <p is partial recursive. 
By the normal form theorem IM pp. 292, 330, there is a number e 
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such that, for each b, (3, <*, t: 

(i) <p(b, p, a, t) ~ U(nyT\>'$(y), a{y), e, b, t, y)), 

(ii) T\ Y (fi(y), a(y), e, b, t, y) for at most one y. 

Let ip[b, p] = As y>(b, (3, s) where 

v (b B s) = \ U ^ + X if ' h (s)> 0 &r 2 ' 1 (^(y).“(y).e. M.y), 

’ P ’ jo otherwise, 

where the y, t, a on the right are to be expressed in terms of s by 

y = lh(s) — 1 , t — (s)o —L “W = (s)<+i —1 (i<y).— 

We shall generalize these notations to allow other lists of arguments 

a\, ..., ajc, ai,_ , on in place of a single function a (the case (k, l) = 

( 0 , 1 )). First, we write p^'-^'pm as <#o, •••,<**»> (= 1 when 
m = — 1 ); U <#i, ..., ajc, «i (t), ..., a t (t)y as <«i, «i, ..., a*) 1 , 

omitting the superscript 1 when the context makes it clear that 
l > 0 or that the whole is a function; U (a(£))$ as (a)*, and ((a)«)^ as 
etc. (cf. 5.7, Kleene 1959 §2). 

Now we define 

( 8 . 1 a) {»}[«] = {»}[*«]. 

( 8 . 1 b) {r} = «[ 0 ] = {r}[^ 0 ], 

( 8 . lc) {t}[«i, ..., a k , ai, .... aj] 

= <* 1 , .... a;>] (k+l > 1 ) 

and say the results are properly defined if the expressions under ( 8 . 1 ) 
to which they reduce are properly defined. In conjunction with this 
notation, we shall avoid using curly brackets as simply marks of 
inclusion. 

Furthermore, we write 

(8.2a) Aa <p[0, a] = A* <p[0 , «(0)], 

( 8 . 2 b) A 9 ?[ 6 >] — Aa <p[0] ~= Aoc <p[0], 

( 8 . 2 c) Aa± . . . Ujcai.. .ai (p\0, a\, . .., ajc, ai, ..., aj] 

= Aa<p[0, (a(0)) 0 , . • (a(0))*_i, (a)fr, . . (a)fr+Z-l] (k + l > 1). 

Now 

(8.3a) {Aa <p[ 6 >, a]} [a] = <p[B, a ], 

(8.3b) {A <p[0]} = <p[0], 

(8.3c) {Aa \.. .a k a\. ■ <p[0,a,i ,.. .,a k , ai,.. .,a*]}[#i,. oti,.. .,az] 

= <p[0, ai, ajc, ai, ..., a t ] (k+l > 1 ), 

each being properly defined when completely defined. 
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The notations of this subsection are analogous to those of IM pp. 
341-342, 344, which we shall also use occasionally but writing the 
functions on the line as in 1957, namely: We shall write {z}(W) for the 
{z} Wl (W<z) of p. 341 where W\ are the functions, and W 2 the numbers, 

in order among W. We write AW <p(0, W) for the S ™’ 1 . 1 (e,0) of 

p. 342 or A 1, " ,1 W 2 <p{0, W) of p. 344 when 0 consists of numbers only 
(m of them), where e is a Godel number of X0W% <p(0, W) uniform in 
Wi (W 2 being n numbers, and W\ as many functions as there are 
superscripts *); thus, for each 0 } AW <p(0 , W) is a Godel number of 
AW 2 q>(0, W) uniform in 'f'l, or briefly a Godel number of XW <p(0, W ). 

The T-predicates of IM pp. 291-292 can be reformulated to use a 
instead of a, etc.; e.g. T^^y), a(y), e, a) = T^^iy), a(y), e, a, y) 
when we put T\-'{u, v, e, a) = a, 

lh(w)) (Kleene 1955 Footnote 2). 

Using IM top p. 235 and the normal form theorem IM pp. 292, 330: 
A total (total) [partial] function <p(W) is primitive (general) [partial] 
recursive in total one-place functions E, if and only if there is a 
primitive (partial) [partial] recursive function XWE <p(W, E) such 
that, for the E in question, XW (p(W) — XW <p{W, E) ; and similarly 
with <p[W], <p[W,Z}. 

Since Xa 0 .. .a m G(a Qy ..., a m ) is primitive recursive in Xa a((a ) 0 , 
• • • 1 {d)m) and inversely: In ‘ 9 ? is primitive (general) [partial] recursive 
in E’, many-place functions in E can be replaced equivalently by 
one-place functions. 


8.3. In our former interpretation of intuitionistic number theory 
1:945 (found in 1941) or IM §82, we began with the idea that in- 
tuitionistically each statement, except of the most elementary kind, 
constitutes an incomplete communication of information, asserting 
that further information could be given effectively to complete it. 
For example, an existential statement ,< (Ex)A(x)” is an incomplete 
communication, asserting that an # could be given such that A(x) 
together with information which would complete the statement 
“A(x)” for that x . A generality statement “( x)A(x )” is an incomplete 
communication, asserting that an effective general process could be 
given by which, to each information which would complete the 
statement “A(x)” for that x could be found. A statement containing 
no logical connective is a value of one of the fundamental predicates, 
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and requires no completion, assuming those predicates have been 
given effectively. 

Here “(Ex)A(x) >> and i< (x)A(x)” to be "statements” must either 
have no "free” variables, or each free variable in them must be 
understood as having a specified value; then in turn we talk about 
“A(x)” for a specified value of # as a statement. 

In applying these ideas to the number-theoretic formalism it was 
convenient, instead of specifying natural numbers as values of the 
free variables, to substitute for the variables the numerals expressing 
those values. Thereby the formal counterpart of "statements” became 
closed formulas. 

Furthermore, the information by which incomplete communications 
can be completed admits of being codified in natural numbers, using 
for effective processes Godel numbers of recursive functions. We 
said these numbers "realize” the respective closed formulas. Thus we 
said a natural number e realizes a closed formula 3xA(x), if e = 2 x 2 a 
where a (= (e)\) realizes the (likewise closed) formula A(#), where x 
is the numeral for the natural number x (= (tf)o)- A number e realizes 
a closed formula VxA(x), if e is the Godel number of a general recursive 
function <p such that, for each x, <p(x) realizes A(x). A number e realizes 
a closed prime formula P, if e = 0 and P is true under the usual 
interpretation of its individual, function and predicate symbols. 
(For the other four clauses of that definition of ‘realizes 1 , see Kleene 
1945 or IM § 82. Some minor improvements in details appear in 
1960 § 5.) 

Finally we said a closed formula A is realizable if some number 
realizes it. An open formula A(yi, ..., y m ) containing free only the 
distinct variables yi, ..., y m is realizable, if its closure is realizable 
(1945), or equivalently (1948 and IM § 82 ) if there is a general recursive 
function <p such that, for each y\, ..., y m , the number <p(yi, ..., y m ) 
realizes A(yi, .. .,y m ). 


8.4. We shall use these ideas with some modifications to obtain 
an interpretation of intuitionistic analysis. We now say a statement 
"(£/l)T(/l)” is an incomplete communication asserting that a could 
be given such that T(/3) together with information which would 
complete the statement “A((3)” for that (3 . Here from the constructive 
point of view the fi should be a general recursive function, unless 
<l (Efi)A(f$)” contains free function variables having non-recursive 
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functions as their values. The latter situation arises e.g. in considering 
the interpretation of “(oc)(E(3)A(<x, §)”; say this contains no free 
variables. This is to be completed by giving an effective process by 
which, to each a, information which completes “(Ef3)A(a, (3)” for that 
a could be found. Here a ranges over all one-place number-theoretic 
functions. (By Kleene 1950 a § 3 or Lemma 9.8 below, the fan theorem 
would not hold if the functions were restricted to be general recursive.) 
The /S to complete the communication “(Eft)A(oc, (3)” for a given a 
will in general depend on what that a is, and we should not restrict 
the (3 to be a general recursive function. In the simple example that 
“A(a, (3)" is “(%)<x(x) =(3(x)”, the f$ must be a itself. In general, the 
to complete “(Ef3)A({3)”, when “(E(3)A((3)” has free function variables 
having specified functions as values, should be a function general 
recursive in those functions, unless “(EfyA^y* is contingent (cf. 8 . 6 ). 

Proceeding now to the formal symbolism, we cannot in general avoid 
specifying functions as values of the free function variables by sub¬ 
stituting for those variables functors expressing their values. For the 
formal system does not have a functor to express each particular 
function; no formal system (with only countably many symbols) can. 
This being the case, we might as well specify the values of function 
and number variables alike. (In our 1957 definition of realizability, 
found in 1951, we specified values of the function variables, while 
substituting numerals for the number variables.) 

We find it advantageous now to codify the information, by which 
communications are to be completed, not in natural numbers but in 
one-place number-theoretic functions. Before any functions have been 
introduced, as to evaluate function variables, the “realizing” functions 
will be general recursive; later they will be general recursive in the 
functions which have been introduced. Actually functions primi¬ 
tive recursive absolutely or in those functions will suffice, in 
consequence of our using via the notation { }[ ] a form of the normal 
form theorem (cf. 8 . 8 ). (In 1957, we still used numbers, while adding 
function arguments to the recursive functions represented by Godel 
numbers. The definition in 8.5 is equivalent to the 1957 one, but is 
more manageable in the proofs.) 

8.5. Consider any formula E, and let T be a list of distinct variables 
of both types including all which occur free in E. We define when a 
one-place number-theoretic function e ‘realizes’ E for a given assign- 
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ment of numbers and functions ? as values of Y, or in brief when 
e ‘realizes-!?'' E. The definition, as before ( 1945 , IM § 82), is by in¬ 
duction on the number of (occurrences of) logical symbols in E. We 
have 9 cases according to the form of E. 

1 . e realizes- 1 ? a prime formula P, if P is true-?, i.e. if P is true 
when Y have the respective values ?. 

2 . e realizes-? A & B, if (e)o realizes-? A and (e)i realizes- 1 ? B. 

3. e realizes-? A V B, if (e(0))o = 0 and (e)i realizes-? A, or 
( € (0)) 0 ^ 0 and (e)i realizes-? B. 

In Clause 4 (next) it is to be understood that, when a realizes-Y A, 
{e}[aj is properly defined; and similarly in Clauses 6 , 8 and 9. 

4. e realizes-? AdB, if, for each a, if a realizes-? A then {e}[a] 
realizes-? B. 

5. € realizes-? -iA, if, for each a, not a realizes-? A. (Equivalently, 
since by Clause 1 a realizes-? 1=0 for no a.,?: e realizes-? -|A, if 
e realizes-? Ad 1=0 under Clause 4.) 

In Clause 6 it is to be understood that by first changing bound 
variables if necessary it has been arranged that x not occur in the list 
Y, and that ?, x are the values of Y, x, respectively. Similarly in 
Clauses 7, 8 , 9 (in Clause 7, (e(0 )) 0 is the value of x; etc.). 

6 . € realizes- 1 ? VxA, if, for each x, {e}[x] realizes-?, x A. 

7. € realizes-? 3xA, if realizes-?, (€(0 ))q A. 

8 . e realizes-? VaA, if, for each a, {e}[a] realizes-?, a A. 

9. e realizes-? 3<xA, if (e)i realizes-?, {(e)o} A. 

We say a closed formula E is realizable, if a general recursive 
function e realizes E; an open formula, if its closure is. 

Realizability can be relativized to a class (or list) T of (total) 
number-theoretic functions, thus. A closed formula E is realizablejT , 
if a function e general recursive in (some finitely-many functions of) 
T realizes E; an open formula, if its closure is. 

Consider, nowin theformal symbolism, the example VaBfJVxa(x)=£J(x) 
discussed in 8.4. This formula is provable by elementary logical reason¬ 
ing. It is realizable, if there is a general recursive function e which 
realizes it, i.e. by Clause 8 , such that, for each a, {e}[a] realizes-a 
3pVxa(x) = p(x). Write {c}[a]. By Clause 9, (t)i must realize-a, 
{(C)o} Vxa(x)=p(x). The obvious choice for {(C)o} is a; then by Clause 6 , 
for each x, {(C)i}M must realize-a, a, x a(x) = £J(x). But, for each x, 
a(x) —(S(x) is true-a, a, x; so {(C)i}M can be any function, e.g. U 0 . 
Using Lemma 8.1 etc., it suffices to take £ = a, Ax At 0>, 
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e = Aa </L a, Ax Xt 0>. That is, this e is general (actually, primitive) 
recursive, and realizes Va3(UVxa(x)=(U(x). 

As a second illustration, take VaVx(a(x)=0 V a(x)^O) (cf. Remark 
6.1). To realize it, e must be general recursive and, for each a, 
{e}[a] = f where, for each x, {£}[#] = r) where r} realizes-a, x ol(x) = 0 V 
ol{x) ^0. We can take rj = <a(#), Xt 0>, £ = Ax <&(%), Xt 0>, e — 
AocAx <a(x),XtO>. Notice how the choice whether to realize oc(#)=0 
or ol(x) ^0 (by an arbitrary function, e.g. Xt 0) depends on a as well 
as on x . 

As a third illustration, 3a[a(0)=l & Vxa(x') = x'-a(x)] (cf. Lemma 
5.3 (b)) is realized by {A Xttl, <Xt 0, Ax Xt 0». 

8.6. The new notion of realizability, besides departing from the 
earlier one 1945 in obvious respects connected with the presence of 
the function variables, alters the treatment of implication and (thence 
under the alternative Clause 5) of negation. 

Consider a closed implication AdB, taken by itself. We said in 
1945: e realizes AdB, if, for each a, if a realizes A then {e}(a) 
realizes B. Now we say: e realizes AdB, if, for each a, if a realizes A 
then {e}[a] realizes B. The range of <x is all number-theoretic functions, 
not just the general recursive ones. So the new interpretation of 
implication requires in the general recursive e a process by which, 
from even a highly non-constructive completion a of the incomplete 
communication expressed by A, one can get constructively a com¬ 
pletion of the communication expressed by B. In other words, the new 
realizability interpretation treats. AdB as “true constructively” 
whenever, for A “true” but not necessarily “constructively” so, 
B will be likewise “true” with “degree of non-constructiveness” not 
greater than that of A. This enforces the intuitionistic demand for 
constructiveness in a less drastic form than before; we now allow 
non-trivial “contrary-to-fact” conditionals, instead of placing all B’s 
on a par as consequences of a non-(intuitionistically-true) antecedent A. 
Under the 1945 notion, if A was unrealizable, then AdB was always 
realizable. That would leave no place in intuitionistic mathematics 
for the theory of relative recursiveness. (The change in question, 
which enters rather unobtrusively here with functions used as the 
realizing objects, was effected in the 1957 version of the new notion 
of realizability by departing from what in that notation is the direct 
generalization of the 1945 definition.) 
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We were forced to make this change, since without it we failed to 
extend Nelson’s 1947 Theorem 1 (IM Theorem 62 (a) p. 504) from 
intuitionistic one-sorted predicate calculus with number variables to 
the intuitionistic two-sorted predicate calculus with number and 
function variables. 

But the change alters the notion of realizability for number-theoretic 
formulas, i.e. those not containing function variables or X. 

Consider a closed such formula A. Formerly, -|A was realizable if 
and only if no number a realized A, i.e. if and only if A was unrealizable. 
Now - 1 A is realizable (and realizable/?? for any given ??), if and only if 
no function a realizes A, i.e. if and only if A is unrealizable/0 for 
every 0 . 

In IM Theorem 63 (ii) p. 511 we gave an example A of a closed 
formula such that A was unrealizable, so -|A was realizable, so - 1 - 1 A 
was unrealizable. The formula A was Vx(A(x) V -iA(x)) where A(x) 
is 3zA(x, z) where A(x, z) numeralwise expresses Ti(x, x, z); A was 
unrealizable because, if a number a realized it, {{a}(x ))0 would be a 
general recursive representing function of the predicate (Ez)T\(x, x, z), 
which is not general recursive (IM Theorem V p. 283). Now similarly 
no general recursive function a realizes A (details in a moment), 
so A is unrealizable; but a function a primitive recursive in the 
representing function t of (Ez)Ti(x, x, z) can be defined classically 
which realizes A, so A is realizable/r. Hence now -iA is also un¬ 
realizable, and unrealizable/?? for every rj, and - 1 - 1 A is realizable. 

To simplify the details (which otherwise should follow Corollary 9.6) 
we may either suppose the list of function symbols (introduced as 
described in 5.1) extended sufficiently to include one f for the rep¬ 
resenting function of T\(x, x, z) and let A(x, z) be f(x, z)= 0 , or 
without extending the symbolism we may choose the A(x, z) to 
numeralwise express T\(x, x, z) by the method of Lemma 8.5 below. 
In either case (using Lemma 8.4a in the second), (Ee) {e realizes-#, 2 
A(x, z)} -> Ti(x, x , z), and there is a primitive recursive function e A(xz) 
(arbitrary in the first case) such that Ti(x , x, z) {e A(x z) realizes-#, 2 
A(x, z)}. The proof that A is realized in the former sense by no number 
a is as before (IM p. 512 (i), after applying Clause 7 p. 503). Similarly, 
A is realized in the present sense by no general recursive function a, 
because then the general recursive function sg(({a}[#]( 0 ))o) would 
represent (Ez)T i(#, #, z). Let <p[r, x] = <JgszTi(x, x, z), (ezTi(x, #, z), 
e A (x,z>» (cf. IM P- 317). Then <p[r, x] is general, a fortiori partial. 
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recursive; so using Lemma 8.1 via ( 8 . 2 a), and 8.2 next to last % the 
function a = Ax<p[r, x] is primitive recursive in t, and realizes A 
(using (x)Tx(x, x , 0) and cases from (Ez)T±(x, x , z) V ( Ez)T\(x , 2 )). 

Although we now consider that the new notion of realizability gives 
a more faithful interpretation of intuitionistic number theory, the 
old one remains of interest. It is simpler for establishing unprovability 
results for intuitionistic formal number theory as in IM Theorem 63 
p. 511. Also it lends itself to investigations of intuitionistic number 
theory which depend on the realizability of each formula being 
expressible by another formula of the same system or the system 
inessentially extended (cf. IM top p. 406), as in Kleene 1945 §§ 12-16 
and Nelson 1947 §§ 2, 11, 12 . This property of realizability is lost under 
the new notion as applied to the formal system of number theory, 
though we have it again for the intuitionistic formal system of analysis. 
Kleene in 1945 used this property of 1945 -realizability for intuitionistic 
number theory to set up a system of number theory corresponding to 
the starker form of constructiveness which that realizability inter¬ 
pretation represents, by adjoining to intuitionistic formal number 
theory certain realizable but classically false formulas (also cf. IM 
p. 514). Such a form of constructivism has been favored by Markov 
and Sanin, if we correctly understand their position. A different- 
appearing interpretation by Sanin 1958, 1958a is shown in Kleene 1960 
to be equivalent to 1945 -realizability. 

8.7. Lemma 8.2. Let Ti be a list of those of the variables Y which 
actually occur free in E, not necessarily in the same order as in T*; and 
let W\ be the list of the corresponding ones of the numbers and functions 
W. Then e realizes~¥\ E, if and only if e realizes-W E. 

Proof. By induction on the number of logical symbols in E. — 

Equivalently to the definition in 8.5 (as we show in a moment), 
a formula E containing free only Y is realizable (; realizable/T ), if there 
is a function <p, general recursive (general recursive in T), such that, 
for each Y, q> [IP] realizes-'P E. Any function <p with the latter property 
we call a realization function for E (in the list Y) ; and any function e 
which realizes-^ E, e.g. <p\Y], we call a realizing-W function for E 
(in the list Y). This notion of realizability is independent of the 
choice of the list T, as we see thus (similarly for realizability/T). 
Suppose <p is a general recursive realization function for E in a given 
list and let 9 ?i[¥ f i] = <p [5**] where Ti is a minimal list (as in 
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Lemma 8.2) and W* comes from Yby replacing each number (function) 
correlated to a variable in Y not in Yi by 0 (by U 0). Then by Lemma 
3.2 (with 8.2 % 2) <pi is general recursive, and by Lemma 8.2 is a 
realization function for E in the list Yi. Inversely, if y>i is a general 
recursive realization function for E in Ti, and ylY] = then 

f is a general recursive realization function for E in T. 

To prove the equivalence to the definition in 8.5, take Y to be the 
free variables of E in order of first free occurrence. For E closed, 

Y is empty; and if e is general recursive <p[Y] = e is, and inversely. 
For E open, say e.g. its closure is VaVaE. If <p is a general recursive 
realization function for E in a, a, then using Clauses 8 and 6 and 
Lemma 8.1 Aa Aa <p [a, a] is a primitive recursive realizing function 
for VaVaE. (If <p is a realization function for E general recursive in T, 
then using end 8.2 <p[ a, a] = <pi[a, a, E\ for some partial recursive 
function <pi and list £ of one-place functions primitive recursive in T, 
and AaAa <pi[a, a, Z] is a realizing function for VaVaE primitive 
recursive in T.) Inversely, if e is a general recursive realizing function 
for VaVaE, then, using Clauses 8 and 6, Xaa {{e}[a]}[a] is a general 
recursive realization function for E. 

In the foregoing definition of ‘E is realizable/T’ the functions in 
the class or list T are not assigned as values to respective function 
variables. Now say as before that E contains free at most the variables 

Y (of either type), suppose Y is (0, 0), and let Y = (0, 0) be values 
of T. We say E is realizable-0\T if there is a function <p general 
recursive in (functions of) 0, T such that, for each 0, <p[ 0~\ realizes- 
0 E; or equivalently, if a function e general recursive in 0, T realizes-0 
the closure V<DE of E with respect to O. Similarly, without the T 
(cf. Kleene 1957). The notion ( E is realizable-0 JT’ differs from ‘E is 
realizable/T’ in that 0 are assigned as values to 0, and the universal 
quantification ‘for each 0 ’ (or VO) applies only to the rest of W (or Y). 
In view of Lemma 8.2, functions among 0 correlated to function 
variables among 0 not actually occurring free in E can equivalently 
be considered as part of the T. For the same reason, one-place functions 
of T can equivalently be included among the 0 by correlating them 
to function variables not free in E; and so only in the case T is an 
infinite class of functions is the notion ‘E is realizable-0/T' more 
general that ‘E is realizable-0’. 

The reader may elect to start § 9 next (filling in later). 
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8 . 8 . From a realization function <p general recursive (general 
recursive in T), we obtain realizing- 1 ? functions gjpP] general recursive 
in W (in W, T). However, by the next lemma, with © — Y, then 
<^e is another such realization function with realizing- 1 ? functions 
<Pe[*?] primitive recursive in W (in W, T). 

Lemma 8.3. To any formula E containing free only Y, any 0CT, 
and any function % general recursive absolutely (in T), there is another 
such function X e such that: For each W, X e[^] is primitive recursive 
in 0 (in 0 , T), and if %{&] realizes-? E so does X -e[ 0] (where 0 are 
those of ? which correspond to 0). 

Proof, by induction on the number of logical symbols in E. 

Cases 1 and 5: E is prime or E is -|A. Let X e\@] = kt 0 . 

Case 2 : E is A & B. Let X e[0] = <Oc[0])oa, 0c[6>])ib> where 
(%[0])oa is (X0 (*[6>])o)a[6>] etc. 

Case 3: E is A V B. Let X n[0] = <(%[<9](0))o, 

^sg(feOT(0))o)*feM)iAW + sg(( Z [0](O)) o )-(z[0])iBW>. 

Cases 4 and 8 : A ^ B or VotA. Aa [©]}[«]. (For % general 
recursive in T, Aa {%i\0, X]}[a]; cf. 8.7 ^[4.) 

Case 6 : VxA. Ax {% [©]}[>]. 

Case 7: 3xA. <(xl@](0))o> (*[6>])ia>. 

Case 9: 3«A. <A {( x [0] )o}, fc[0])iA>. 

8.9. Brief indications of the following results were given in Kleene 
1960 (in the last sentence of § 1 with Lemma 2.1a and 2 . 1 b and Foot¬ 
note 9, and Footnote 1). That E in Lemma 8.4a is true- 1 ? is simply 
the proposition expressed upon translating E directly into the informal 
language under the usual reading of the symbols with W as the values 
of Y. (In Clause 1 of 8.5 we did not have any logical symbols to 
translate. On IM p. 499 we had no free variables, while on p. 500 we 
gave the free variables the generality interpretation p. 149 instead of 
values under the predicate interpretation p. 146.) 

Lemma 8.4a. To each formula E containing free only the variables 
Y and not containing V or 3, there is a primitive recursive function ce 
such that, for each W: 

(i) If (Ee)[e realizes-? E], then E is true-?. 

(ii) If E is true-?, then ce realizes- 1 ? E. 

Proof, by induction on the number of logical symbols in E. Ac¬ 
cording as E is of the form P (a prime formula), A & B, A D B, -|A, 
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VxA or VocA, let €e = At 0, <€a, £b)j Aa €b, 0, Ax ca or Aa ca, 

respectively. One case will suffice to illustrate the reasoning. 

Case 4: E is AdB. Then ce = Aa cb- (i) Suppose e realizes- W 
AdB. Suppose A is true-*# 7 ; then by hyp. ind. (ii), e A realizes -*# 7 A, 
so {e} [e a] realizes- W B, and by hyp. ind. (i), B is true-*# 7 . (ii). Suppose 
AdB is true-?# 7 . Suppose a realizes-*# 7 A; then by hyp. ind. (i), A is 
true-*# 7 , so B is true-?# 7 , and by hyp. ind. (ii), e& realizes-*# 7 B. Thus 
Aa e B realizes- W AdB. 

Lemma 8.4b. To each formula E containing free only the variables 
*F, and containing no 3, other than in parts of the form 3xP(x) with 
P(x) prime or of the form 3aP(a) with P(a) prime, and no V, there is a 
partial recursive function ce[ , # / ] such that, for each W: 

(i) If (Ee) [e realizes- 1 !* E], then E is true - 1 ! 7 

(ii) If E is true-W, then ceC*# 7 ] (= eEf*# 7 , t) is completely defined 

and) realizes-T E. 

Proof, by induction. According as E is of the form P, A & B, 
AdB, -,A, VxA(x), 3xP(x) or VoA(a), let ceC*# 7 ] = U 0, <€ A [*# / ], € B [W]>, 
Aa eeC?# 7 ], U 0, Ax e A(X )[*# 7 , x], ifixPffP, x), U 0 > (where P(W, x) is the 
primitive recursive predicate expressed by P(x)) or Aa Ws*. »]■ 

Case 9: E is 3aP(a). Say e.g. *F is a, (L Now P(a) expresses a 
primitive recursive predicate P(a, ft, a). Using IM Theorem VI* (a) 
with its proof from Theorem IV* (6) (IM pp. 292 etc.) with ft, a instead 
of j$, a (cf. end 8.2), there is a number e such that ( Ea)P(a , (3, a) = 
(Ea)(Ey)T\’ l (P(y), «(y), e, a) = (Es)[Seq(s) & T]’ 1 0(lh(s)), s, e, a}] and 
Seq(s) & T5 jl (/5(lh(s)), s, e, a) P(a, {}, U ($)* — 1). So we take ce [a, (3] 
= iA U (/^s[Seq(s) & Tl’ 1 0(lh(s)), s, e, #)])* — 1, kt 0>. — Cf. Remark 
9.16. 

Lemma 8.5. To each general recursive function 99 f*# 7 ) [predicate 
Pfl# 7 )], there is a formula P(T, w) [P(*F)] not containing V or 3 which 
numeralwise represents [expresses] it (5.3 [5.4]) in the intuitionistic 
formal system of analysis (or any subsystem including Postulate Groups A 
and B and Axiom x l.l), besides representing [ expressing ] it under the 
usual interpretation of the symbolism. 

Proof. We modify the proofs of IM Theorems 27 p. 243 and 32 (a) 
p. 295 and Corollaries as extended on p. 298 (lines 13-16), and material 
contributing thereto, as follows. In Case (IV) for Theorem I p. 241, 
we change to <p(x lt ...,x n , «i, • ■ ■, oci)=w = (yi)... (y m )[xi(xi, . ., 
x n ,ai, . . ., ai) —yi & ... & Xm(x 1, . . ., X n , a 1} . . ., af) =y m -> y)(y 1, . . ., 
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y m , a i, ...,ai)=w\. In Case (Vb) for Theorem 27 (and similarly in 
Case (Va)), we make several changes. First (also on top p. 296), we 
take a<b to be an abbreviation for Vca^b+c (not 3cc'+a=b) or 
to be prime (cf. above preceding *15.1). Then, instead of using 
B(c, d, i, w) as defined on p. 203, we take it to abbreviate 
-,Vvcy^(i'-d)'-v-|-w & w<(i'*d)' (cf. *180b p. 204). Finally, the dis¬ 
played formula middle p. 243 becomes 

VcVd{Vu[B(c, d, 0, u) D Q(x 2 , • • •, x w , «i, ..., a*, u)] & Vi 1<y VuVv 
[B(c,d,i',u)&B(c,d,i,v) z>R(i,v,X 2 , ... ,x w ,a i,... ,a z ,u)] DB(c,d,y,w)}, 

abbreviated P(y, X 2 , ..., x n , oci, ..., oq, w). Instead of proving directly 
that this works, we can establish its equivalence to the previous 
formula, as we shall do in Lemma 8.7. 

Remark 8 .6. IM pp. 244-245 Remark 1, concerning the formula 
P(T\ w) given by the method of proof of IM Theorem 27 to numeralwise 
represent a primitive recursive function <p(^P), extends to the case W 
may include function variables. 

Lemma 8.7. For each primitive (general) recursive function y(W), the 
forrhulas P(*F, w) and Pi(T, w) given by the proofs of IM Theorem Tl 
(32 (a)) and the present Lemma 8.5 respectively to numeralwise represent 
(p(T / ) are equivalent (even in the subsystem of Lemma 8.5), i.e. 
f-POF, w) ~Pi(T,w). 

Proof, for (p{fF) primitive recursive, by induction on the length k 
of a given primitive recursive description of (p{fF ). In Cases (Va) and 
(Vb), the proposition will follow from I, II, IV below and the hyp. ind.; 
in these cases, we write (y, 0) for T, and in (Va) Q(w) is w=q, 

I. ba<b~ a<ib. For, a<b ~ -»(a>b) [*140, *141, *63] —' 
-i3ca=b+c ^ Vca^b+c [*86]. 

II. b B(c, d, i, w) ~ Bi(c, d, i, w). For, write the right member 

of *180b as 3v(A&B). Then 3vA ^ 3v T < c A. By *150 with *158, 
3v v < c A V -i3v v < c A. Hence 3vA V -i3vA. Hence by *49c, 3vA ~ 
-i-i3vA ~ -iVv-iA [IM p. 166 II]. So B(c, d, i, w)3v(A & B) 
[* 180b] — 3vA & B [*91]-,Vv-,A & B. 

III. In Cases (Va) and (Vb) for IM Theorem 27, 

b 3c3d{3u[B(c, d, 0, u) & Q(0, u)] & Vi 1<y 3u3v[B(c, d, i', u) & 

B(c, d, i, v) & R(i, v, 0, u)] & B(c, d, y, w)} ' 

VcVd{3u[B(c, d, 0, u) & Q(0, u)] & Vi i<y 3u3v[B(c, d, i', u) & 

B(c, d, i, v) & R(i, v, 0, u)] z) B(c, d, y, w)}. 
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Ilia. Assume, preparatory to 3-elims., 

(a) 3u[B(c 0 , d 0 , 0, u) & Q(0, u)] & Vi i<y 3u3v[B(c 0 , d 0 , i', u) & 

B(c 0 , d 0 , i, v) & R(i, v, 0, u)] & B(c 0 , d 0 , y, w). 

Assume, preparatory to Z)- and V-introds., 

(b) 3u[B(c, d, 0, u) & Q(0, u)] & Vii <y 3u3v[B(c, d, i', u) & 

B(c, d, i, v) & R(i, v, 0, u)]. 

We aim to deduce B(c, d, y, w). But first we shall deduce, by ind. 
on i, 

(c) i<y D Vu 0 Vu[B(c 0 , d 0 , i, u 0 ) & B(c, d, i, u) D u 0 =u]. 

Basis. Similar to the: Ind. step. Assume (1) i'<y, ( 2 ) B(c 0 , do, 
i', u 0 ) and (3) B(c, d, i', u). From (a), assume for &- and 3-elim., 
(4) B(c 0 , do, i', ui), (5) B(c 0 , do, i, Vi) and (6) R(i, Vi, 0, ui). From 
(b), assume (7) B(c, d, i', u 2 ), (8) B(c, d, i, v 2 ) and (9) R(i, v 2 , 0, u 2 ). 
By hyp. ind. with (1), (5) and (8): (10) vi=v 2 . By IM p. 245 top line 
(with Remark 8.6), 3 !wR(i, Vi, 0, w). So by (6) and (9) with *172: 
(11) ui=u 2 . By * 180c, 3!wB(c 0 , d 0 ,F, w). So by (2) and (4): (12) 
u 0 =ui. Similarly by (7) and (3): (13) u 2 =u. Combining (12), (11) 
and (13): u 0 =u. — By (a), B(c 0 , d 0 , y, w). Case 1 : y>0 (or Case 2: 
y=0). From (b), assume B(c, d, y, u). By (c), w=u. So B(c, d, y, w). 
111 b. Write the converse (to be proved) as 

VcVd{A(c, d) D B(c, d, w)} => 3c3d{A(c, d) & B(c, d, w)}. 

Assume (a) VcVd{A(c, d) Z) B(c, d, w)}. Using IM p. 245 (3), 
3w3c3d{A(c, d) & B(c, d, w)}. Thence assume (b) A(c, d) & B(c, d, wo). 
By (a), B(c, d, w). So 3c3d{A(c, d) & B(c, d, w)}. 

IV. In Cases (Va) and (Vb) for IM Theorem 27, 

bP(y, 0,w) — VcVd{Vu[B(c, d, 0,u) z>Q(0,u)] & Vi i<y VuVv[B(c,d,i',u) 
& B(c, d, i, v) & R(i, v, 0, u)] Z> B(c, d, y, w)}. 

Use successively: III; *91; *181 p. 408 with *180c; *95; *4, *5. 

Lemma 8 .8. Let P(T, w) [P(T*)] be picked by the method of proof 
of Lemma 8.5 (or of IM Theorem 27 [ Corollary Theorem 27]) to numeral- 
wise represent [ express ] a primitive recursive function 99 ( l P) [predicate 
P(W)]. Then (even in the subsystem) 

b P(Y, w) V ^POF, w) 


[b P(T) V -,P(T)]. 
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Proof, for Lemma 8.5. Then P(Y) is P(Y, 0), where by IM p. 245 
(3) (with Remark 8.6 above) and Lemma 8.7 (with P(Y, w) as the 
Pi(Y, w)), b 3! wP(Y, w). Hence by Lemma 5.6, b P(Y, w) V -,P(Y, w), 
whence by substitution, b P(Y) V -|P(Y). 

§ 9. Realizability under deduction in the intuitionistic formal 
system. 9.1. Lemma 9.1. (a) Let Y be a list of distinct variables not 
including x; let A(x) be a formula containing free only Y, x; and let 
t be a term containing free only Y, x, free for x in A(x), and (for given 
values W, % of Y, x) expressing the number t( Y, % ). Then e realizes-W, 
t{T, x ) A(x) if and only if e realizes -Y, x A(t). (b) With similar stipu¬ 
lations (u a functor), e realizes-W, u\W, a] A (a) if and only if e realizes- 
Y,a A(u). 

With this we may combine uses of Lemma 8.2, hereafter tacit. 
For example, if A(a) contains free only a (distinct from x), and 
a and x are free for a in A(a): {e realizes-a(^) A (a)} = {e realizes-a, x, 
a(x) A(a)} [Lemma 8.2] = {e realizes-a, x, a A(a(x))} [Lemma 9.1 (a), 
with a, x as the Y and a as the x] = {e realizes-a, x A(a(x))} 
[Lemma 8.2]. 

Lemma 9.2. e realizes-W E if and only if e realizes-W the result of 
replacing each part of E of the form -|A where A is a formula by A "D 1 =0. 

Theorem 9.3. (a) If T b E in the intuitionistic formal system of 
analysis, and the formulas T are realizable, then E is realizable, (b) 
Similarly, reading “realizablejT” in place of “realizable”. 

(c) If T, E contain free only Y = (<I>, ©), and in the intuitionistic 
formal system of analysis T b E with 0 held constant, and T are 
realizable-O (end 8.7), then E is realizable-0 . (d) Similarly, reading 
“realizable-0jT” in place of “realizable-O”. 

Proof, (a) (Cf. the proof of IM Theorem 62 (a).) 

Axioms (except by x 26.3, x 27.1). For each particular axiom E (For 
most of the axiom schemata), we give a particular primitive recursive 
function e such that, for (for any axiom E by the schema,) any list Y 
of variables including all that occur free in E, and any assignment W 
of values to Y, the function e realizes- Y E; so taking 9?[Y] = e (i.e. 
(p\W] ~ Xt (p{fF, t) where (pC'F, t) = e(t)), y is a primitive recursive 
realization function for E (cf. 8.7). For the rest of these axiom sche¬ 
mata, the e may depend on some of the W as parameters (e.g. for 
Axiom Schema 13 on x). 

la. Ad(BdA) is realized-Y by /La Aft a. For, suppose (1) 
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a realizes -W A; by Clause 4 in 8.5, we must infer from ( 1 ) that 
{Aol Afl a}[a] realizes-*#' BdA. But by (8.3), {/La Aft a}[a] = Aj3 a. 
Suppose (2) (3 realizes-*#'B; we must infer from (l) and (2) that 
{A(3 a}[/5] realizes-*#'A. By (8.3), {Aft a}[/3] = a; so what we need 
is ( 1 ). 

lb. (AdB)d ((A Z) (B z> C)) Z) (A Z) C)). Also 7, via Lemma 9.2. 
An Ap Aol 

3. Ad(BdA&B). Aol Afi <(a, /5>. 

4a. A&BdA. /Ly(y) 0 . 4b. A&BdB. Ay (y) lt 

5a. AdAVB. /La <0, a>. 5b. BdAVB. 

6 . (AdC)d ((B dC)d(AVBd C)). AnApAo 
A/^((<r(0))„)-(H[(<r) 1 ])B+sg(WO))o)-({p}[Wi])W- 

8 1 . hAd(AdB). An Xt 0. Suppose n realizes-*#'-*A. Then no 
function a realizes -?# 7 A. So any function, e.g. Xt 0 , realizes -*# 7 AdB. 

ION. VxA(x) z> A(t), where A(x), t are as in Lemma 9.1 (a), so 
the free variables of the axiom are only *#' x. An {ji{\t{W, *)]. For, 
suppose n realizes-*# 7 , % VxA(x). Then by Lemma 8.2, n realizes -*# 7 
VxA(x). So {n}\t(W, x)] realizes-*# 7 , t(W, x) A(x), whence by Lemma 
9.1 (a) MM*# 7 ,*)] realizes-*# 7 ,* A(t). 

10F. VaA(oc) Z)A(u). 

1LN. A(t)D3xA(x). An <t(^P, *)„ n>. 

1 IF. A(u) Z) 3aA(a). An </L u\W, a], ri>. 

13. A(0) & Vx(A(x) z> A(x')) Z) A(x). Aocp[x, a], where p is defined 
by the "functional recursion’' 

p[ 0 , «] = (a) 0 , 

#»[*'.«] = {{(«)!}[*]}[>[*,«]]. 

Writing p[x, a] = Xt p(x, a, t), this takes the form 

p( 0 , a, t ) = ip(oc, t ), 
p(x\ a, t ) ~ %(x, cl, Xt p(x, ol, t), t) 

where f is primitive, and % is partial, recursive. To prove this p partial 
recursive, we apply the recursion theorem IM p. 353 for a as the 
*#' (Z = 1 ) with uniformity to solve for z the equation 

m (x a t) ~k(“- 1) if x = 0, 

i — 1, At {z}(*— 1, a, /), t) if x 0. 

Call the solution e, and put p(x, a , t) = {e}(x, a , t). (Cf. Lemma 3.2, 
Kleene 1956 § 4, 1959 XXIV.) 
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14, 17, *1.1: An MO. 16: AnApUO. 

15, and all prime axioms (namely, 18-21, x 0.1, the axioms of 
Group D): U 0 . 

x 2 . 1 . Vx3aA(x, a) 3 3aVxA(x, Aya(<x, y>)). An 
<A U {({^}[Wo])o}(Wi), Ax ({:rc}[#])i>. Suppose jrrealizes-¥ f Vx3aA(x, a). 
Then, for each x , ({t&}[#])i realizes-!? 7 , #, {({W[[#])o} A(x, a). Hence by 
Lemma 9.1 (b), ({/r}[#])i realizes- 1 ? 7 , #, Xt {({^}[(£)o])o}((£)i) A(x, Ay 
a(<x, y»). 

Rules of inference. 2. A, AdB/B. Noting 8.7, we choose 
*F to include all variables free in A 3 B. By hyp. ind., there are 
general recursive functions a and y such that, for each W, at 1 ? 7 ] 
realizes - 1 ? 7 A and yt 1 ? 7 ] realizes - 1 ? 7 AdB. Let ^[l? 7 ] = 

Then q> is partial recursive, and, for each W, ^t 1 ? 7 ] realizes -!? 7 B; 
hence <p is general recursive. 

9N. C D A(x) / C D VxA(x). Say, for each S 7 and x , ip[W, x] 
realizes- 1 ? 7 , x C Z) A(x). Then, for each W, Ay Ax {yt 1 ? 7 , #]}[y] realizes- 
W Cz> VxA(x). 9F. Ay Aoc {yfS 7 oc ]}[y]. 

12 F. A (a) 3 C / 3aA(a) 3 C. An {^[l? 7 , {(^)o}]}[Wi] is a realization 
function for the conclusion, if a] is one for the premise. 12N. 
An{ W [W , (»(0))o]}[Wi]. 

Axiom Schema x 26.3c. Va3 !xR(a(x)) & Va[Seq(a) & R(a) 3 A(a)] & 
Va[Seq(a) & VsA(a* 2 8 +i) d A(a)] 3 A(l). 

Assume that n realizes -!? 7 the antecedent of the main implication 
of an axiom by this schema containing free only T; all the definitions 
and inferences below are under this assumption until the final step, 
except that, when we say a predicate or function with n as a variable 
is partial recursive, n ranges over all functions. 

Now (tz)o,o realizes -!? 7 Voc3!xR(a(x)), i.e. Va3x[R(oc(x)) & 
Vy(R(a(y)) 3 x=y)}; (:rc)o,i realizes -W Va[Seq(a) & R(a) 3 A(a)]; and 
(n)i realizes - 1 ? 7 Va[Seq(a) & VsA(a* 2 8+1 ) 3 A(a)]. Hence: (1) For 
each a, ({(?r)o,o}!>])i realizes-!? 7 , a, a; R(a(x)) & Vy(R(a(y)) 3 x=y) 
for x = ({Mo,o}M(0))o. (2) For each a , p 0 , pi, if p 0 realizes-# Seq(a) 
and pi realizes- 1 ? 7 , # R(a), then {{(?t)o,i}[#]}[pOi pi] realizes- 1 ? 7 , # A(a) 
(cf. ( 8 . 1 c)). (3) For each a, po, pi, if po realizes-# Seq(a), and, for 
each s, {pi}[$] realizes- 1 ? 7 , a, s A(a* 2 s+1 ), then {{(:#) i}IXI}[po, pi] 
realizes-!? 7 , a A (a). 

Furthermore: (4) For each a, a, y, if g realizes-!? 7 , a, y R(a(y)), then 
y = x for the x of (1). For, by (1) {{({(^)o,o}[a])i,i}[y]}M realizes-#, y 
x=y, so x—y is true-#, y. 
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By ( 1 ), {(tt)o,o}[«]( 0) is defined for each a. Let 

R(n, a) = ( Ea)[a = a(x) for # = ({Ho,o}[a](0)) 0 ]. 

Clearly (5) (f})(Ex)R(jz, 

We define a partial recursive predicate R\ thus. 

Ri(tz, a) ^ [a = a.\{x\) for ol\ = U («)* — 1, x\ = ({Wo,o}[ai](0))o]. 

We show that (6) R(ti, a) = R\(ti, a). Assume R(n, a), and put 
a = 5(#) with x = ({(^)o,o}[a]( 0 ))o. By ( 1 ), ({(jt)o ( o}[a])i ( o realizes- 
*F, a, x R(a(x)), whence by Lemma 9.1 (a) it realizes- W f a(x) R(a). 
Let ai = Xt (a) t — 1. Then ai agrees with a in its first x values, so 
oly(x) = ol(x), and by Lemma 9.1 (a) ({(:rc)o,o}M)i } o realizes- W, ai, x 
R(a(y)). By (4) with ai, x and x\ = ({Wo,o}[ai](0))o as the a, y and a;, 
x — x\. So a = Conversely, a — ai[(x\) implies R(n, a). 

We shall find a partial recursive function rj with the following 
property. Let S” be the set of the sequence numbers barred with 
respect to Xa Ri(tz, a) (cf. 6.3, 6.5, 6 . 6 ). (7) a e 5? -> a] realizes- 
W, a A (a)}. To prove this, we use an intuitive application of the bar 
theorem, i.e. we use an induction over S" (the informal analog of 
x 26.8a in 6.11, with the recursiveness of Xa R\(ti, a) providing the 
first hypothesis). We begin by giving the basis and induction step. 
In each we derive a specification for rj [tz, a] that will suffice there. 
Afterwards we show that a partial recursive rj can be chosen to satisfy 
both specifications. 

Basis: Ri(tc, a). Then a = oi[(x\) etc. By ( 1 ), ({(^)o,o}[ai])i,o 
realizes-y 7 , oq, x\ R(a(x)), whence by Lemma 9.1 (a) it realizes- W, a 
R(a). Also Seq(a), so U 0 realizes-a Seq(a). So using (2), a] will 
realize- W, a A(a) if rj[n, a] = {{(w) 0 ( i}M}[^ 0, ({(w)o,o}[ai])i,o]. 

Ind. step: Seq(a) & ($)[a*2 s+1 e S"]. By hyp. ind., for each s, 
r)[7z, a*2 8+1 ] realizes- W, a*2 s+1 A(a), whence using Lemma 9.1 (a) it 
realizes-y^, a , s A(a* 2 s+1 ). So, using (3), r}[7i, a] will realize-^, a A(a) 
if a ] = {{(rc)i}[#]}[^ 0 , Asrjlpz, a* 2 s+1 ]]. 

Definition of rj. It will suffice to have rj\_ 7 t, a] ~ Xu 7 )(ti, a, u) 
where 

ri(lT a ^ |{{Wo,i}M}[^0. ({Wo,o}[^ W^l])i,o]M if Ri(jc,a), 

^ [{{(7z)i}[a]}[XtO, As Xtr}(jz, a*2 s+1 ,t)](u) otherwise. 

Upon replacing rj by { 2 :}, this equation assumes the form a, u ) ~ 
ip(z, 7t, a, u) with a partial recursive ip. A solution e for 2 is given by 
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the recursion theorem IM p. 353 for n as the !? with uniformity. 
We take r}(n, a, u) ~ {e}(n, a, u ); as remarked after Lemma 8.1 (with 
( 8 . 2 a)), the specialization of z to e under the operation As is valid. 

By (5) and ( 6 ): ( 8 ) 1 e SJ. Hence by (7), rj[ji, 1] realizes- 1 ?, 1 A(a), 
whence by Lemma 9.1 (a): (9) rj[7t, 1] realizes- 1 ? A(l). 

Finally, Anr)[n, 1 ] realizes- 1 ? the axiom. 

Axiom Schema x 27.1. Va3pA(a, p) z> 3TVa{Vt3 JyT(2 t+ 1 *a(y)) >0 & 
Vp[Vt3yx(2t+i*a(y))=p(t)+1 Z) A(a, p)]}. 

Assume (outside the definitions of the recursive functions and the 
final step) that n realizes-!? Va3£JA(a, p). 

Consider any a. Now (1) for each a, ({:?}[a])i realizes-!?, a, fii 
A (a, p) for Pi — {(M[a])o}- Let ? — Aa = Aa {(M[a])o}- By ( 1 ) and 
Lemma 8 . 1 , {?}[«] is properly defined, i.e. (2) (t)(Ely)x(2 t+1 *a(y))>0, 
and (r}[a] = fa, whence by (8.1): (3) (t)x(2? +1 *a(yt))=Pi(t) +1 where 
yt = /*y?(2* +1 *a(y))>0. 

Now we seek a function po to realize-?, a Vt3 !yT(2 t+ 1 *a(y)) > 0 , i.e. 
Vt3y[T(2 t+ 1 *a(y))>0 & Vz(x(2 t+ 1 *a(z)) >0 D y=z)], taking the in¬ 
equality as a prime formula (cf. preceding *15.1 in 5.5). Consider 
any t. Using (3), x( 2 t+ 1 *a(y)) >0 is true-?, a, t, yt and hence is realized- 
t, a, t, y t by As 0. If a realizes-?, a, t, z x(2 t+ 1 *a(z)) >0, then 
x(2 t+ 1 *a(z)) >0 is true-?, a, t, z , hence by (2) 2 — yt, and hence As 0 
realizes-^, yt z=y. Combining these results, Vt3!yx(2 t+ 1 *a(y))>0 is 
realized-?, a by p Q = At </*y?( 2 (+ 1 *a(y)) > 0 , <As 0 , Az Aa As 0». 

Next we seek a function pi to realize-!?, ?, a 
Vp[Vt3yx(2 t+ 1 *a(y))=p(t) +1 z> A(a, p)]. Consider any {}. Suppose 
a realizes-?, a, Vt3y?(2 t + 1 ^a(y))=p(t)-)-l. Then, for each t, ({o}[£])i 
realizes-?, a, fi, y t x( 2 t+ 1 *a(y))=p(t) +1 for y t = ({ff}[/]( 0 ))o; thus 
(Q?(2*+i*a(yi))=/J(Q+l. Hence by (2) and (3), p = ft, so by (1) 
({;?}[a])i realizes- 1 ?, a, ft A(a, p). So we take pi = Afi Aa ({^}[a])i. 

Altogether, the axiom in question is realized- 1 ? by An <A ?, Aa 
ipo, pi» for ?, po, pi as above. 

(b) Say T is Di, ..., D/. Now each D^* has a realization function 
general recursive in some finitely-many functions of T; let T 
be a list of all the functions of T thus used for / = 1 , reduced 

(if necessary) to one-place functions by end 8.2. By the penultimate 
remark in 8 . 2 , it now suffices to construct, for each formula A$ of 
the given deduction, a realization function A!?* $?*[!?<] of the form 
XWi <pi\Wi, E] with XWiE <?«[!?«, E] partial recursive; e.g. for Rule 9N 
we now use Ay Ax x, E]}[y]. 
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(c) By an application of IM Lemma 8 b p. 104 and changes of bound 

variables, we can replace the given deduction of E from F by one of 
E from T in which 0 do not occur as bound variables, where T, £ are 
congruent to F, E. Then also F are realizable-0, and E is such if £ is. 
Now we can reconstrue 0 to be individual and function symbols 
rather than number and function variables; in the resulting formal 
system, contrary to Lemma 3.3, terms express under the intended 
interpretation functions primitive recursive in & instead of absolutely. 
So now we adapt the proof of (b) to construct realization functions 
XVi<Pi\Wt] of the form XW i i Pi \_'P it 0] with A^6> &] partial 

recursive. 

(d) The realization functions are of the form XWi(pi[Wi, 0, 

9.2. Corollary 9.4. If A is realizable, and B is unrealizable, then 
AdB is unrealizable. If A is realizable or realizablefo for any rj, then 
-iA is unrealizable and unrealizable/6 for every 6. Similarly reading 
“realizable-0” in place of “realizable ”; etc. 

Corollary 9.5. The intuitionistic formal system of analysis is 
simply consistent, i.e. for no formula A are both A and -*A provable . 

Proof. For no A are both A and -iA realizable, by Corollary 9.4. — 

This consistency proof uses informally only methods corresponding 
to the common portion of the classical and intuitionistic formal 
systems. 

It is of course not a metamathematical consistency proof, as a 
non-elementary interpretation is used. 6 But presumably it can be 
formalized in the basic formal system (i.e. intuitionistic analysis 
minus x 27.1) to give a strictly finitary metamathematical consistency 
proof for the intuitionistic formal system of analysis relative to the 
basic system, just as in Nelson 1947 with Kleene 1945 § 14 the proof 
by the old realizability interpretation of the consistency of a certain 
non-classical extension of intuitionistic number theory was formalized 
to provide a metamathematical consistency proof for the extended 
system relative to the unextended one. Such a formalization must be 
quite laborious, as it must begin with a formalization of the pre¬ 
supposed theory of partial recursive functionals. Our confidence that 
it can be carried out is based on a careful review of everything which 
went into the above interpretative consistency proof, and on a part 

6 The “ N ” of IM pp. 500 ff. applies to the theorems, corollaries, lemmas and 
remarks here (not already labelled " c ”) which use realizability notions. 
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of the work of formalization already carried out. (We shall perhaps 
say more in a later publication.) 

Corollary 9.6. If P(ai, . .., a*, ai, ..., a z ) numeralwise expresses 
a general recursive predicate P(ai, ..., ajc, ai, ..., a z ) in the intuitionistic 
formal system of analysis (or any subsystem thereof), then, for each 
a\, —, ajc, ai, ..., a z , P(ai, ..., a*, ai, ..., a z ) is realizable-ai, . .., ajc, 
ai, ..., a i if and only if P(a±, ..., a^, ai, ..., a z ). 

Proof, adapting that of IM Lemma 47 p. 512. Suppose 
P(ai, ai, . ..,a z ). Then by IM §41 (i) p. 195 with p. 298 

(cf. 5.4), E£;;:2 h P(ai, ..., a k , ai, ..., a z ) with ai, . .., a z held 
constant. But E£;;;2 are prime and true-ai, ..., a z and hence 
realizable-ai, ..., a z . So by (c) of the theorem, P(ai, ai, ..., a z ) 

is realizable-ai, ..., a z , and hence by Lemma 9.1 (a), P(ai, ..a k , 
ai, ..., a z ) is realizable-ai, ..., a*, ai, ..., a z . Conversely, suppose 
P(ai, ..., a*, ai, ..., a z ) is realizable-ai, ..., a z . Values 

of ai, ..., a z being available as required, P(a\, oti, ..., ot z ) v 

P(«i, .. aje,(xi, ..., a z ); etc. as before. — 

Corollary 9.6 may be used in conjunction with IM Corollaries to 
Theorems 27 and 32. A different approach is provided by Lemmas 
8.5 and 8.4a. 

9.3. In the definitions of 'realizes-!?'' and 'realizable', let the range 
of the informal function variables e, X P, a be confined to the functions 
belonging to a class C closed under general recursiveness (i.e., when¬ 
ever E eC and q> is general recursive in E, then <p e C), or general 
recursive in a function £ or in section c (Kleene 1963 p. 133), and 
hence containing all general recursive functions. There result notions 
Cjrealizes-W and C/realizable, or £ jrealizes-W etc. 

We can simultaneously use recursiveness in T instead of recursive¬ 
ness in the definition of ‘realizable’, obtaining for a ICC a notion 
C/realizable/T (and similarly for 0, T C C, C/realizable-0/T ; etc.). The 
C acts as a ceiling on all the functions considered, the T as a threshold 
below which constructivity is not demanded. 

Theorem 9.7. For any class C of functions closed under general 
recursiveness (e.g. the general recursive functions ): If V h E in the 
intuitionistic formal system of analysis without Axiom Schema x 26.3 
(the bar theorem), and the formulas Y are C/realizable [C/realizable/T, 
where ICC], then E is C/realizable [C/realizable/T] ( cf . Theorem 
9.3 (a), (b)). With corresponding changes. Lemmas 8.2, 8.3, 8.4a, 8.4b, 
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9.1, 9.2, Theorem 9.3 (c) and (d), and Corollaries 9.4 and 9.6 hold 
(call them Lemma C/8.2 etc.). 

Proof. We reexamine the former proofs, omitting the case of 
x 26.3 in that of Theorem 9.3, to verify that the reasoning holds 
good when the universe of functions is C. 

Lemma 9.8, toward Corollary 9.9. (Kleene 1950 a § 3.) There is a 
primitive recursive predicate R(a) such that , writing a e 0 = {« is 
general recursive } (Kleene-Post 1954) and B(oc) = (£)a(£)<l: 

( a ) ( a )«eo&tf(<n(^)^( a M) 1 

(b) (z)(Eoc) 

•*€<)&#(«) (*)*<*■&(“(*)). 

whence 


(c) (Ez)(oc) 

*e0 8cB(*) {^ x )x<s^i^{ X ))> 

whence by the fan theorem (the informal analog of *26.6a) 

(d) (a)^^^^)/?^^)). 

Proof. Using the W 0> W x of IM p. 308, let 

W{i t v) = (Cy) if *' = 0 , 

w(ht,y) if i ^ 0 , 

R(a) = (Et) t<lh(a) (Ey) y<lh ( a) ^ i W((a)t — 1, t, y). 

Then, for each a with B(ot), 


( 1 ) R(Sc(x)) = (Et) t<x (Ey) y<x ^ t W a{t) (t, y). 

(a) Consider any general recursive a with B(ot). Using IM Theorem 
IV p. 281, 

(2) oc(t)= 1 ^ (Ey)T Y (f 0 , t, y) ^ (Ey)T x ((f ) 0 , t t y), 

(3) «(*)=0 ^ {EyyTtfu t, y) = t, y), 


for suitable numbers /o, / 1 , / = </o, /i>. Case 1: a (/) = 1. Then 
(£y)Ti((/)o, /, y); and /, y), whence (z)T i((/)i, /, z). So 

(Ey)W\(f,y), i.e. (Ey]W a{f) (f, y). Case 2: a(/) =0. Similarly. — By 
(1) (with x = /+y+l, t = /), (Ex)R(oc(x)). 

(b) Consider any 2 . Let 


1 if t<z & (Ey) y<z ^ t W 0 (t, y) (Case A), 
0 if t<z & (Ey) y<z ^ t Wi(t, y) (Case B), 
0 otherwise. 
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Then aeO & B( a). Consider any x < z. Suppose R(a(x)). By (1), there 
is a t < x < 2 and a y < x—t < z~t such that lT a(<) (£, y). Thence we 
obtain a contradiction, by cases. Case 1: a(£) — 1. Then W\{t, y), 
and by Case B of the definition of a, a (t) = 0. Case 2: <x(t) ~ 0. 
Similarly. 

Corollary 9.9. The bar theorem x 26.3 and the fan theorem *26.6 
or *27.7 do not hold in the intuitionistic system without the former as 
axiom schema , i.e. some formulas of the forms x 26.3, *26.6, *27.7 (and 
via deducibility relationships, *26.4, *26.7- x 26.9, *27.8-*27.14) are 
unprovable in it. 

Also, by Corollary 9.5, the negation of no instance of x 26.3 etc. 
is unprovable. So x 26.3 etc. are “independent” of the other postulates 
of the intuitionistic system. 

Proof of Corollary 9.9. Taking C = {the general recursive func¬ 
tions} = 0 in Theorem 9.7, all formulas provable in the system in 
question are O/realizable. 

x 26.3, *26.6. We shall show that the following substitution instance 
of the fan theorem *26.6a (deducible in this system from an instance 
of x 26.3a) is not 0/realizable: Va[Seq(a) z> R(a) V -iR(a)] & 
Va B(ot) 3xR(a(x)) D 3zVa B(a) 3x x < z R(a(x)), where B(a) is Vta(t)<l 
(At 1 being substituted for (J in *26.6), R(a) is a formula numeralwise 
expressing the primitive recursive predicate R(a) of Lemma 9.8 
obtained by the method of proof of Lemma 8.5, and for simplicity 
x<z and a(t)<l are prime. Suppose a general recursive function e 
0/realizes it. By Lemma 0/8.4a (ii) in Theorem 9.7, R(a(#)) -> {e R(5(x)) 
O/realizes-a, x R(a(x))}. By Lemma 8 . 8 , h R(a) V -iR(a), whence 
f- Va[Seq(a) D R(a) V -*R(a)]. By Theorem 0/9.3 (a), the latter for¬ 
mula is 0/realized by a general recursive function Co- Consider any 
aeO; by Lemma 0/8.4a (i), a function pe 0 O/realizes-a B(a) only 
when B(ot), and in this case by Lemma 9.8 (a) x\ = p,xR(ci(x)) is 
defined and R(a(#i)). So ti = Aol Ap <#i, e R( « (x)) > 0/realizes 
Voc B(a 0 3xR(a(x)). Hence rj = ({e}[Co, Ci])i 0 /realizes -2 Va B(a) 3x x < z R(oc(x)) 
for 2 = ({e}[to, Ci](0))o- Now consider any general recursive a such 
that B(a). By Lemma 0/8.4a (ii), B(oc) is 0/realized-a by e B(at) ; so 
x<z is O/realized-Jt, 2 by ({{^}[a]}[€ B(at) ])i ) o, and R(a(x)) is 0/realized- 
*> x b Y ({MH}[«b(«)])i.i. f°r * = ({fe}W}[ € B(«J(0))o. Then * < z, 
and by Lemma 0/8.4a (i), R(a(%)). Thus (ot) ae0&fl(a 
contradicting Lemma 9.8 (c). 

*27.7. Proceeding similarly, for R(a(b)) as the A(a, b) of *27. 7 t 
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we obtain rj and z such that rj O/realizes-z Va B(ac) 3bVY B(Y) [Vx x<z 
y(x)—a(x) d R(Y(b))], whence we infer that 

Let S be the finite set of the numbers a such that Seq(a) & lh(a )=2 & 
(t)[(a)t<2\, and let z± be the maximum of the b’s given by (i) for 
oc = Xt (a) t — 1 for aeS. Then (a ) a e 08 cBM( Eb )b<z 1 R (*( h )) / contradicting 
Lemma 9.8 (c). 

9.4 C . In this and the next subsection we use classical reasoning. 

The “jump 1 ' operation ' of Kleene-Post 1954 takes a predicate 
Xa A(a) into the predicate Xa (Ex)Tf(a, a, x), or more generally a 
function Xa a(a) into (the representing function of) the predicate 
Xa (Ex)T\(a } a, x) (cf. IM p. 292). 

A (number-theoretic) function <p{a\, ..., a n ) is arithmetical if its 
representing predicate <p(a\, ..., a n )=w is arithmetical IM pp. 239, 285. 

Lemma 9.10 c . The arithmetical functions constitute the least class of 
functions closed under general recursiveness and the jump operation '. 
(Kleene-Post 1954 with IM; or Kleene 1955b §§ 2, 3.) 

Proof, from results in IM. First, <p and its representing predicate 
are general recursive each in the other, by ##14, C pp. 227-228 
(with Theorem II p. 275), and Theorem III p. 279 with q)(a\ t ..., a n ) 
=/xw[<p(ai, ..., a n )=w]- Now suppose <p is general recursive in 
arithmetical functions yi, By Theorem VII (d) p. 285, the 

representing predicates Q lt .. .,Qi of yi, ..., yn are expressible each 
in one of the forms of Theorem V Part II p. 283, say with k\ y ..ki 
quantifiers, respectively. Then, by introducing redundant quantifiers 
if necessary, all are expressible with k = max(&i, ..&j) quantifiers. 
So by Post’s theorem Theorem XI p. 293 (and Theorem VII (b)), the 
representing predicate of y is arithmetical. Thus the arithmetical 
functions are closed under general recursiveness. As T\(a t a , x) is 
primitive recursive in a (p. 292), hence by Theorem II general recursive 
in a, and by definition the arithmetical predicates are closed under 
number-quantification, the arithmetical functions are closed also 
under '. To show conversely that each arithmetical function is 
definable using only general recursive operations and r , it suffices by 
Theorem VII (d) to show it for predicates expressible in the forms 
of Theorem V. We do this by induction on the number k of the 
quantifiers. For k = 0, it is immediate. Say P(ai, ...,a n ) is ex- 
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pressible using k -\-1 quantifiers. If an existential quantifier (Ex) 
is outermost (otherwise we first consider P(ai, ..., a n )), then (using 
at = (<«i, ..., a n y)i- 1 ) P(a lt ...,«*) = (Ex)A«a lt ..., a n >, %), where 
A (a, x) is expressible using k quantifiers and hence by hyp. ind. is 
definable by general recursive operations and '. Let ft = Xa oc((a)o, (a) i) 
where a is the representing function of A. Then A is recursive in /?; 
so by p. 343 Example 2 for l = 1, (Ex)A(a, x) = (Ex)T{(y(a), y>(a), x) 
for a primitive recursive y>. Thus P(a 1} ..., a n ) is recursive in 
(Ex)A(a t x), which is recursive in (Ex)T((a, a, x), which comes by ' 
from ft, which is recursive in A (a, x). 

Remark 9 . 1 l c . We now give informally a classical proof of the fan 
theorem via Konig's lemma 1926 (amplifying Kleene 1958 p. 139 lines 
11-12). The fan theorem *27.9 in the informal symbolism is 

(a) ->• (Ez)(oc) B ^ ) (Ex) x ^ s R(5c,(x)) 

where B( a) is (2)a(£) < ^(a(^)). This is equivalent via contraposition 
etc. to 

(b) (2)(Eo£) B{a) (A;) a .< ia R(a(A;)) 

which upon being expressed geometrically will be Konig's lemma. 
For the geometrical version, after representing the fan by a tree as 
in 6.10 ^[3, we now print in bold face along each path a all the 
vertices up to the first one (if any) inclusive (underlined) at which 
!?(&(#)), i.e. those occupied by sequence numbers not past secured 
6.3. Again we suppress the part of the tree which is not in bold face. 
Now the hypothesis (z)(Eoc) B{<t) (x) x < s R(6L(x)) of (b) says that in the 
tree remaining there are arbitrarily long finite paths (not illustrated 
by Figure 1 in 6.5). The conclusion (£a)(#) R(a (x)) says there is an 
infinite path. Indeed, we trace an infinite path by the following rule 
(in general, not effective). Under the rule, we start of course at the 
initial vertex marked []. Suppose we have traced the path as far as 
any vertex a (either [ ] or a later vertex), and that a has the property 
of belonging to arbitrarily long finite paths (as [ ] does by hypothesis). 
Then one of the next vertices a*2 s+1 (s = 0, ..., p(a)) will have the 
same property; for, if all paths through a*2 s+1 were of length < z s -\-1 
(s = 0 , ..., p(a)) t all through a itself would be of length < max(: 0 + 1 , 
..., Zp( a )A- 1 ), contradicting our supposition that a has the property. 
The rule says to pick as the next vertex on the path one of the a*2 S+1 
which has the property, say the one with least s. Thus, starting from 
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[], we are able successively to pick a next vertex, always with the 
property, ad infinitum. 

Lemma 9,12 c . For any class C of functions closed under general 
recursiveness and the jump operation ' ( e.g. by Lemma 9.10, the arith¬ 
metical functions ): The fan theorem holds informally in the version (a) 
of Remark 9.11, when and the representing function p of R belong 
to C, and the function variable a ranges over C. 

Proof. By the proof in Remark 9.11, it will suffice to show that 
the a represented by the infinite path determined by the rule in that 
proof belongs to C. We analyze that rule by using a sequence number 
g, subject to appropriate conditions, to represent a finite path of 
length 2+1 through a. Thus g = y(z) for some y such that B(y), i.e. 
(t)y(t) < P(y(t)). It follows that g <y(f$, 2 ) where 

o) = 1, 

y(fi, f) = y(fi, typ} +mflK s<r(P,t)^ 

(Kleene 1956 Footnote 8). Thus the a represented by the path in 
question satisfies the equation 

(c) atW = f^s s ^- {x)) (z){z>x -> (£g)^ y(M) {Seq(g) & lhfe) & 

& n i<r py'=-«(x) & 

which defines it by induction. Let a = </S, p>, so a is primitive recursive 
in p, p, and ft and p are each primitive recursive in a. Now the right 
side of (c) is of the form /iS s <p { ~ {x)) (z)R a (<ix(x), s), z) where R a is primi¬ 
tive recursive in a. Applying the jump operation to a, let S(a) = 
(Ez)Tl(a, a, z). Since ft, peC, so does a, and hence so does (the 
representing function of) S. By IM p. 343 Example 2 for l = 1, 
(Ez)R a (a,z) = S(y)(a)) for a primitive recursive y>. Letting xi a ) ~ 
V s s<P(a)S(f(< a > 5 »)> ( c ) becomes 

(d) *(x) = af(s(*)). 

By IM #G p. 231 adapted to use 5 (x) instead of a(x), oc is primitive 
recursive in %, which is primitive recursive in ft, S, which e C ; so 
a e C. 

Theorem 9.13 c . For any class C of functions closed under general 
recursiveness and the jump operation ' (e.g. the arithmetical functions ): 
If r b E in the intuitionistic formal system of analysis with the fan 
theorem *26.6 (or via deducibility relationships , *26.7, *27.7-*27.10) 
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replacing the bar theorem x 26.3 as axiom schema, and the formulas T 
are C(realizable [C(realizable(T , where T C C], then E is C(realizable 
[C (realizable (T ]. 

Proof. To the proof of Theorem 9.7, we add a treatment of the 
fan theorem with the present C. 

*26.6c. Va B(ac) 3 !xR(a(x)) D 3zVa B(a) 3x x < z R(a(x)), where B(oc) is 
Vta(t)<[U(a(t)), and say x<z and a(t)<fj(a(t)) are prime. In the 
following, the intuitive function variables shall range over C. Consider 
any /? as interpretation of [U, and any functions Y as interpretations 
of the other free function variables Y in Va B(a() 3 !xR(a(x)). Assume 
that 7 i C/realizes-/?, Y Va B(ot) 3!xR(a(x)). By Lemma C/8.4a: (0) If 
p C/realizes-/?, a B(a), then B( a). Conversely, if Z?(a), then 
e B(«) C/ realizes-/?, a B(a). So: (1) For each a such that B( a), 
({MM}[e B («)])i C/realizes-Y, a, x R(a(x)) & Vy(R(oc(y)) D x=y) for 
x = ({{jt}[a]}[e B(a) ](0))o. Paralleling some steps for Axiom Schema 
x 26.3c in the proof of Theorem 9.3: (4) For each a, a, y such that 
B(oc), if a C/realizes-Y, ot, y R(a(y)), then y = % for the x of (1). Let 

R{n, a) = (E*) SM [a = «(*) for a: = ({{jt}[«]}[e B («)](°))o]- 
Clearly (5) (<x) B(a) (Ex)R(7i, a(x)). Define a partial recursive Ri by 

a) ~ \a = £[( xi ) & (t) t<iXl oi r{f) <Pfc(t)) for 

<xi = U (a)t-l and Xi = ({M«i]}[>b<*>]( 0 ))o]- 

Using (1) and (4): (6) R(ti, a) = R\(ti, a). Also, if B(a) & Ri(tz, ol(x)), 
then putting a = oc(x) and = Xt {a) t —\, B(ot i) holds, and as in 
the basis for Axiom Schema x 26.3c ({{^}[oti]}[e B(a) ]) lj0 C-realizes-Y, a 
R(a), and so C/realizes-Y, a, x R(a(x)). Thus (10) B( a) & R\(tz, ol(x)) 
({M[^ {a{x))t~ l]}[ e B(a) ]) 1>0 C/realizes-Y, a, x R(a(x)). But Xa R\(tz, a) 
is general recursive in ($,7i, which eC, so Xa Ri(ti, a)eC; and the 
range of a in (5) is C. So by Lemma 9.12 we can apply the fan theorem 
informally to (5) with (6) to obtain (11) (Ez)(&) Bia) (Ex) x < s Ri(iz, oc(x)). 
Using also (0) and (10), 3zVa B(ac) 3x x < z R(a(x)) is C/realized-/?, Y by 
i(xz(<x) B{0l) (Ex) x ^ s Ri(7i, ot(x)), AocAp <jxxRi(ti, 5l(x)), <Xt 0 , 

(a(/LtxRi(7i, «(#))))(— l]}[e B(a) ])i,o>». To avoid the function 
quantifier (oc) B(a) in this expression, we can introduce a number 
quantifier (g), subjected to conditions which effect that g = 5(z) 
for some a such that B(a), as in the proof of Lemma 9.12; thus (12) 

(«)*(.)( £ *)»s^i(®. “(*)) = &lh fe)= 2& 

Using (12), our 
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expression C/realizing-/?, 3zVa B(a) 3x x < z R(a(x)) takes the form 
<p[fi, n] with a partial recursive <p. Now An <p[fi, n] C/realizes-/?, W 
*26.6c. 

9.5 C . A predicate is analytic Kleene 1955 § 2, if it is expressible in 
terms of general recursive predicates of number and function variables 
by the operations of the predicate calculus. Two number-theoretic 
predicates are of the same degree Kleene-Post 1954, if each is general 
recursive in the other. 

Theorem 9.14 c . We can correlate to each arithmetical [ analytic ] 
{analytic} predicate P(a) a system S between the intuitionistic formal 
system of number theory T and the classical one [# system S between the 
basic formal system T and the present classical formal system of analysis ] 
{a consistent supersystem S of the intuitionistic formal system of analysis 
T} so that , when P\(a) and P 2 (a) are of distinct degrees, the correlated 
systems Si and S 2 are distinct, i.e. have different classes of provable 
formulas. Each system S arises from T by adjoining an axiom of the 
form P(a) V-iP(a) (or equivalently by IM p. 120 Remark l, 
-i-i(P(a) V ~iP(a)) z) P(a) V -,P(a)). 

Proof. A given expression for P(a ) is equivalent to a prenex 
expression (by the informal counterpart of IM Theorem 19 p. 167) 
with a general recursive scope (by IM #D p. 228), say e.g. 
{%){Ey)(z)R(a, %, y, z). By Lemma 8.5, we can express R(a, x t y, z) 
by a formula R(a, x, y, z) not containing V or 3. Let P(a) be 
Vx-iVy~iVzR^a, x, y, z), and form S as stated. Using cases 
( P(a ) v P{a)), Lemma 8.4a (ii) and Clauses 3 and 5 in 8.5, for each 
a P(a) V -iP(a) is realized-# by <n(a), ep( a >> where n(a) is the repre¬ 
senting function of P(a). Thus P(a) V -iP(a) is realizable/P. So by 
Theorem 9.3 (b) each provable formula of S is realizable/P, and by 
Corollary 9.4 5 is (simply) consistent. 

When Si and S 2 are thus constructed for Pi(#) and P^a) of different 
degrees, with say Pi not recursive in P 2 , the axiom Pi(a) V -iPi(a) 
of Si is not provable in S 2 . For if it were, it would be realizable/P 2 , 
say with the realization function <p general recursive in P 2 . Then 
Pi(#) = (9?M(0 ))o=0 , since by Lemma 8.4a (i) ((p[a~\) 1 realizes-# 
Pi(a) (-iPi(a)) only if Pi(#) (Pi(#)). So Pi would be recursive in 
Xal<p\a\(t) and thence in P 2 , contrary to hyp. 

Remark 9.15°. In the system S formed similarly by adjoining as 
axiom Pjt(a) V --iP]fc(a) (or any formula realizable/P^) for each of a list 
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of predicates Po(fl), Pi(a)> Pz(a), or P 0 (a), ...,P n (a) (then let 
P n+i '(a) =P n {a)), each provable formula is realizable/^ Pk(a). 

Remark 9.16°. Were V not excluded in Lemmas 8.4a and 8.4b, 
*27.17 [P(a) V -iP(a) for P(a) = (Ex)Ti(a, a , x )] would be a classical 
counterexample to (i) [(h)]. Counterexamples for unrestricted 3 
follow by b A V B ~ 3x((x=0 3 A) & (x^O 3 B)) and *0.6. 

§ 10. Special realizability. 10.1. 1 Early in the investigations of 
1945 -realizability (since 1941), formulas were encountered whose 
realizability was only proved classically (e.g. Kleene 1945 p. 114 
(h) and (1), G. F. Rose 1953 p. 11 ). In such a case, the realizability 
interpretation fails to exclude the formula's being provable in- 
tuitionistically, but on the other hand, we lack adequate grounds for 
affirming that it should hold intuitionistically, though we know 
classically that it can consistently be adjoined to the intuitionistic 
system as a postulate. The situation is the same with the present 
notion of realizability. 

One such formula (by Theorem 11.7 (a) below with *25.3) is 
Ui: VzVx[-iVy-iTi(z, x, y) 3 3yTi(z, x, y)] 

where Ti(z, x, y) is a formula numeralwise expressing Ti(z, x, y) 
(IM p. 281) chosen by (the method of proof of) Lemma 8.5. In view 
of IM §§ 62, 63, this formalizes Markov's principle 1954a (introduced 
in lectures in 1952-53), known to us from the statement of it in Sanin 
1958a, “If the process of application of the algorithm Cl to an initially 
given P does not continue infinitely, then 0 shall apply to P." The 
like formulas M« with T w (z, xi, ..., x«, y) for n > 1 in place of 
Ti(z, x, y) follow under the interpretation from Mi by contraction 
of xi, ..x n (IM (18) p. 285) and IM Theorem IV p. 281. 

Especially in connection with the author's investigations of 1957- 
realizability (since 1951), it became apparent to him (before he 
learned of Markov’s 1954a) that considerable interest attaches to the 
result of adjoining this principle to intuitionistic systems, because of 
a variety of results which it then (or only then) becomes possible to 
obtain. An example recently come to light is Godel’s that, if “strong 
completeness” of the predicate calculus is provable intuitionistically, 
so is each instance (particularizing z, x to numerals) of Markov’s 
principle. This result appears in Kreisel 1958a Remark 2.1 and 1959a, 
with sketch of proof in 1962b, and as Theorem 2 of 1962. Godel seems 
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not to have published it himself. Kreisel states the principle as 
“-i (x)A(x) -> (Ex)~iA(x) for each primitive recursive A” (or similarly) 
without mentioning Markov. The bearing of the principle on Brouwer's 
theory of the continuum will be discussed in Chapter IV Remark 18.6. 

Kreisel in 1959a with 1959 para. 3.52 shows that this principle is 
not provable in intuitionistic number theory or in the formal system 
of Kleene 1957. Kreisel obtains this result by applying an interpretation 
which he describes as "closely related to Kleene's realizability” (1945 
or IM § 82), but which uses ideas from an interpretation of Godel’s 
(Kreisel 1959 paras. 3.1-3.3 and Godel 1958), from which it also differs. 
Kreisel deals further with these matters in 1962. The formal system of 
Kleene 1957 is not as strong as the present formal system (letter from 
Kreisel, 22 November 1963). 

We now give, in this and the next section, a proof of Kreisel’s 
result for the present formal system. We arrived at this proof by 
attacking the problem directly with the help of some inspirations 
gained from Kreisel 1959a and Godel 1958, and we have not determined 
the precise relationship of the interpretation used in it (' s realizability') 
to the one Kreisel used (1959 para. 3.52). 

10.2. In realizability as treated above (§§ 8 , 9), an implication 
AdB is realized-IP by e, if {*}[>] is any partial recursive function 
9 ?[a] such that, for each a which realizes- W A, 93 [a] is completely 
defined and realizes-!P B; for an ot which does not realize-IP A, q> [a] 
need not be completely defined. In the 'special realizability’ (briefly, 
‘ s realizability’) to be introduced in this section, we shall use instead 
of {e}[a] an analogous operation on e which will produce a function 
(p [a] (termed 'special recursive’) which is partial recursive but such 
that <p [a] is completely defined for every a of the appropriate sort 
or 'order' (determined by A) whether or not a ' S realizes-!P’ A. 

To carry this out, we first assign ‘orders’ to the formulas, and to 
the one-place (total) number-theoretic functions. A function to 
realize a formula must have the same order as the formula. We begin 
with an inductive definition of the 'orders’ to be used. 

(1) 1 is an order. (2) If a is an order, so is a-fl. (3) If a 0 and ai 
are orders, so is (ao, ai). The only orders are those given by these 
three clauses. Orders differently generated by use of these three 
clauses are different. 

An order given by Clause (2) is a successor order (s-order ); by (3), 
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a pair order (p-order). The orders 1 + 1, (1 + 1)+1, ((1 + 1) + 1)+1, ... 
we write 2, 3, 4, ... simply. If a is an s-order, a— 1 is the order b 
such that a = b+1. The variables a ot, a /?, ..., a oti, a a 2 , •.. will be 
used for functions of order a (as specified next). 

For any one-place number-theoretic functions a and ft, we define 

(10.1) {«}(/?) ~ a(p) ~ ot0(f^yoc0(y)) >0)) — 1, 

and say «(/?) is properly defined when (2s!y)a(/5(y))>0. 

Now we specify which one-place number-theoretic functions are 
'of a given order’. (1) All such functions are of order 1. (2) To each 
order a, the functions a+1 a of order a+ L are those such that, to each 
(function of order a) a a, there exists a unique y such that a+1 a( a a(y)) > 0 
(so a+1 a( a a) is properly defined, and, for that y, a+1 a( a a(y)) = 
a+1 ot( a a) +1). (3) To each pair of orders ao and ai, the functions a a 
of order a = (ao, ai) are those such that ( a a)o is of order ao, and ( a a)i 
is of order ai. 

An object a+1 a of an s-order has a dual role; it is a number-theoretic 
function As a+1 a(s), and it serves via (10.1) as an operator A a a a+1 a( a a). 
The operators of orders 3, 4, 5, ... are not simply countable functionals 
of the types 3, 4, 5, ... (Kleene 1959a), since e.g. 3 ot( 2 ot) will depend in 
general on As 2 a(s) and not simply on ftoc 2 a( 1 a). (An interpretation 
using functionals here seemed to work for all postulates except 
Brouwer’s principle x 27.1.) 

(We could extend our theory of orders to include the natural 
numbers as objects of order 0.) 

Any function of an order a + 1 is also of order 1, and there are 
other possibilities for functions to be of more than one order. 

By *0 we mean As 0. For any order a, a+1 0 is defined by 

a+io(l) = 1, a +i0(s) = 0 for s + 1. 

For any orders ao and ai, if a = (a 0 , ai), a 0 = <®°0, ai 0>. Now, for 
each order a, a 0 is primitive recursive and of order a. 

10.3. By a special recursive function (a function special recursive 
in T) we mean a function <p(a), where a is a list of zero or more distinct 
number variables, and of zero or more distinct one-place number- 
theoretic function variables for each of which a respective order 
is specified, such that: (a) when the ranges of the function variables 
among a are restricted to their specified orders, gp(ct) is completely 
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defined, and (b) when the ranges of the function variables among a 
are unrestricted, <p(a) is partial recursive (partial recursive in T). 
The notions extend to function-valued functions (p[b] = As qp(f>, s). 

A primitive or general recursive function <p (a) or 99 [b] is a fortiori 
special recursive. 

By (10.1) with the definition of ‘function of order a+1', a+1 a( a a) = 
9?( a+1 a, a oc) with (p special recursive. 

Lemma 10.1. To each partial recursive function 99 (b, a a), there is a 
primitive recursive function y>[b] = /l a a <p(b, a a) such that , for each b 
for which <p(b, a a) is defined for all a a of order a: A^oc <p(b, a a) is of 
order a+1, and for each a a of order a 

(10.2) {A & <x 9?(b, a a)}( a a) = <p(b, a a). 

Ordinarily our <p(b, a a) will be special recursive, so the conclusions 
will apply whenever (the functions among) b are of the specified orders. 
Here for brevity we have introduced the /1-notation right in the 
lemma; cf. Lemma 8.1. If <p(z, b, a a) is partial recursive and y>[z, b] = 
A^ot <p(z, b, a ot), and we put <p(b, a cx) — <p(e, b, a a) for a fixed e, then 
y>[e, b] = H a a <p(e, b, a a) is a /l a a ^(b, a a). 

Proof of Lemma 10.1. Say e.g. b is (a, b /?). By the normal form 
theorem IM pp. 292, 330, but using a, j} instead of a, ft (end 8.2), for 
any Godel number e of 9?, for each a, h ft, a a: 

(i) <p(a, a a) ~ TJ{(jLyT\ ,1 (^ft{y) t a a(y), e, a)), 

(ii) 2'i ,1 ( b J^(y)» a «(y)» e > a ) f° r at most one y. 

So let y)[a, = As y>(a, b /5, s) where 

w(a si = {C/(lh(s)) + l « Z*W(lh(s)),s.«.«), 

rv » 1 |q otherwise. 

10.4. Let =1 x /5 = 1 a = 1 (3 = (x)\}ai(x) = x ft(x)\. When a is an 
s-order, let a ot = a a P = ( a_1 y)[ a a( a_1 y) = a 0( a_,1 y)]. When a is a p- 
order (a 0 , ai), let a a = a a £ = ( a a)o = ao ( a 0)o & ( a «)i =ai ( a £)i- 

Now % = a j8 -> a cx = a a /S, but (for a += 1) not in general conversely. 
For any two choices +i a a 99 (b, a ot) and A 2 a ac 99 (b, a a) of AAol 9?(b, a a), 
by (10.2) /li a a 9?(b, a a) = a+ i/l2 a a 99(b, a a) (for each b as supposed 
for (10.2)). 

For each two orders a and b, we now define an order a*b; and for 
e = a*b we choose a special recursive function A e e a a b { e e}[ a a] so that, 
for each e e, a a of the specified orders, b { e e}[ a a] is of order b. The 
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definitions are by recursion on b, corresponding to the inductive 
definition of "order’ (cf. IM p. 260). When b = 1, e = a*b = (a, 1)+1 
and b { e e}[ a a] = As e e(< a a, It s>). When b is an s-order, e = a*b = 
(a, b— l) + l and (using Lemma 10.1) b { e e}[ a a] = A^~ l p e e(< a a, b-1 ^>), 
for some choice of the latter. When b is a p-order (bo, bi), e = a*b = 
(a*bo, a*bi) and b { e e}[ a a] — < bo {( e e)o}[ a a], bl {( e e)i}[ a a]> (where 
bo {( ee )o}M = (A a * bo e a a bo { a * bo e}[ a a])[(ee) 0 , a a], etc.). By b { e e}[«] we 
mean b { e e}[ 1 ot] for = a. 

For different choices A e e a a' b { e e}[ a a]i and A e e a a b { e e}[ a a] 2 of 
A e e a a b { e e}[ a oit], by induction on b b { e e}[ a ot]i =b b { e e}[ a a]2 (for each 
e e, a ot of the specified orders). Moreover: 

Lemma 10.2. If e ei = e e e 2 , then b { e ei}[ a a] =n b { e e 2 }[ a a] (where 
e = a*b). 

Proof, by ind. on b. Case 1: b = 1. Then, for all a;, b { e ei}[ a a](A;) — 
e ei(< a a. It x>) [def. etc.] = e e 2 (< a a, It x>) [hyp.] = b { e e 2 }[ a cx](A;) ; i.e. 
b { e ei}[ a a] =b b { e e 2 }[ a cx]. Case 2: b is an s-order. Then, for all b-1 /?, 
= e ei« a a, [def., (10.2)] = e e 2 « a a, b ~^» [hyp.] 

= b { e e 2 }[ a «]( b-1 /?); i.e. b { e ei}[ a a] =b b { e e 2 }[ a a]. Case 3: b is a p-order 
(bo, bi). Then b { e ei}[ a a] — < bo {( e ei) 0 }[ a a], bl {( e ei)i}[ a a]> [def.] =b 
< bo {( e e 2 )o}[ a «], bl {( e e 2 )l}[ a a]> [hyp. ind.] = b { e e 2 }[ a a]. 

Lemma 10.3. To each partial recursive function <p\b, a a], there is a 
Primitive recursive function y[b] = £/l a a <p\b, a a] such that, for each 
b for which <p\b, a a] is (completely defined and) of order b for all a a 
of order a: jjyl a a <p[b, a a] is of order e = a*b, and for each a a of order a 

(10.3) b {£d a a <p\b, a ot]}[ a a] =b <p\b , a a]. 

Ordinarily our <p[b, a a] will be special recursive with values of 
order b for all b, a a of the specified orders, so the conclusions will 
apply whenever b are of the specified orders. We shall understand 
^/L a a <p\b, a ct] to be constructed by the method of the proof (below). 
Again, by the properties: If tp[z,b,* a] is partial recursive and 
y>[z, b] = jyd a a <p\z, b, a a], and we put <p\b, a a] — tp[e, b, a a] for a 
fixed e, then ip{e, b] = ^A*oiq)[e, b, a ot] is an £d a a q>\b, a a]. The sub¬ 
script b in IA*ol f[b, a a] may be omitted when the context makes it 
clear that the intended order of the operand tp\b, a a] for the operation 
by e A*oc is b. By £yla<p[b, a] we mean ^ihx^b, 1 cx]. 

Proof of Lemma 10.3, by ind. on the order b. Case 1 : b = 1 . Put 
e = a*b = (a, 1 ) + 1 . Let ip[b] = A^<p(b, (e-i/f) 0 , (•" 1 0 (O))i). Then 
by Lemma 10.1, for b, a a of the specified orders, y>[b] is of order 
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e, and, for all s, b {^[b]}[ a a](s) — (As ^[b](< a a, U $>))($) = y[b](< a a. 
At s>) — <p(b, a a, s) [(10.2) etc.] = <p\b, a a](s), i.e. to {^[b]}[ a a] = b 
<p[b, a a]. Case 2: b is an s-order. Put e = a*b = (a, b— 1) + 1. Let 
V>[b] = A*-ip<p\b, ( e - 1 ^)o](( e ~ 1 ^)i). Then by Lemma 10 . 1 , y>[b] is 
of order e, and, for all b_1 / 3 , b {-yj [b]} [ a «] ( b— 1 / 5 ) — {/l b_1 ^ y) [b] (< a a, 
b -^»}( b - 1 « = b -^» = <P% a «]( b -^), i.e. b fr[b]}[ a «] = b 

<p\b, a a]. Case 3 : b is a p-order (b 0 , bi). Put e = a*b = (a*bo, a*bi). 
By hyp. ind. we can find yo[b], yi[b] with values (for each b as sup¬ 
posed) of orders a*bo, a*bi such that for all a a, bo {^o[b]}[ a a] = bo 
(9?[b, a a])o, bl {yi[b]}[ a a] = bl (g?[b, a a])i. Let y>[b] = <yo[b], y>i[b]>, which 
has values of order (a*bo, a*bi) = e. Now b {y[b]}[ a a] = < bo {^o[b]}[ a a], 
bl friM}[ a «]>» whence ( b {v[&]}[VI)o = bo (?[&» a «])o & =bi 

(9?[b, a a])i, i.e. b {^[b]}[ a a] = b g?[b, a a]. — 

By ind. on b, any two choices of b /l a ot y [b, a a] are — e (for each b 
as supposed). 

For e = l*b, we define b { e e}[#] = b { e e}[A£ x] (= ;f[ e e, x] with a 
special recursive %). For e = l*b and q>\b,x\ a partial recursive 
function, we write §Ax q>\b,x\ = b /la gp[b, a(0)]. Then, for b such 
that <p\b, x] is of order b for all %: ^Ax <p\b,x\ is of order e, and (using 
( 10 . 3 )) for each x 

( 10 . 3 a) h {ZAx <p\b, x]}[x] ^ b <p[b, x]. 

Ordinarily our <p [b, x] will be special recursive with values of order 
b for all b, % (b of the specified orders), so the conclusions will apply 
whenever b are of the specified orders. 

We define 1 { 2 e} — As 2 e(Ats ) (= ^[ 2 e] with a special recursive %). 
For 9?[b] a partial recursive function, we write 2 A <p [b] = /Fct^fb, 2 a( 0 )). 
Then, for b such that <p [b] is completely defined: 2 A <p [b] is of order 2, 
and (using (10.2)) 

( 10 . 3 b) i{*A <p[b]} = <p[b]. 

Ordinarily our <p[b] will be special recursive, so the conclusions will 
apply whenever b are of the specified orders. 

Also ( 8 . 1 c)-( 8 . 3 c) for k-\-l = 2 have analogs; but all we shall use 
is b { e e}[ ao / 3 0 , a >i] as abbreviation for b { e e}[< a< 7>o, ai pi>]. 

10 . 5 . Now we shall assign to each formula E an order e (— ‘order E'). 
Simultaneously, for each list Y of variables including all which occur 
free in E, we shall define when a function e e of order e ‘specially 
realizes’ E for a given assignment W of numbers and functions as the 
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values of Y, or briefly when e e ^realizes- 1 ?’ E; only a function e e of 
order e = order E can s realize-W E. 

1 . A prime formula P is of order 1 . 1 e 8 realizes-W P, if P is true-Y. 

2. e = order A & B — (a, b) where a = order A and b = order B. 
e e 8 realizes-W A & B, if ( e e) 0s realizes- 1 ? A and ( e e)i 8 realizes-W B. 

3 . e = order A V B = (1, (a, b)) where a = order A and b = order B. 
e e 8 realizes-W A V B, if ( e e(0))o=0 and ( e e)i )0 s realizes-W A, or 
( e e(0))o^O and ( e e)i,i 8 realizes- 1 !' B. 

4 . e = order AdB = a*b where a ■ order A and b — order B. 
e e s realizes-W AdB, if, for each a a, if a a s realizes-W A then 
b { e e}[ a a] s realizes-W B. 

5. e = order-iA = a*l where a = order A. e e 8 realizes-W -|A, if, 
for each a a, not a a s realizes-W A. (Equivalently, e e s realizes-W -*A, 
if e e s realizes-W Ad 1=0 under Clause 4 .) 

6. e = order VxA = l*a where a = order A. e e 8 realizes-W VxA, 
if, for each x, a { e e}[XI realizes-W, x A. 

7 . e = order 3xA = ( 1 , a) where a = order A. e e s realizes-W 3xA, 
if ( e e) L realizes-W, ( e e(0))o A. 

8. e = order VaA = l*a where a = order A. e e 8 ; realizes-W VaA, 
if, for each a, a { e e}[a] realizes-W, a A.. 

9 . e = order 3aA = (2, a) where a = order A. e e s realizes-W 3aA, 
if ( e e)i s realizes-W, 1 {( e e)o} A. 

Lemma 10.4. Let Yi be a list of those of the variables Y which occur 
free in E, and let W\ be the list of the corresponding ones of the numbers 
and functions W. Then e e realizes-W \ E if and only if e e s realizes-W E. 

Lemma 10.5. If e ei 8 realizes-W E, and e ei = e e e 2 , then e e 2 8 realizes- 
W E. 

Proof, by induction, using Lemma 10.2 in Cases 4 , 6, 8. — 

We say a closed formula E is 8 realizable, if a general recursive 
function e e 8 realizes E; an open formula, if its closure is (first 
definition). 

Equivalently (proof below), E is s realizable, if there is a general 
recursive function 9? (a general recursive realization function for E 
in Y) such that, for each W, <p\W] S realizes-Y E (second definition). 
This notion of 8 realizability is independent of the choice of the list Y, 
as before (cf. 8 . 7 ). 

To illustrate the equivalence of the two definitions when E is open, 
say e.g. the closure of E is VaVxE. Write e, f, g for the orders of 
E, VxE, VaVxE (f = l*e, g = l*f). 
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First, suppose <p is general recursive, and that (1) for each a and x , 
(p[oL,x] (is of order e and) S realizes-a, % E. Using Lemma 10.3, 
Ma l Ax <p[a, x] is a primitive recursive function g a, which we shall 
show S realizes VaVxE. By Clause 8, we need that, for each a, 
f { g a}[a] s realizes-a VxE. Consider any a. By (10.3), f { g a}[a] = £ { Ax 
<p[<x,x]; so by Lemma 10.5 it will suffice to show that *Ax <p[cx, x] 
S realizes-a VxE, i.e. by Clause 6 that, for each x, e { f Ax (p\jx, x]}[x] 
S realizes-a, x E. This follows from (1) by Lemma 10.5, since by (10.3a) 
e {d# (p [a, #]}[X] = e 9 ? [a, x]. 

Inversely, if g e is a general recursive function s realizing VaVxE, 
then, using Clauses 8 and 6, hxx e { f { ge H a ]}M is a general recursive 
s realization function for E in a, x. — 

The /T, -0 and Cj modifications of s realizability (e.g. when 
0, T C C, C l 8 realizable-0/T), and Cj^realizes-W, can be formulated 
as before (cf. 8.5, 8.7, 9.3). 

10.6. Lemma 10.6. Lemma 8.3 holds reading ‘^realizes-” for 
11 realizes-*. 

Proof. Cases 2 and 7 read exactly as before. 

Cases 1 and 5: prime or -|A. e 0 (end 10.2) where e = order E. 

Case 3: A V B. <fe[6>](0)) 0 , <(*[6 >])i,oa, (z[@])i,ib». 

Case 4: AdB. e A*-a b {jf[@]}[ a a] where a, b, e are the orders of 
A, B, A D B. 

The modifications in Cases 6, 8 and 9 are similar. 

10.7. Lemma 10.7. To each formula E of order e containing free only 
the variables X F and not containing V or 3, there is a primitive recursive 
function e eE of order e such that, for each W: 

(i) If (E e c) [ e € ^realizes-T^ E], then E is true-T*. 

(ii) If E is true-W, then e eE s realizes-^ E. 

Proof, by induction. According as E is of the form P (a prime 
formula), A & B, AdB, -iA, VxA, or VaA, let e eE be as follows, 
where a = order A and b = order B: At 0, < a e A , b eB>, e A^cx b e B , e 0, 
e /lx a € A , or e Aa a e A . — Cf. Remark 11.9. 

§ 11. Special realizability under deduction in the intuitionistic formal 
system. 11.1 . Lemmas 11.1, 11.2. Lemmas 9.1, 9.2 hold reading 
“ e e ^realizes** in place of “e realizes”. 
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Theorem 11.3. (a) If THE in the intuitionistic formal system, of 
analysis , and the formulas F are 8 ; realizable , then E is B realizable. 
(b) Similarly , reading “ s realizablejT” in place of “ ^realizable". 

(c), (d) Theorem 9.3 (c), (d) hold reading “ B realizable" in place of 
“realizable”. 

Proof. (Cf. the proof of Theorem 9.3.) (a) We shall understand that 
A (A(x), A (a), A {a, ft)), B, C, R(a) (when present) have orders a, b, c, r; 
the prime subformulas have order 1. We show the orders of other 
subformulas as superior prefixes on the formal operators (IM p. 73). 

la. A d D(B c DA) is S realized-!P by d yl a a c A h fi a a. For, this is 
of the required order d = a*c where c = b*a, by Lemma 10.3. 
Suppose (1) a a grealizes-y 7 A; by Clause 4 in 10.5 we must infer from 
(1) that c { d yl a a c A h f$ a a}[ a a] 8 realizes-!P B D A. But by (10.3), 
c { d /l a oc a a}[ a a] = c c A h f} & ot. So by Lemma 10.5 it will suffice to 
infer from (1) that c A h ft a a grealizes-lP B z> A. By Lemma 10.3 
c A h f$ a a is of the required order c = b*a. Suppose (2) b /? grealizes-'F 
B; we must infer from (1) and (2) that a { c yl b /? a a}[ b /?] grealizes- 1 ? A. 
By (10.3), *{ c A h fl a «}[ b /?] = a a «; so by Lemma 10.5 what we need 
follows from (1). 

lb, 7, 3, 4a, 4b, 10N, 10F, 1 IF, 1 IN are treated as before, supplying 
subscripts s and order superscripts, and using Lemma 10.5. 

5a. A d D A C V B. M a a <0, < a a, b 0» (end 10.2). 

5b. B d D A C V B. M b 0<l, < a 0, b £». 

6. (A d => C) *=> ((B C) b D (A *V B g=> C)). *AUt U 

+ sg(( f a(O)) o )-(«{^}[(Mi,i])(0. 

8 1 . C -|A e D (A d D B). e A c n d 0. 

13. A(0) d & c Vx(A(x) b D A(x')) e D A(x). t,A a a p[x, d a], where p is 
defined by 

p[0, d «] = ( d 0£)o, 

/>[*', d «] = a { b {( d a) i} [#]} [p [a; , d «]]. 

Writing p[x, d a] = It p(x, d a, t)> this takes the form 

p(0, d «, t) = y>(*oc, t) r 
p(x f , d a, t ) ~ %(x, d a, Xt p(x, d a, t), t) 

where y is primitive recursive, % is partial recursive, and, for d a, a /5 
of the specified orders, Xty)( a oc, t) and Xt%(x, d a, a /3, t) are (com¬ 
pletely defined and) of order a. So, by induction on x, for d a of the 
specified order, Xt p(x, d a, t) is of order a. That this p(x, d a, t) is partial, 
and hence special, recursive is seen as before. 
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14, 17, x l.l, 16, prime axioms, x 2.1 as before. 15: 1 * 1 0. 

Rules of inference. 2. A, AdB/B. Noting 10.5, we choose 
Y to include all variables free in A d B. By the hyp. ind., there are 
general recursive functions a and y) such that, for each Y, a[Y] 
S realizes-Y A and S realizes-Y AdB. Let <p[Y] = b {^[Y]}[a[y / ]]. 
For each Y, a[Y] is of order a and ip[*P] is of order e = a*b, so 
b fy[Y]}[a[Y]] is (defined and) of order b; so <p[Y] (= Xs <p[W, s]) is 
general recursive. For each W, 9?[Y] g realizes-Y B. 

9N, 9F, 12F, 12N as before. 

Axiom Schema x 26.3c. f Voc e 3x[R(a(x)) <*& c Vy(R(a(y)) b D x=y)] J& 
i Va[Seq(a) R(a) h D A(a)] p& n Va[Seq(a) l & k VsA(a*2 s+1 ) m D A(a)] 
idA(1). 

We proceed as before down through (8), now supplying subscripts s 
and order superscripts. Moreover, we now observe that, for of 
order p, R(Qtz, a) and Ri( p 7r, a) are always defined, i.e. whether or 
not Ptt S realizes-Y the antecedent. Furthermore, the definition of 
a, u) coincides for a e SJ” with a recursion of form corresponding 
to the inductive definition of SJ 51 (cf. IM p. 260), call it a bar recursion . 
By the corresponding form of proof (IM p. 259), always: (9a) -► 

{rj[ p 7i, a\ is (completely defined and) of order a}. But we don't know 
that r}[V ji, l] is always of order a, which we now would require to 
complete the proof as before, since the proof of (8) uses the assumption 
that Ptt S realizes the antecedent. 

In the following this assumption is not made, except as indicated. 

We define a second special recursive predicate R^ti, a) thus. 

R 2 ( p ^, a) ~[a = a[{x) for ai = Xt (a) t — 1, x > ( e {( p 7r) 0 ,o}|>i](0))o]. 

Clearly: (10) R^n, a) ->R 2 ( P ^, #)• 

We now show that: (11) (ol)(Ex)R2^7i, ol(x)). Consider any a. Let 
%o = ( e {( p ^)o,o}[a](0))o- For a fixed of order p, since Xoc xo is partial 
recursive in p ti, the computation of xq uses only the first yo values of 
ol, for some y 0 (cf. IM pp. 330, 292). Put x = max(^ 0 , yo)- Since 
x > yo, Xq = ( e {Mo,o}M(0))o for oq = Xt (oL(x)) t — 1. Now oc(x) — 
oii(x) with % > Xo. So a(x)). 

Also: (12) R 2 ( p ^, a(y)) & Ri( p jr, a(y)) -> ( Ex) x<y R($jz , a(x)). For, 
put 5(y) = ai(#) for oti = Xt (5(y))«-1, x = y > ( e {( p 7r)o,o}M(0))o = xj. 
Then a(xi) = <x^(x i), whence R(Vti, a(#i)). 

Let 5^ be the set of the sequence numbers barred with respect to 
Xa R 2 (Pjt, #)• 
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Similarly to a], we find a partial recursive r\ 2 [ p ti, a ] = 

Xu rj 2 ( l, 7 i, a , u) satisfying 

a 0(w) if R 2 (^ 71 , a) & a), 

r) 2 ( p n, a, u) ~ as before if Ri( p jz, a), 
as before otherwise. 

Using (10), similarly to (9a): (13) ae SJ* -► {rj 2 [^7t, <*] is of order a}. 
By (11): (14) 1 eS P 2 n . Hence i?2[ p ^> 1] is of order a. 

To show that ^Avti r} 2 [ p n, 1] grealizes-'F the axiom, it remains for 
us to show that rj 2 [ p n, 1] grealizes- 1 ? A(l) when p ti grealizes-^ 7 the 
antecedent. So, with that assumption in force again, consider the 
set S Vn of the sequence numbers securable but not past secured with 
respect to la Ri^n, a). (Using (10), S Pjr C S[ n C S?.) By (12) with (6), 
a e S Vn -► i?2( p ^, a) & Ri( p 7i, a). Therefore on S Pn , r} 2 ( p n, a, u) satisfies 
the same bar recursion as rj( Pjc, a , u ); hence it is the same function to 
within possible differences in the results of the operations by k Hs in 
the “otherwise” case. Hence for the same reasons as (7): (15) 
a g S Vn (?72[ p ^, a\ greahzes-^, a A(a)}. But using (8): (16) 1 g S p ”. 
By (15), (16) and Lemma 11.1 (a), rj 2 [ p n, 1] S realizes-^ A(l). 

Axiom Schema x 27.1. c Va b 3(3A(a, (3) <*3 
P3T n Va{ h Vts3y[T(2 t+1 *a(y)) >0 *& b Vz(T(2*+i*a(z)) >0 <*=> y=z)] 
m & 1 V^pVt i 3yT(2 t+1 *a(y)) = p(t)+ 1 k D A(a, (*)]}. 

Assume that e 7i grealizes-'F Voc3fjA(a, fi). Then (1) for each a, 
( b { c w}[a])i grealizes-^, a, pi A(a, p) for ft = 1 {(^{ c ^}[a]) 0 }. Let 
n[ c 7t, t ] = Xs ti( c jz, t, s) = A'oc fh(t) = A x ol t). By Lem¬ 

ma 10.1, for each t, ti[ c jc, /] is of order 2, so, for each a, (2a) 
(t)(E\y)ri( c 7i, t, a{y))>0, and (by (10.2)) {n[ e 7c, £]}(a) = ft($), whence 
by (10.1): (3a) (t)n( c Ji t t, a(y«))=ft(Q +1 where y t — /xyri( c 7i, t, 
a(y))>0. Let r = Xsti( Q 7i, (s)o — 1, n <<111( , )J . 1 pi s)i+1 ). Consider any a. 
By (2a), (3a): (2) (t)(E\y)x(2^Ha(y))>0, (3) (t)x(2*+Hci(y t ))=(h(t) + \ 
where yt — //yr(2* +1 *a(y))>0. 

We continue as before. So putting h po = h At </tyr(2* +1 *a(y))>0, 
<As 0, e Az a Aa Xs 0», l pi = l Ap Mi<7 ( b { c 7r}[cx])i, the axiom is s realized- 
W by *A c n < 2 A t, n Aa < h p 0 , l pi». 

11.2. Corollaries 11.4-11.6. Corollaries 9.4, 9.5 (with different 
proof) and 9.6 hold reading “^realizable” in place of “realizable”. 

11.3. Theorem 11.7. (a) c Let A(x, y) be picked by Lemma 8.5 to 
numeralwise express a general recursive predicate A(x, y). Classically, 
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Vx[-|Vy-iA(x, y) d 3yA(x, y)] is realizable. (b) Let T(x, y) be 
Ti((x)o, (x)i, y) where Ti(z, x, y) is picked by (the method of proof of) 
Lemma 8.5 to numeralwise express T i (z, #, y) (with x free for z, and z 
free for y). Then Vx[-|Vy-|T(x, y) D 3yT(x, y)] is unrealizable. By 
#19 and Lemmas 5.2 and 4.2, T(x, y) numeralwise expresses 
Ti(.(x) 0 , (x)i,y). 

(c) c Let Ao(x, y) and Ai(x, y) by picked by Lemma 8.5 to numeral- 
wise express general recursive predicates Aq(x, y) and A±(x t y), re¬ 
spectively. Classically , Vx[-i(VyAo(x, y) & VyAi(x, y)) Z) -iVyAo(x, y) 
V -iVyAi(x, y)] is realizable, (d) Let Wo(x, y) be Ti((x)i, x, y) & 
Vz z < y -iTi((x) 0 , x, z), and Wj(x, y) be Ti((x) 0 , x, y) & Vz z < y -,T 1 ((x)i, 
x, z), with z<y prime. Then Vx[-i(Vy-iWo(x, y) & Vy-iWi(x, y)) Z) 
-iVy-iWo(x, y) V -iVy-iWi(x, y)] is unrealizable. By IM p. 202 (C) 
and (E), Wo(x, y) and Wi(x, y) numeralwise express Wo(x, y) and 
W\(x, y), respectively, IM p. 308. 

Proof, (a) It is realized by Ax Aa </j,yA(x, y), e A(5 . y) >, using 
Lemma 8.4a. For, consider any x. Suppose a realizes-# -iVy-iA(x, y). 
Then by Lemma 8.4a (i), (y)A(x, y), whence classically (Ey)A(x, y), 
so A(x, y) is true-#, /xyA(x, y), so by Lemma 8.4a (ii) e A(s . y) realizes-#, 
fxyA(x } y) A(x, y), so </xyA(x, y), e A(xy) > realizes-# 3yA(x, y). 

(b) Suppose a general recursive function f e 8 realizes 

f Vx[ c -i b Vy a -i t T(x, y) e D ^ytTfx, y)]. Then, for all #: (1) e { f e}[#] 
S realizes-# -iVy-iT(x, y) Z) 3yT(x, y). By Lemma 10.7 (ii) (and proof): 
(2) (y)Ti((#) 0 , Wi, y) { c 0 S realizes-# -iVy-|T(x, y)}. Now if 

(Ey)Ti((#) 0 , Wi, y), then (y)Ti((#) 0 , (#)i, y), whence by (2) and (1) 
d { e { fe }IXI}[ c 0] srealizes-# 3yT(x, y), whence ( d { e { f e}M}[ c 0])i S realizes-#, 
v(x) T(x, y) for v(x) = ( d { e { f e}M}[ c O](0))o, whence by Lemma 10.7 (i) 
Ti((#)o, (#)i, v(x)). The converse is immediate. Thus: (3) (Ey)T\((x)$, 
(#)i, y) == Ti((#)o, (#)i, v(x)) for the general recursive function v(x) 
just introduced. Substituting <#, #> for #: (4) (Ey)T\(x, #, y) = 
Ti(x, x, v(<#, #>)), contradicting that {Ey)T\(x, #, y) is not general 
recursive (IM p. 283). 

(c) Ax Aa </>(#), Xt 0> where 

~J° if Aq{ ' x ' y ) v -i 1 ^’ y)])> 

P[ jl if A 0 (x,w[Ao(x,y)VA 1 (x,y)]). 

(d) Suppose a general recursive function h e S realizes 

h Vx[ d i( b Vy a -, w Wo(x, y) b Vy a -,^Wi(x, y)) e -, b Vy a -,ww 0 (x. y) *V 
e -i b Vy a -i w Wi(x, y)]. Then, for all#: (1) g { h e}[#] 8 realizes-# -i(Vy -iWo(x,y) 
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& Vy-iWi(x, y)) z> -iVy-|W 0 (x, y) V -iVy-AV^x, y). By Lemma 10.7 
(ii): (2) (y)Wo(x, y) & (y)Wi(x, y) { d 0 S realizes -i(Vy-,W 0 (x, y) & 
Vy-iWi(x, y))}. Suppose (A) (Ey)Wo(x,y). Then (y)Wo(x, y), whence 
(B) (y)Wo(x > y)_&(y)W 1 (x > y). Also by IM p. 308 (51) JjfyWfay), 
whence (C) (y) JLi(A;,y). By (B), (2) and (1): (D) f { g { h e}[x]}[ d 0] 8 realizes-# 
-iVy-iW 0 (x, y) V -,Vy-,Wi(x, y). Put v(x) = (H g {MMH d °]( 0 ))o- Now 
(E) v(x) = 0, as otherwise ( f {s{ h e}[#]}[ d 0])i,i would 8 realize-# 

-iVy-iWi(x, y), so by Lemma 10.7 (i) (y)Wi(x,y), contradicting (C). 
Summarizing (from (A)): (3) (Ey)Wo(x, y) -> v(x) = 0. Similarly: 
(4) (Ey)W\(x, y) ~^v(x) ^ 0. Thus Z>2 = x\v(x) = 0] and D$ — 
x[v(x) ^ 0] = Z>2 are disjoint general recursive (a fortiori, recursively 
enumerable) classes, containing Co = x(Ey)WQ{x, y) and C\ = 
x(Ey)W\(x, y), respectively, whose union is all natural numbers. 
This contradicts IM pp. 311-312. 

Remark 11.8. The reasoning under (a) fails with 8 realizability, 
because <j*yA(x, y), e A(x y) > is not in general completely defined; 
e.g. it is not when A(x, y) = T\{(x)q, (x) lf y). So l Ax e A c oc </ iyA(x, y), 
ae A(x,y)> i s not i n general a function of order f. The reasoning under 
(b) fails for realizability, because v(x) — ({{e}[x]}[Ajic 0](0))o is not a 
general recursive function, but only partial recursive. 

Remark 11.9 c . Theorem 11.7 (a) for a primitive recursive A(x, y) 
is immediate by a classical application of Lemma 8.4b (ii), if the 
symbolism and postulates of Group D are extended (within the 
framework laid down in 5.1) to give a prime formula A(x, y) expressing 
A{x, y). Therefore Lemma 8.4b cannot hold for 8 realizability inde¬ 
pendently of how far we extend our Postulate Group D; in particular, 
it fails if we extend that to reach the representing function of 
Ti(z,x, y), as the application just described would then contradict 
Theorem 11.7 (b). 

Corollary 11.10 c . The following classically provable formulas are 
formally undecidable in the intuitionistic formal system of analysis : 

(a) VzVx[-|Vy-iTi(z, x, y) D 3yTi(z, x, y)] (Markov's principle Mi). 

(b) Vx[-,(Vy-iW 0 (x, y) & Vy-,Wi(x, y)) Z) 

-iVy-|W 0 (x, y) V n Vy n Wi(x, y)] 
(an instance of De Morgan's classical law). 

(c) Vx[3yT!((x) 0 , (x)i, y) V-,3yTi((x) 0 , (x)i, y)] (Law of excluded 
middle with one quantifier). 
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(We show intuitionistically that each of the three formulas is un- 
pro vable, classically that its negation is unprovable.) 

Proof, (a) Using *25.3, Mi is equivalent to Vx[-iVy-|T(x, y) z> 
3yT(x, y)], which by (b) of the theorem with Theorem 11.3 (a) is 
unprovable. By (a) of the theorem with Corollary 9.4 and Theorem 
9.3 (a), -iVx[-iVy-iT(x, y) Z) 3yT(x, y)] is unprovable. 

(c) Similarly (using only §§ 8, 9) from the results of 8.6 ^ 6, adapted 
inessentially to this example. — 

Note that (c) h (a). Also it is not hard to see that (c) b (b). It 
seems to be an open question whether the double negations of these 
formulas are provable. By the results with 1945-realizability (8.6 ^ 6, 
IM p. 511), -i-i(c) is unprovable in intuitionistic number theory, 
even including the postulates of Group D (however extended) with 
only number variables. 



Chapter III 


THE INTUITIONISTIC CONTINUUM 
by Richard E. Vesley 7 


§ 12. Introduction. We shall develop the intuitionistic theory of 
the continuum in the formal system of Chapter I. Our aims are, first, 
to investigate the adequacy of the system for this development, 
and, second, to provide an exposition of the theory. As Beth has 
observed (1959 p. 422), “the central place in intuitionistic mathematics 
is occupied by the theory of the continuum ”. Any formal system for 
intuitionistic analysis should provide the means for a development 
of this theory at least through the well-known uniform continuity 
theorem (§ 15 below). Such a development may clarify for some 
readers the intuitionistic sources, which (except for Heyting 1930 , 
1930 a) are deliberately non-formal. 

Of the many sources (Brouwer 1918-9, 1924, 1927, 1928a, etc., 
Heyting 1952-3, 1956), we rely on two primarily, but not entirely. 
In §§ 14, 15 we follow rather closely the exposition of Heyting 1956. 
In § 16 we prove formally some less well-known theorems from 
Brouwer 1928a (not appearing in Heyting 1952-3 or 1956). 

Although the main objectives here are foundational analysis and 
clarification of the existing intuitionistic theory of the continuum, 
some additions are made to that theory. As one detail which seems 
to be developed here for the first time, we prove (*R14.11 below) the 
equivalence of the notion of sharp difference (^4 S in our symbolism), 
which Brouwer introduced in 1928a, to his notion of apartness #, 
introduced in 1918-9 II and frequently used in intuitionistic writings 
(e.g. in his 1954, and Heyting's 1956), of real number generators. Our 
proof of the equivalence uses Brouwer’s principle (§ 7 above). 

This equivalence of to # we also use in simplifying the hy- 

7 This chapter is a revised version of a Ph. D. thesis, written under the 
direction of Professor S. C. Kleene, and accepted by the University of Wisconsin 
May 28, 1962. 
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pothesis in Brouwer’s formulation 1928a of the free-connectedness 
property (our *R14.13-*R14.14), and (in Remark 16.1) we indicate 
a reason why Brouwer could not have established the property 
quite as he formulated it. 

§ 13. Real number generators and real numbers. Brouwer studies 
various formulations of the continuum in different papers. In general, 
he takes the following two steps. First, he describes a particular 
species of “points” (1927 p. 60) or “real number generators” (Heyting’s 
term in 1956 p. 16). (Other terms are also used.) These are infinite 
sequences and may be, for example, infinite sequences of rational 
numbers or dual fractions with some convergence condition (Brouwer 
1928a p. 5, Heyting 1956 p. 16), sequences of nested dual intervals 
with a convergence condition (Brouwer 1927 p. 60, 1949 p. 122), or 
choice sequences of the rational numbers producing objects analogous 
to Dedekind cuts (Brouwer 1924-7 II p. 467). Second, he defines an 
“equality” (or “coincidence”) predicate over these infinite sequences 
and a “point core” (Brouwer 1927 p. 60) or “real number” (Heyting 
1956 p. 37) as an equivalence class with respect to this equality predicate. 

In this form, as a “species of second order” (cf. Heyting 1956 p. 38), 
the continuum appears not to be an object for study in the formal 
system. But the elements of the underlying species of points or real 
number generators can be studied and the theory developed on this 
basis. Properties of real numbers will then appear as just those 
properties of real number generators which depend only on the 
equivalence classes with respect to the equality (or coincidence) 
predicate to which the generators belong. 

We use from now on the abbreviation “r.n.g.” for real number 
generator(s). 

Of the possible species of r.n.g. mentioned above we choose to 
consider the species of convergent sequences of dual fractions. As a 
preliminary we could without difficulty develop the theory of dual 
fractions (or of rational numbers in general) in the formal system. 
But we find it simpler to proceed directly to the convergent sequences. 
We consider only sequences of the form a(0), a(l)/2, a(2)/2 2 , a(3)/2 3 , 
which we study in the formal system through the sequences a(0), ot(l), 
a(2), a(3), ... of the numerators of successive fractions. We may 
write the convergence condition for these sequences as (k){Ex){p) 
|a(#)/2 a; — (x(x-\-p)j2 x+p \ < l/2 fc , which formalized is the right side 
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of *R0.1. Taking “aeR” as an abbreviation for this formula, *R0.1 
holds by IM *19. We abbreviate aeR & (UeR as “a, (UeR”, etc., and 
similarly with other uses of “e” (also -iae as “a^”). 

*R0.1. b aeR ^ Vk3xVp2 k |2Pa(x)—a(x+p)|<2 x+ P. 

This formulation of the convergence criterion corresponds to Heyting's 
definition 1956 p. 16 of a “Cauchy sequence'", except that we are using 
sequences of dual fractions instead of sequences of rational numbers 
in general, and are confining our attention to non-negative dual 
fractions, for reasons of convenience. 

Cauchy convergence is usually written a little differently, namely, 
in our context, (k)(Ex)(p)(q)\*(x+p)IT +p ~<x{x+q)IT +<l \ < 1/2*. This 
formalizes as the right side of *R0.2, which we abbreviate “aeRi”. 

*R0.2. b aeRi ^ Vk3xVpVq2 k 12 ( ia(x-|-p) —2Pa(x+q)|<2 x+ P +( i. 

But these two formulations of Cauchy convergence are equivalent. 
*R0.3. b aeR ~ aeRi. 

Proof. I. Assume aeR, and after V-elim. and prior to 3-elim., 
(i) Vp2 k+1 |2Pa(x)—a(x+p)|<2 x+ P. Thence by V-elims., (ii) 
2k+iJ2Pa(x)—a(x+p)|<2 x+ P and (iii) 2 k+1 |2 < ia(x) — a(x+q)|<2 x+( h 
Now 2 k+1 |2 ( ia(x+p)—2Pa(x+q)| < 2 k+1 |2 < ia(x+p) — 2P +( *a(x)[ + 
2 k+i| 2 P+q 0C (x)-2Pa(x+q)| [*11.5; *145b with *3.9] = 2<i2 k +i|2Pa(x)- 
a(x+P)l + 2P2 k+1 [2<ia(x)— a(x+q)| [*11.9 with *3.3, *11.4] < 2«2 X+ P-|- 
2P2 x +a [(ii), (iii), *145a, *144a, *134a] — 2*2 x+ P+q, whence by *145a, 
(iv) 2 k |2<ia(x+p)--2Pa(x+q)l<2 x+ P +( i, and by V-, 3- and V-introd., 
aeRi. II. Use p=0 in aeRi, and change the bound variable q to p. 

We follow Heyting 1956 p. 41 in considering also the “canonical” 
r.n.g. (abbreviated “c.r.n.g.”). These are sequences of the already- 
described kind with a prescribed rate of convergence given by 
(x)\a(x)IT—(x(x f )IT'\ < lfT'. This leads to the formula on the right 
side of *R0.4, which formula we abbreviate “aeR”'. 

*R0.4. b aeR' ^ Vx|2a(x) — a(x') | < 1. 

Equivalent formulations are given by: 

*R0.5a-c. b |2a(x)-a(x')|<l 

[2a(x) <a(x')+ 1 & a(x') <2a(x)+1] 

— [a(x') +1 =2a(x) V a(x') =2a(x) V a(x')=2a(x)+ l] 

— [2a(x) -1 <a(x') <2a(x) + 1]. 

Proof. Call the formula “A ^ B ~ C ^ D”. Using *2 and *16, 
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it will suffice to prove (a) A ~ B, (b) B z> C, (c) CdD, (d) DdB. 
(a) By *11.15a. (b) B gives four cases: (=, <), (<, <), (<, =), 
( = , =). But (=, =) is impossible, while (=, <), (<, <), (<, —) 
give the three cases of C, respectively (using *138a). (c) Using *6.15, 
2a(x) — 1 < 2a(x) < 2a(x)+l. Using this, D follows in each of the 
three cases of C. (d) Assume D. Then 2a(x) < (2a(x) — 1) + 1 [ x 8.1, 
*8.4] <a(x') + l [D, *144b]. Thus B. 

The reason for our considering two species of r.n.g. simultaneously 
is that the approach to the theory through R has some advantage 
for real number arithmetic (cf. Remark 14.1), while the approach 
through R' permits us to bring in the spread concept in 14.1. These 
two approaches give rise to species of real numbers which are identical 
(in the sense of Brouwer 1924-7 I pp. 245-6), as will be established 
formally by showing that to each element of one species there is an 
equal element of the other. A mapping from R' to R is provided by 
*R0.7; one from R to R' will be established in *R1.11 of 14.3 after 
introduction of the equality predicate for r.n.g. 

*R0.6. b aeR' Z> VpVx|2Pa(x)-a(x+p)|<2P. 

*R0.7. b aeR'z> aeR. 

Proofs. *R0.6. Assume aeR'. We shall deduce Vx|2Pa(x) — 
a(x+p)|<2P by ind. on p. Ind. step. |2P'a(x)—a(x+p')| < 
|2P , a(x)-2Pa(x')| + |2Pa(x')-a(x+p')| = 2P|2a(x)-a(x')| + |2Pa(x')~ 
a(x'+p)| < 2P+2P [aeR', hyp. ind.] = 2P'. 

*R0.7. Assume aeR'. Then 2 k |2Pa(k)-—a(k-fp)|<2 k+ P [*R0.6]. By 
V-, 3- and V-introd., Vk3xVp2 k |2Pa(x)—a(x+p)|<2 x+ P, i.e. aeR. 


§ 14. The spread representation; basic properties of the continuum. 
14.1. In *R0.8 we show that the r.n.g. of the second kind constitute 
a spread. For the meanings of “Spr(a)” and “olGg” see 6.9. 

*R0.8. b 3<r[Spr(cx) & <y(l)=0 & Va(aecr — aeR')]. 


Proof. We introduce g by Lemma 5.5 (c) (cf. the proof of *26.4a), 
using *23.5 [*23.2 with *6.3] to express a [cr(b) for b<a] in terms 
of c(a), thus: 


(A) 


Vacr(a) = 


0 if a=l V [Seq(a) & lh(a) = l] V 
[Seq(a) & lh(a)> 1 & 

|2(( a )lh(a)^2“ l)~~(( a )lh(a)-l~ 1)1^ 1 & 

fy (ni<lh(a)-lPi a> ‘) = ^]> 

1 otherwise. 
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By *22.3, *B4 (with *6.7), *22.1, *B6 and *143b (with *3.10, *18.5), 
Seq(a) & lh(a)>l => n i<lh(aK1 pf a)l <a. 

I. <t( 1)=0 is immediate. 

Ha. Toward Spr(cx), Va[a(a)=0 Z) Seq(a)] is immediate, 
lib. To deduce Va[<r(a)=0 Z) 3s<r(a*2 8+1 )=0], assume (prior to Z)- 
and V-introd.), ty(a)=0 . Case 1: a=l. Then a(a*2 0+1 ) = <t( 1*2 0+1 ) = 
cr(2 1 ) = 0, using *22.5, *22.7, *20.3, (A). By 3-introd., 3s<i(a*2 8 + 1 ):=0. 
Case 2 : a^l. Then by (A), Seq(a) & lh(a)> 1. Let t abbreviate 
a *2 2((a) ih(a)-i-"D+ 1 . Using *22.8, etc., Seq(t) & lh(t)=lh(a)+1 > 1. Also 
|2((t)i h( t)^2~ l)~(Wih(t)-i~ 1)1 — ^((a)^)^! — 1)—2((a) lh(a) ^ t —1)| = 
0 < 1, and ^(n^uj^^jpf^) = cx(a) = 0. So by (A), <r(t) = 0, whence 
by 3-introd., 3sa(a*2 8+1 ) = 0. 

lie. To deduce Va[Seq(a) & s(a)>0 z> Vscr(a*2 8 + 1 )>0], assume 
Seq(a) & <r(a)>0. By (A), a=£l, whence lh(a*2 8+1 )> 1. So, since 

c (^iclh(a*2 8+1 )—lPi a * 2>+I> ‘) = °( a ) > °- ( A ) g ives <5(a*2*>+l) = 1 > 0. 

Ilia. Toward Va[a&j ~ aeR'], first assume aeo. By V-elim., 
<j(a(x"))=0. Then by (A), |2((«(x")) I ^-1)| < 1, whence 
|2a(x)-«(x')| <1, and by V-introd., aeR'. 

Illb. Conversely, assume aeR'. By ind. on x with a double basis 
(IM p. 193), using (A), ty(a(x))=0. By V-introd., a eg. 

14.2. In *R0.9, p, xj, x are distinct variables, and A(p) is a formula 
in which xi and x are free for p. 

*R0.9. h VpA(xi+p) & xi<x z> VpA(x+p). 

*R0.10. b VpVq2 k |2 q a(xi + p) — 2Pa(xi+q)j <2 Xl+p+(1 & x x <x D 
VpVq2 k 12 q a(x+p) — 2Pa(x+q) | < 2 X +P+<1. 

*R0.11. b Vp2 k+1 |2Pa(xi)—a(xi+p)| <2 Xl+p & xi<x D 
Vp2 k 12 p a (x)—a (x+p) j < 2 X +P. 

Proofs. *R0.9. Assume VpA(xi + p) & xi<x. Assume x=xi+c 
(cf. 5.5 If 4). By V-elim., A(xi+c+p), whence A(x+p). By V-introd., 
VpA(x+p). 

*R0.10. Assume the antecedent and x=xi+c. Using V-elim. with 
c+p and c+q for p and q, 2 k ]2 c+< ia(xi-f-c+p)—2 c +Pa(xi + c+q)] < 
2Xi+c+ P +c+q Dividing by 2 C (i.e. using* 145a with *11.9 and *3.9), 
and replacing xi+c by x, 2 k |2<ia(x+p) —2Pa(x+q)| < 2 x +p+<i. 

*R0.11. Assume the antecedent. The steps from (i) to (iv) in the 
proof of *R0.3 and V-introd. give VpVq2 k |2<ioc(xi+p)—2Pa(xi+q)| < 
2 xi+P+q So by *R 0 .10, VpVq2 k |2‘ia(x+p)-2Pa(x+q)| < 2 x +P+a, 
whence putting p=0, Vp2 k |2Pa(x) — a(x+p)| < 2 x +p. 
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14.3. The coincidence predicate for r.n.g. (Heyting 1956 p. 16) is 
expressed by the formula on the right in *R1.1, which formula we 
abbreviate as “a=(Y\ In *R1.3 a —$ is Vx(a(x)=£J(x)) (cf. 4.5). 

*R1.1. Vk3xVp2 k |a(x+p) — ^(x+p)| <2 x+ p. 

*R1.2. b Vpa(x+p) = ^(x+p) D a=(3; 

bVt t > x a(t)=(*(t)z>a=(L 
*R1.3. *R1.4. b a=a. 

*R1.5. b a=p Z) fi—a. *R1.6. (-a=p&p^yDa=y. 

*R1.7. b aeR & a=p Z) (UeR. 

Proofs. *R1.2. Assume Vt t > x a(t)=($(t). Then a(x+p)=p(x+p), 
so 2 k |a(x+p)—p(x+p)| = 0 [*11.2] < 2 x+ p, whence by V-, 3- and 
V-introd., a=|J. 

*R1.4. From a=a (4.5 f 5) by *R1.3. 

*R1.5. Use *11.4. 

*R1.6. Assume a=(L fi=y. By V-elims., and omitting 3xi, 3x2 pre¬ 
ceding 3-elims.: Vp2 k+1 |a(x 1 +p) —p(xi+p)|<2 Xl+p , Vp2 k+1 |p(x 2 +p) 
—y(x2+p)|<2 X3+p . Letting x=max(xi, X2) and using *R0.9, *8.4: 
Vp2 k+1 |a(x+p) — p(x+p) | <2 x+ p, Vp2 k+1 |p(x+p) —y(x+p) | <2 X+ P. 
Now 2 k + 1 |a(x+p)-y(x+p)| < 2 k +i|a(x+p)-^(x+p)| + 2 k + 1 |^(x+p) 
—y(x-bp)S [*H.5, etc.] < 2 x +p+2 x+ p = 2*2 x +p. So 2 k |a(x+p) — 
y(x+p)|<2 x+ P. By V-, 3- and V-introd., a=y. 

*R1.7. Assume aeR, a=[L By V-elims., and preceding 3-elims.: 
V p2 k +3|2Pa(xi)-a(x 1 +p)|<2 Xl+p , Vp2 k + 2 |a(x 2 +p)-p(x 2 +p)|<2 Xa+p . 
Letting x=max(xi, x 2 ), and using *R0.11 and *R0.9, with *8.4: (i) 
Vp2 k + 2 |2Pa(x)-a(x+p)|<2 x +P, (u) Vp2 k + 2 ja(x+p)-p(x+p)l<2 x +P, 
whence (V-elim. with 0 for p, *145a, etc.) (iii) 2 k+2 [2PfU(x) —2Pa(x)| 
<2 x +p. Now 2 k + 2 |2PMx)—^(x+p)| < 2 k+2 |2P^(x)—2Pa(x)| + 
2 k + 2 |2Pa(x)-a(x+p)l+2 k + 2 |a(x+p)-p(x+p)| < 2 x +p+2 x+ p+2 x+ p 
[(iii), (i), (ii)] < 2 x +p+ 2 . So 2 k |2Pp(x)-p(x+p)| < 2 X +P. By V-, 3- 
and V-introd., [UeR. 

*R1.8. b 3b2 y + 1 |2 y a—2 x b| <2 y+x . 

*R1.9. b 2 y+3 |2Pa—d[<2 x+ P & 2y +1 |2 y a— 2 x b| <2 y+x z> 

2 y + 3 |2 y d—2 X+ Pb| <2 x+ P +y 5. 

*R1.10. b a,yeR& Vp2 z + 4 |a(w+p)-y(w+p)|<2 w +P Z> 

3al w 3y^ eR ,(a'=a & y'=y & Vx x < z a'(x)=y'(x)). 

*R1.11. b aeR ~ 3a^ 6R ,a'—a. 
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Proofs. *R1.8. Case 1 : y<x. Assume y+c=x, a=2 c q+r & r<2 c 
(using *146a). Subcase 1 .1: 2y +1 j2ya—2 x q| <2y +x . Use 3-introd. 
Subcase 1.2: 2y+ x < 2y +1 |2ya—2 x q| = 2y+i|2y(2 c q+r)—2y+c q | = 
2 y+!(2yr) [*11.8]. So assume 2y+ x +d' = 2y+ 1 (2yr). Then 2y+*|2ya- 
2 x (q+l)| = 2y+ 1 |2y(2 c q+r)-2y+e(q+l)| = 2y+ 1 |2yr-2y+c[ [*11.7] = 
2v+i(2 x -2yr) [r<2 c , *11.1, *6.11] = 2y+ 1+x -2y +1 (2yr) [*6.14] = 
(2y+xq-2y+ x )-(2y+ x +d') = 2y+ x -d 7 [*6.8] < 2y +x [*6.15]. Use 3- 
introd. Case 2: y>x. Then 2y +1 |2ya—2 x 2 y “ x a| = 0 [*6.7, *11.2] < 
2 y+ x . 

*R1.9. Assume (i) 2 y+ 3 |2Pa—d| <2 x +p and (ii) 2y +1 12ya—2 x b[ < 
2 y+x . Then 2y+ 3 |2y+ x d—2 2x +Pbj < 2y+ 3 |2y+ x d—2y+ x +Pa| + 
2y+ 3 |2y+ x +Pa—2 2x +Pb| = 2y+ x 2y +3 |2Pa—d| + 2 x +P+ 2 2y +1 |2ya~2 x b| < 
2y +x 2 x+ P+2 x +P+ 2 2y +x [(i), (ii)] = 2 2x +P+y5. Thus 2y +3 |2yd—2 X +Pb| < 
2 x +p+y5. 

*R1.10. Assume a, yeR and (i) Vp2 z+4 Ja(w+p)—y(w+p)|<2 w+ P. 
First we shall deduce (a) 3b3c{3xVp2y+ 3 |2ya(x+p)-2 x +Pb|<2 x +P+y5 
& 3xVp2y+ 3 |2yy(x+p) —2 x +Pcj<2 x +P+y5&(y<zDb=c)}. Case 1: y<z. 
Using aeR, assume prior to 3-elim.: (ii) Vp2 z+5 |2Pa(xi)— a(xi+p)|< 
2 Xl+p . Letting x=max(w, xi), and using (i) and (ii) with *R0.9 and 
*R0.11: (iii) Vp2 z+4 |a(x+p)—y(x+p)| <2 x+ p, (iv) Vp2 z+4 |2Poc(x) — 
a(x-|~p)| <2 x+p . Using *11.5 (and *145a), Vp2 z+3 |2Poc(x)—y(x+p)|< 
2 x +p. Thence using the case hyp., *144b, *3.12, and a<bDac<bc 
[5.5 f 4]: (v) Vp2y+ 3 |2Poc(x)—y(x+p)|<2 x +P. Similarly from (iv): 
(vi) Vp2y +3 |2Pa(x)—a(x+p)|<2 x+ P. Using *R1.8, assume prior to 
3-elim.: (vii) 2 y +1 |2ya(x) —2 x b|<2y +x . By *R1.9, with (v) (or (vi)) 
and (vii): (viii) 2y +3 [2yy(x+p)—2 X+ Pb| <2 x+ p+y5, (ix) 2y+ 3 |2ya(x+p) 
—2 x+ Pb|<2 x+ P+y5. By *11, *100: (x) y<z d b=b. From (ix), (viii), 
(x) by V-, 3- and &-introds., (a). Case 2: y>z. Using a, yeR, assume 
(prior to 3-elim.) formulas from which by *R0.11: (xi) Vp2y +3 |2Pa(x) — 
a(x+p)|<2 x+ P, (xii) Vp2y +3 |2Py(x)—y(x+p)|<2 x +P. Using *R1.8, 
assume (prior to 3-elims.): (xiii) 2y +1 |2ya(x)—2 x b|<2y+ x , (xiv) 
2 r+i|2yy(x)—2 x c|<2y +x . By (xi), (xiii) (or (xii), (xiv)) and *R1.9: 
2y+ 3 |2ya(x+p) —2 x +Pbj<2 x +P+y5, 2y+ 3 |2yy(x+p)—2 x +Pc|<2 x +P+y5. 
Also, using case hyp., y<z z> b=c. By V-, 3- and &-introds., (a). Now 
from (a) by *2.2 (twice), 3a'3y'{Vy3xVp2y+ 3 |2ya(x+p)— 2 X+ Pa'(y)|< 
2 x+p+y 5 & Vy3xVp2y+ 3 |2yy (x+ p)—2 X +Py'(y) | <2 x +P+y5 & Vy y < z oc'(y) = 
y'(y)}. Prior to 3-elims. from this, we assume a formula from which 
by &-elims: (xv) Vy3xVp2y+ 3 |2ya(x-|-p) —2 x +Poc'(y)| <2 x+ P+y5, (xvi) 
Vy3xVp2y+3|2y Y (x+p)-2*+PY'(y)|<2^+P+y5, (xvii) Vy ysz a'(y)= Y '(y). 
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From (xv) we deduce a'eR', thus. After V-elims. (with y and y+1 
for y) and preceding 3-elims. we assume formulas from which by *R0.9 
(and V-elim.): (xviii) 2y + 3 |2ya(x+p)—2 x+ Pa'(y)|<2 x+ P+y5 and (xix) 
2y+4|2y+ioc(x+p)—2 x +Pa , (y+l)l<2 x +P + y + 1 5. Now 2 2 y+ x +P + 4 |2a'(y) — 
a'(y+l)| = 2 2 y+ 4 j2 x +P + 1 a , (y) — 2 X+ Pa'(y+ 1)| < 2 2 y+ 4 |2 x +P+V(y) — 
2y+ 1 a(x+p)|+2 2 y+ 4 !2y+ 1 a(x+p)—2 x +Pa(y+l)| = 2y+ 2 2y + 3 |2yoc(x+p) 
— 2 x +Pa'(y)j+2y2y+ 4 |2y + 1 a(x+p) —2 x+ Pa'(y+l)| < 2y+ 2 2 x +P+y5+ 
2y2 x+ P+y +1 5 [(xviii), (xix)] — 2 2 y +x +P +1 15. Thence 8|2a'(y) —a'(y+L)j 
<15, whence (by contradicting |2oc'(y) —a'(y+ l)j> 1), |2a'(y) — 

a (y+l)|<l. Thence (xx) a'eR'. Similarly from (xvi): (xxi) y'eR'. 
Toward deducing a'=oc from (xv) and (xx), assume from (xv), after 
V-elim. (with t=13*2 k for y) and prior to 3-elim., Vp2 t+ 3 |2 t a(xi + p) — 
2 Xl+p a'(t)|<2 Xl+p+t 5, whence by *R0.9, letting x=max(xi, t), (xxii) 
2 t+ 3 |2 t a(x-)-p)—2 x+ Pa'(t)|<2 x +P +t 5. Assume (prior to 3-elim.): (xxiii) 
x—t+c. Now t2 t |oc(x+p)—ot'(x+p)| < 2 t 2 t+ 3 |a(x+p)—a'(x-|-p)| 
[*3.10; a<b D ac<bc] — 2 t+ 3 |2 t a(x+p)— 2 t a'(x-|-p)| < 2 t+ 3 |2 t a(x+p) 
-2 x +Pa , (t)| + 2t+3|2 x +Pa / (t)-2V(x+p)! < 2 x +P+t5+2^+32*| 2 c+P a '(t)- 
a'(t+c+p)i [(xxii), (xxiii)] < 2 x+ P +t 5+2 t+ 3 2 t 2 c+ P [*R0.6, (xx)] — 
2 X +P2 t 13. Thus 2 k |a(x+p)—a'(x+p)| <2 x+ p. By V-, 3- and V-introd.: 
(xxiv) a'=^a. Similarly, from (xvi) and (xxi): (xxv) y'—y. Combining 
(xx), (xxi), (xxiv), (xxv), (xvii): 3< u .3<R-( a '—“ & t'—T & 

Vx x < z a'(x)=r'(x))- 

*R1.11. I. Assume olg R. Use *R1.10 with ol,ol for a, y. II. Use 
*R0.7, *R1.7. 

The law of the excluded middle does not hold for equality = of 
r.n.g. a and fi] indeed, when it is generalized on one of the variables, 
say a, we can refute it, using Brouwer’s principle *27.6. (Cf. Brouwer 
1928a p. 7 item 1, with 1929 p. 161; 1954 p. 5 lines 7-9.) This we shall 
do in *R9.23. 

However, the law of double negation does hold for a = ^ (cf. 
1928a p. 8 lines 23-35, 1954 p. 5 lines 6-7, Heyting 1956 p. 17); this 
we shall include in *R2.8. 

14.4. We represent the apartness relation between r.n.g. (Brouwer 
1954 p. 4 lines 13-14, Heyting 1956 p. 19) by the formula on the right 
in *R2.1, abbreviated *R2.3, *R2.4, *R2.6, *R2.7 are from 

Heyting 1956 p. 20. Kleene shows in 18.2 of Chapter IV below that 
the converse of *R2.5 is not provable and (by classical reasoning) 
not refutable. 
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*R2.1. h a ~ 3k3xVp2 k |a(x+p) — ^(x+p)| >2 X+ P. 

*R2.2. h-*x #a. *R2.3. ha#(S=>(*#a. 

*R2.4. |-a=p&a#y Dp#y. *R2.5. h D -ia=£}. 

*R2.6. h a, p, T eR &a#pDa#y vp#y. 

*R2.7. h a, [UeR & -.a#^ Z) a=p. 

*R2.8. h a, £JeR Z) (-rnoc—(3 ^ ^ a=fi). 

Proofs. *R2.4. Assume a=£J, a#y. Prior to 3-elims., assume 
Vp2 k |a(x 1 -|-p)—y(xi+p)|>2 Xl+p ; and after V-elim. and prior to 3- 
elim., assume Vp2 k+1 |a(x2+p) —{3(x2+p)|<2 x 2+P. Letting x=max(xi > 
X 2 ) and using *R0.9, V-elim. and *145b: (i) 2 k+1 |a(x+p)—y(x-f-p)j > 
2*2 x+ p and (ii) 2 k+1 |a(x+p) —p(x+p)|<2 x +P. Now 2 k+1 |fJ(x+p) — 
y(x+p)|^2 x +P, since otherwise 2 k+1 |a(x+p)—y(x+p)| < 2 k+1 |a(x-j-p) 
—p(x+p)| + 2 k+1 |p(x+p)—y(x+p)| < 2 x+ p+2 x +p [using (ii)] = 2-2 x +p, 
contradicting (i). By V- and 3-introds., (U#y. 

*R2.5. By *R2.2 and *R2.4. 

*R2.6. Assume a, (U, yER and a# [5. Prior to 3-elims. from a#p f 
and after &- and V-elims. and prior to 3-elims. from a, (U, yER, assume 
formulas from which, using *R0.9 (and *145b) and *R0.11: (i) 
2 k+3 |2 p a(x) — 2P£l(x) | >8*2 X+ P, (ii) '2 k + 3 |2Pa(x)~a(x+p)| <2 x +p, (iii) 
2 k +3j 2P£J (x) — £J (x+p) | < 2 x +p, (iv) 2 k +3|2Py(x)-y(x+p)|<2 x +P. Now 
2 k+3 [2Pa(x) -2Py(x) | >4*2 x+ p V 2 k+3 |2P[S(x)-2Py(x)| >4-2 x +p, since 

otherwise 2 k+3 |2Pa(x) —2P[3(x)| < 2 k+3 |2Pa(x) —2Py(x)|-[-2 k+3 |2Py(x) — 
2P(^J(x)| < 4*2 x +p+4*2 x+ p = 8 -2 x +p, contradicting (i). Case 1 : 
2 k+3 |2Pa(x) — 2Py(x) | >4*2 x +p. Then (a) 2 k+3 |<x(x+p) —y(x+p) | >2-2 x +p, 
since otherwise 2 k+3 |2Pa(x) —2Py(x)| < 2 k+3 |2Pa(x)-a(x-|-p)] + 
2 k+3 |a(x+p)—y(x+p)j+2 k+3 ly(x+p)—2Py(x)j < 2 X+ P+2*2 X+ P+2 X+ P 
[using (ii), (iv)] = 4*2 x+ p, contradicting case hyp. From (a) by *145b, 
2 k+2 |a(x+p)—y(x+p)|>2 x+ P, whence by V- and 3-introds., a#y, 
and by V-introd., a#yV [U#y. Case 2: 2 k+3 |2PfJ(x)—2Py(x)|;>4*2 x+ P. 
Similarly, using (iii) and (iv), £J#y, and by V-introd., a#yV£J#y. 

*R2.7. Assume a, [UeR and -ia#(U. After V-elims., and prior to 
3-elims., from <xeR and (UeR, we assume formulas from which by 
*R0. 11 : (i) Vp2 k+3 |2Pa(x)—oc(x+p)|<2 x +P (ii) Vp2 k + 3 |2P(U(x) — 

(U(x+p)|<2 x +P. For reductio ad absurdum, assume 2 k+1 |a(x) — [S(x) | ;> 
2 X . Now 4-2 x+ P < 2 k+3 |2Pa(x) —2P(U(x)| < 2 k+3 |2Poc(x)—a(x+p)| + 
2 k+3 |oc(x+p)—^(x+p)| + 2 k+3 |^(x+p)-2Pp(x)| < 2 x +P+2 k + 3 |a(x+p) 
— [U(x+p)| + 2 x +P [(i), (ii)] < 2*2 x+ P+2 k+3 |a(x+p)—(U(x+p)|. Hence 
2 x+ P<2 k+2 |a(x-f-p)—[U(x+p)|. By V- and 3-introds., a#(U, contra- 
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dieting -ia#(U. Thus (iii) 2 k+1 |a(x) —fj(x)|<2 x . So 2 k+3 |a(x+p)— 
0(x+p)| < 2 k +3ia(x+p)-2Pa(x)| + 2 k + 3 |2Poc(x)-2Pp(x)H-2 k + 3 |2P^(x) 
—($(x+p)| < 2 x+ p+4*2 x+ p+2 x+ p [(i), (iii), (ii)] = 6*2 x +p < 8-2 x+ p. 
So 2 k |a(x+p) —p(x+p)i<2 x+ P. By V-, 3- and V-introd., 

*R2.8. Write it “a, £JgR d (A ~ B ~ C)'\ Assume a, (UgR. (a) 
A D B by *R2.5, *12. (b) B d C by *R2.7. (c)CdA by *49a. 

14.5. Of the operations of arithmetic we introduce only addition 
a+/3 and subtraction a—/?, \ot-—f}\. There would be no difficulty in 
treating multiplication and division if required (cf. Hey ting 1956 p. 21). 

Our new axioms are of the first form provided in 5.1. In *R3.3, 
*R3.4, *R4.3-*R4.5, *R5.3-*R5.6 we have analogues to *117, *119, 
*6.3, *6.5, * 6 . 8 , x ll.l, *11.4, *11.7, *11.8, respectively (thus including 
all equalities from IM Theorem 25 and above x 6 . l-* 6 . 21 , x 11. 1 -* 11.15b 
not involving 0, ' or multiplication). Each of these follows by V-introd. 
from (a substitution instance of) the corresponding theorem of IM or 
5.5 above, and by *R1.3 each has a version with — replaced by =. 


X R3.1. 

(a+P)(x) = a(x)+p(x). 



*R3.2. 

h a, (UgR ID a-j-fiGR. 



*R3.3. 

ha+(p+Y) = (a+W+Y. *R3.4. 

h 

a+^=^+a. 

*R3.5. 

h a=p ^a+Y—P+Y- *R3.6. 

f- 

~a+Y#p+y 

X R4.1. 

(a-p)(x)=a(x)-|3(x). 



*R4.2. 

h a, (3 gR Z> a —(3 gR. 



*R4.3. 

h (a+fJ) —p=a. *R4.4. 

h 

*-(P+Y) = ( a -W-Y' 

*R4.5. 

(“+y)-(P+y)=“-P- 



*R4.6. 

|-a=pDa-y=p-Y. *R4.7. 

h 

D y —a—y — (ii. 

X R5.1. 

(|«-Pl)(x) = |«(x)-Mx)|. 



*R5.2. 

h a, ^gR Z> |a — ^|gR. 



*R5.3. 

h |a—fi| = (a —fJ) + (fi —a)- *R5.4. 


H«-p| = |p-a|. 

*R5.5. 

h j (ot+Y) — 0+Y) 1 = 1“—^1 ■ *R5.6. 


l-|(a+p)-|3|=a. 

*R5.7. 

ha=($ Z> |a— yI —IP—Yl* 




Proofs. *R3.2. Use *R0.11, *11.5, *11.7. 

*R3.5-*R3.6. Use *11.7. 

Remark 14.1. As counterexample to *R3.2 with R replaced by 
R', I- AxIgR' & -iAxl-f AxIgR'. Similarly, counterexamples to *R4.2 
and *R5.2 with R' replacing R are obtained by taking a to be 
Ax2 x ' —1 and [5 to be Ax 1. 
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14.6. We shall study two ordering predicates for the continuum 
which are important intuitionistically: the “natural ordering” or 
“measurable natural ordering” o (Brouwer 1928a p. 8 , 1951; called 
the “pseudo-ordering” and written “<” in Heyting 1956 pp. 107, 
25), and the “virtual ordering” < (written “<” in Brouwer 1928a 
p. 9, 1951, and “<” in Heyting 1956 p. 107). 

Informally the natural ordering predicate a<o/? is 
{Ex)(Ek)(£)p(x+p)!T +p -0L{x+p)!T+ v ^>\l2 k . We express this formal¬ 
ly by the right side of *R6.1, abbreviated “a<°£J” (read “a measurably 
less than cf. Brouwer 1951) or “(U°>a”. We write “a<°fS” or 
for a<°£i V a— fi; “a°>£i, y” for a°>£i & a°>y, etc. 

Analogously to “a=£J” for Vx(a(x)=£J(x)), we adopt the abbrevi¬ 
ations “a<f£” and “(U>oc” for Vx(a(x)<p(x)); since we shall avoid 
employing the corresponding abbreviations "a<p” and “fi>a” for 
Vx(a(x)<(U(x)), which are of no separate use here, there will be no 
occasion to confuse a<p and £J!>a with the disjunction a<fi V a=p. 

We furthermore abbreviate -ioc<°p by and “|3«>a”. In 

number-theory there was no gain from such an abbreviation since 
-ia<b is equivalent to a]>b and to b<a. 

Using *R1.3-*R1.6 we are justified in constructing chains of 
functors linked by =, =. Now using in addition *R6.4, *R6.6-*R6.8, 
*R6.10-*R6.15 below we may construct chains of r.n.g. linked by 
= , —, O, <, <s (or by =, °>, >, <fco). Cf. IM end § 26. 

Thus constructing an ascending chain from a to fi establishes in 
any case that (if < and are not used, that if <° is 

used, that aO£J). Such a chain appears in the proof of *R9.19; 
others will be used in 15.3 ff. 

Various inequality formulas in arithmetic have analogues in the 
natural ordering of the continuum, though we cannot derive these 
analogues in quite as uniform a manner as we did the analogues of 
equalities in 14.5. The proofs of *R6.16-*R6.20 provide examples. 

Most of the (next) theorems are from Heyting 1956 pp. 25-26. 

*R6.1. b a<°£J ~ 3k3xVp2 k (p(x+p) — a(x+p)) >2 x +p. 

*R6.2. b a, (UgR & a#P => a0(5 V {J<°a. 

*R6.3. ha<^ D a#|3. *R6.4. b ocOfi Z) -ia=(U. 

*R6.5. b a, £JgR & a<f;°p & £<oa z> a =*=|S. 

*R6.6. b aO(U & (UOy D a<°y. 

*R6.7. b a<°f£ D P<|C o a. *R6.8. b a<jC°a. 

*R6.9. b a, ($, yGR & a 0(5 Z> aOy V yO(5. 
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*R6.10. h CL, p, yeR & a°>(S & [SOy d otOy. 

*R6.11. h oc, (3, yeR & a<°£J & £}°;4>y D a<°y. 

*R6.12. h a, 0, yeR & ao>[} & ^>y D ao>y. 

*R6.13. h a=[i & a<oy D ^<oy. 

*R6.14. h a=p & y<°a D y<°p. 

*R6.15. l*a<^Dao>p. *R6.16. h a<°(J ^ a+yOfi+y. 

*R6.17. h |a—y| |a—p|-J-|£—y|. 

*R6.18. h p°>y D (oc-J-p) — y—a+(|3—y). 

*R6.19. h a°>fi, y ^ a —y°>£i — y. 

*R6.20. h a<°|3, y ^y — a«>y —|3. 

Proofs. *R6.2. Assume a, pieR and a#(T Prior to 3-elims. and 
after V-elims. assume formulas from which, using *R0.9 and *R0.11: 
(i) Vp2 k |oc(x+p)-p(x+p)|>2x+P, (ii) Vp2 k + 2 |2Poc(x)-a(x+p)!<2 x +P, 
(iii) Vp2 k+2 j2pp(x) —p(x+p)|<2 x +P. By V-elim. from (i) with 0 for p 
(and *145b), |2 k + 2 +Pa(x)-2 k + 2 +P^(x)| ^4-2 x +p. Case l: a(x)<p(x). 
Then by *11.14, (i') 2 k + 2 +P(S(x) >2 k+2 +Pa(x)+4-2 x +P. But by (ii) and 
(iii) with *11.15: (ii') 2 k + 2 a(x+p)<2 k+2 +Pa(x) + 2 x +P, (iii') 2 k+2 +P(S(x) 
<2 k+2 [i(x+p)+2 x+ P. Now 2 k+2 fJ(x+p) >2 k+2 a(x+p) + 2*2 x+ P, or using 
(ii') and (iii') we could contradict (i'). Hence 2 k+1 £J(x+p) — 2 k+1 a(x+p) 
;>2 x+ p. By V- and 3-introds., a<°p, and by V-introd., a<°p V [3<°a. 
*R6.4. By *R6.3, *R2.5. 

*R6.5. By *R6.2, *R2.7 (with *63, *12). 

*R6.7. Use *R0.9. 

*R6.9. Assume a, [U, yeR and aOfJ. By *R6.3, *R2.6 and *R6.2, 
(a<°y V y<°a) V (pOy V y<°($). But y<°oc with oc<°(} leads by 
*R6.6 to y<°(U, and fJOy to aOy. Hence a<°y V yofj. 

*R6.10-*R6.12. By *R6.9. 

*R6.13. Assume oc=£J, aOy. Prior to 3-elims. and after V-elims. 
assume formulas from which by *R0.9; (i) Vp2 k+1 [oc(x+p)— (U(x+p)| 
<2 x+ p, (ii) Vp2 k (y(x-|-p)—a(x+p))>2 x+ P. Using (i) and *11.15: (iii) 
2 k+1 fi(x-J-p)<2 k+1 a(x-|-p)+2 x+p . Using (ii), 2 k+1 y(x+p) —2 k+1 a(xH-p) 
;> 2 x+ p +1 = 2 x+ p-J-2 x+p , whence by *6.17, etc., 2 k+1 y(x+p) — 
(2 k +!a(x+p)+2 x +P)^2 x +P. So 2 k+1 y(x+p)-2 k+1 P(x+p) > 
2 k+1 y(x+p) — (2 k+1 a(x+p)+2 x+ P) [*6.18, (iii)] > 2 x+ p, whence fi<°y. 

*R6.15. Assume oc<fi, i.e. Vxa(x)<p(x) and (prior to 3-elims.) 
Vp2 k (a(x+p) — p(x+p)) >2 x +p. Thence by V-elim. with 0 for p, and 
*6.11, 0>2 X , contradicting *3.9. 

*R6.16. Use *6.8. 
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*R6.17. By V-introd. from *11.5, and *R6.15. 

*R6.18. Assume p°^y. Case 1 : [3°>y. Assume Vp2 k ([3(x+p) — 
y(x+p)) ;>2 x+p . Thence, after V-elim., fi(x+p) >y(x+p). So by *6.6 
with X R3.1 and X R4.1, ((a+fi) —y)(x+p) = (a+([U—y))(x+p). Hence 
2 k l((a+[S)^y)(x+p)-(a+(p-y))(x+p)| = 0<2 X +P. By V- and 3- 
introds., (a+£J) —y=a+([U—y). Case 2 : fi=y. Then by *R3.5 (with 
*R3.4) and *R4.6: (i) (a+£) —y=(a+y) —y, (ii) a+(p—y)=a+(y —y). 
By *R4.3, (iii) (a+y)—y=a; and by V-introd. from (a substitution 
instance of) a+(c—c)=a [*6.3a], (iv) <*+(y—y)=a. Now, using the 
chain method with =, =: (a+fi)—y = (a+y)—y [(i)] = a [(iii)] = 
a +(y—y) [(iv)] ^ «+(P^y) [(ii)]. 

*R6.19. First we refine *6.19 to the following (proved by cases 
b<c, b>c): *6.19'. d>0 z) (a>b+d, c+d ^ a—c>(b — c)+d). 

I. Assume a°>[U, y. Via *R0.9, Vp2 k (a(x+p) — P(x+p)) >2 x+ p, 
Vp2 k (a(x+p)—y(x+p))^2 x+ P. Thence 2 k a(x+p) >2 k [3(x+p) + 2 x +P, 
2 k y(x+p)+2 x+ P. Thence by *6.19' and X R4.1, 2 k (a— y)(x+p) ;> 
2 k (fJ— y)(x+p)+2 x+ P, whence a—y°>(U—y. 

*R6.20. First prove by cases b:>c, b<c: *6.20'. d>0 Z) (a+d<b, c 
^ c — a>(c —b)+d). 

In *R6.21 A(a,a',p) is a" = a & a"<(* & Vx(a(x) <(*(x) — a'(x) = 
a(x)) & Vx(a(x)>^(x) ^ a"(x)=+(x)). In *R6.23 B(a, a", (U) is a"=a & 
a":>P & Vx(a(x)^p(x) ~ a"(x)=a(x)) & Vx(a(x) <[3(x) ~ a"(x) = p(x)). 


*R6.21. h a, y, £JeR' & a, y°>[U & Vx x<z a(x) =y(x) 

=3 3 «"a'sR' 3 TV«E'{ A (“- W & 
A( Y , T ",p)&Vx !!<za "(x)=Y''(x)}. 

*R6.22. h a, psR' Z> [a°>|3 ~ 3a" a . 6R .(a"=oc & a"<p)]. 
*R6.23. h a, Y, PgR' & a, Y<°(J & Vx I<z a(x)=y(x) 

=> 3a "a' S R' 3 TVsK'{B(a, a", P) & 

B( T . Y '.p)&Vx, <1 «'(x)= T '(x)}. 

*R6.24. (- a, peR' Z) [a<£°P ~ 3a* a » €R .(a ff —a & a ff >P)]. 


Proofs. *R6.21. Assume a, y, peR', (i) a»>p, (ii) y°3>P> (*“) 
Vx i<z i(x)=y(x). Introduce a" and y", using Lemma 5.5 (a): 


(iv) 


Vxot’ 


txi=l a(x) if “( X )<P( X )> 
V 1 1p(x) if a(x)>p(x). 


Vxy'(x) = 


y( x ) if y( x )^P( x ). 

P(x) if Y (x)>p(x). 


(v) 
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Assuming x<z, (iii) gives a(x)=y(x), whence by (iv) and (v), 
a"(x)=y"(x). By z>- and V-introd.: (vi) Vx x<z a"(x)—y"(x). Toward 
oc"eR', we establish | 2 a"(x)— a"(x')[< 1 thus. Case 1 : a(x)<(3(x), 
a(x')<[3(x'). By (iv), a"(x)=a(x) and a"(x')=a(x'). Use aGR'. Case 2: 
a(x)<f3(x), a(x')>[3(x'). Then 2a"(x) = 2a(x) [(iv)] < 2(3(x) [case hyp.] 
<[3(x')+l [|3 gR', *R0.5a] = a"(x') + l [(iv), case hyp.]. Also a"(x') 
= p(x') < a(x') < 2a(x) + l [aGR', *R0.5a] = 2a"(x) +1. So by 
* 11.15a, |2a"(x)—a"(x')|<l. Cases 3 and 4 are similar. By V-introd.: 
(vii) a"eR'. Easily from (iv): (viii) a"<[3, (ix) Vx(a(x)<^(x) ^ 
a"(x) =a(x)), (x) Vx(a(x)>[ 3 (x) ~ a"(x) = [3(x)). Toward a"=^a, assume 
a"#a, whence: (a) 2 k |a"(x+p) —a(x+p)|> 2 x+ E Then a"(x+p)^ 
a(x+p). By (ix), a(x+p) >[ 3 (x+p), whence by (iv), a"(x+p)=(3(x+p). 
So (a) becomes 2 k (a(x+p) — p(x+p))^2 x+ P. By V- and 3-introds., 
ao>p, contradicting (i). Hence -ia"#a. By *R2.7: (xi) a"=a. Com¬ 
bining (vii), (xi), (viii), (ix) and (x): (xii) a"eR' & A(a, a", (3). Similar¬ 
ly: (xiii) y"GR' & A(y, y", (3). Combining (xii), (xiii) and (vi): 
3«V*'3YVffi'{A(«. P) & A(y, Y ". P) & Vx I<za "(x)= Y "(x)}. 

*R6.22. Assume a, (3gR'. I. Apply *R6.21 with a, a, (3 for a, y, (3. 
II. Use *R6.15, *R6.14. 

The virtual ordering predicate is expressed by the formula 
a°>(3 & -ia=(3, which we abbreviate "a<p" or “f3>a”. *R7.2-*R7.4, 
*R7.10 and *R7.11 are a rearrangement of the axioms for virtual 
order given in Brouwer 1924-7 II p. 453, Brouwer 1928a p. 8 , Heyting 
1956 pp. 106-107. The first equivalence in *R7.8, *R7.9 is simply 
an unabbreviation of "a<°(3”. 


*R7.1. 

b a<(3 <-w a°>(3 & -ia=(3. 


*R7.2. 

b a=^=(3 & a<y Z) [3<y. 


*R7.3. 

b a=^(3 & y<a Z) y<[3. 


*R7.4. 

b a, [3, yeR & a<[3 & [3<y Z> a<y. 

*R7.5. 

b a, (3 gR & a<(3 D -ia>(3. 

*R7.6. b 

*R7.7. 

b a<°(3 z> a<[3. 


*R7.8. 

b a, (3 gR Z) (a<£°(3 ^ -ia<°(3 ^ 

-ioc<(3). 

*R7.9. 

b a, [3 gR D (~ia<}C o p -i-ia<>(3 

~ — i — i ct [3 

*R7.10. 

b a, (3 gR D (a=(3 ^ -ia<[3 & -ia>(3). 

*R7.11. 

b a, [3 gR D (a<C[3 ^ -ia]>(3 & -ia—(3). 


-ia<a. 


^ a<[3). 


Proofs. *R7.4. Assume a, [3, yeR, a<[3 whence (i) a°>[3 and (ii) 
-ia=(3, and [3<y or simply (iii) (3°>y. Using (i) and (iii) (besides 
a, (3, yeR) in *R6.12, a°>y. Toward -ia=y, assume a=y. Using this 
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and (iii) in *R6.13, and using the latter and (i) in *R6.5, ol =$, 

contradicting (ii). 

*R7.9. By *R7.8, *25, *49b. 

The formula on the right in *R8.1, abbreviated “ae[8i, $2]”, expresses 
that a, <5i, <52 are r.n.g. such that a belongs to the closed interval 
[<5i, <52] (cf. Brouwer 1924-7 II p. 454, 1928a p. 9 lines 17-13 from 
below, Heyting 1956 pp. 40-41). 

*R8.1. b <xe[8i, 82] — a, Si, 8 2 eR & 

-i(a<;8i & a<C§2) & & a^>8 2 ). 

*R8.2. b & og[ 8 i, 82] => pe[8i, 8 2 ]. 

*R8.3. b 8i=s=8i & ae[8i, 8 2 ] D ae[8L 8 2 ]. 

*R8.4. b 82—82 & ae[8i, 82] ID ae[8i, 82]- 

*R8.5. b a, fieR Z) a, (Ue[a, (5]. 

*R8.6. b a, 81 , 8 2 gR & 8 i °>*82 D 

{ae[8i f 8 2 ] (a<tC°8i & ot°^>82)}. 

Proofs. *R8.5. (Cf. preceding *R0.1.) Use *R7.6. 

*R8.6. Assume a, 81, 8 2 eR and (i) 8 i°> 82. I. Assume (ii) -i(a<8i & 
ot<8 2 ) and (iii) -i(a>8i & a>8 2 ). If ao8i, then by (i) and *R6.11, 
a<°8 2 ; so by *R7.7 (twice) and &-introd., a<8i & a<8 2) contra¬ 
dicting (ii). Thus a<t>8i. Similarly, using *R6.10 to contradict (iii), 
a°>8 2 . II. Assume a<°8 i&a°> 8 2 . By *R7.8, -*a<8i &-ia>82, 
whence -i(a<;8i & a<;82) & -i(a>8i & <*>82); so ae[8i, 82]. 

14 . 7 . It will be convenient to have available formally some of the 
theory of the species of finite dual fractions, or, more precisely, 
the theory of certain r.n.g. which correspond to finite dual fractions. 
It can be verified easily that the functor a-2 _m (usually abbreviated 
<< a2~ m ”) of Axiom X R9.1 gives under the interpretation a r.n.g. corre¬ 
sponding to the dual fraction «*2 _w . The notation is unambiguous 
since there is no other way in which negative exponents have been 
used. 

We shall adopt the abbreviation “a" for a*2 _0 in contexts making 
it clear that a is a functor (not a term). Thus in *R9.18 “O’' abbrevi¬ 
ates 0-2-°. 

X R9.1. (a-2-m) (x) = [a/2 m “ x ]*2 x “ m . 

*R9.2. b a2 -m eR'. 

*R9.3. b 2 k a2“ (m+k) =a2~ m . 
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*R9.4. h a 2 ~ m =b 2 ~ n ~ 2 n a= 2 m b ~ a 2 ~ m =b 2 * n . 

*R9.5. h a2 -m^b 2 “ m ~ a=b ~ a2- m =b2“ m . 

*R9.6. b m=n ~ a 2 m =a 2 _n . 

*R9.7. h a2~ m <ob2 _n ~ 2n a <2 m b. 

*R9.8. b a 2 ~ m <ob 2 ~ m ~ a<b. 

*R9.9. b a2~ m +b2- n ^(2 n a+2 m b)2~ (m+n) . 

*R9.10. I- a2' m 4-b2 _m = (a+b) 2 ~ m . 

*R9.11. b a2-m^b2-n=-(2n a ^2mb)2- (m+n >. 

*R9. 12 . b a2~ m —b 2 _m = (a—b) 2 - m . 

*R9.13. b |a2^ m —b2 _n | = | 2 n a—2 m b|2 _(m+n) . 

*R9.14. b |a 2 ~ m —b 2 _m | = |a—b] 2 _m . 

Proofs. *R9.2. By *R0.4, X R9.1 we need to prove (prior to V- 
introd.): (a) j 2 [a/ 2 m " x ] 2 x "' m -[a/ 2 m " x '] 2 x '" m | < 1 . Case 1 : x<m. 
Then (i) x—m=x'—m= 0 , (ii) m—x'<m—x [* 6 . 20 ], (iii) m —x= 
(m — x') + l. Using (i), (a) reduces to: (b) | 2 [a/ 2 m “ x ] — [a/ 2 m ^ x ']|<l. 
By *13.4: (iv) a = 2 m " x [a/ 2 m " x ]+rrn(a, 2 m " x ) = 2 m "- x '[a/2 m " x '] + 
rm(a, 2 m " x '). By *12.3 with *3.9: (v) rm(a, 2 m "- x )<2 m "- x , rm(a, 2 m " x ') 
< 2 m ^ x < 2 m ^ x [using also (ii) and *3.12]. So 2 m " x '| 2 [a/ 2 m " x ]- 
[a/ 2 m “ x ]| - | 2 m “ x [a/ 2 m ~ x ] — 2 m “ x [a/ 2 m “ x ']| [using (hi)] = |(a^-rm(a, 
2 m-x))_(a^ rm ( a , 2 m “ x ))I [(iv)] = |rm(a, 2 m " x ) -rm(a, 2 m " x ')| [* 11.11 
with (iv)] < 2 m ~ x [*11.12; * 8.6 with (v)]. Hence using (iii), 
| 2 [a/ 2 m ^ x ] — [a/ 2 m ^ x ']|< 2 , whence (b). Case 2 : x^m. Now (a) reduces 
to [ 2 [a/ 2 °] 2 x ~ m — [a/ 2 °] 2 (x ~ m)+1 | < 1 . Use *13.6, *11.2. 

*R9.3. We need to prove (a) [ 2 k a / 2 (m+k) ' ; - x ] 2 x " (m+k) =[a/ 2 m " x ] 2 x " m . 
Case 1 : x<m. Thenx^-m=x — (m+k)= 0 andk+(m—x)~(m+k) —x; 
and (a) reduces to [2 k a/2 (m+k) “ x ]== [a/2 m " x ]. By *13.5, this will follow 
if we establish 2 k a= 2 (m+k) " x [a/ 2 m " x ]+ 2 k rm(a, 2 m " x ) & 2 k rm(a, 2 m " x ) 
< 2 (m+k)-x But by * 134 and * 123 ( with and *145a), 

2 k a= 2 k+(m “ x) [a/ 2 m ~ x ] + 2 k rm(a, 2 m "- x ) & 2 k rm(a, 2 m -" x ) < 2 k+(m ^ x) . 
Case 2: m<x<m+k. Now (a) reduces to [ 2 k a/ 2 (m+k) ~ x ] = [a/l] 2 x “ m . 
But k = (m+k)^m ^ (m+k)—x [*6.18], So [2 k a/ 2 < m+k >^ x ] = 

[ 2 k "-((m + k)-x) a2 (m+k)-x +0 ^ 2 (m+k)-xj = 2 k-((m+k)-x) a [* 13 xl3J] = 

2 x “ m a [*6.9, etc.] = [a/l] 2 *^ m [*13.6]. Case 3: m+k<x. Using 
*13.6, (a) reduces to 2 k a2 x ^< m+k >=a2 x "- m . 

*R9.4. Call this A ^ B ^ C. It will suffice to prove (a) A D B, 
(b) B D C, (c) CdA. (a) Assume a2~ m =b2 -n . Using *R1.1 and 
X R9. 1 , assume Vp2 m + n j [a/2 ui " (x+p >]2 (x+p) " ni - [b/2 n "< x+p) ]2 (x+p) -" n | < 
2 x +p. Thence by V-elim., 2 m + n |[a/2 m -" (x+m+n) ]2 (x+m+n) "' m — 
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[b/2 n ~ (x+m+n) ]2 (x+m+n) “ n | <2 x+m+n . This reduces to 2 m + n+x |a2 n —b2 m ] 
< 2 m+n+x , whence |a2 n —b2 m |<l, and thus |a2 n —b2 m |=0. So by 
*11.2, 2 n a=2 m b. (b) Assume 2 n a=2 m b. Case 1: m<n. Let n=m+k. 
Now 2 m+k a=2 m b, whence 2 k a=b. So b2" n = 2 k a2 _n = 2 k a2“< m+k ) = 
a 2-m [*R9.3], Case 2: m>n. Similarly, (c) By *R1.3. 

*R9.7. I. As for (a) under *R9.4, using now *R6.1 instead of *R1.1, 
2 k (b2 m —a2 n ) ;>2 m+n , whence b2 m —a2 n >0, whence by *6.12, b2 m >a2 n . 
II. First we prove (i) a<b z> a2 _m ob2- m thus. Assume a<b. Then 
2 m ((b2- m )(rn+p) —(a2 _m )(m+p)) = 2 m +P(b—a) > 2 m+ P, whence 
a2 _m <°b2~ m . Now we adapt (b) for *R9.4. Thus in Case 1, now 
2 k a<b. So using (i), b2~ n °> 2 k a2“ n = etc. 

*R9.9. By *R1.2, it will follow from (a2 _m +b2- n )(m+n+p) = 
((2 n a+2 m b)2-< m + n >)(m+n+p), which is easily deduced using X R3.1, 
X R9.1, etc. 

*R9.10. From *R9.9 by *R9.3. 

*R9.15. h aeR' Z) |a(m)2- m -a|°>l*2- m . 

*R9.16. h aeR' D a<o( a (m)-l)2-“ 

*R9.17. haeR' z>ao>(a(rn)4-l)2- m . 

*R9.18. ha<°0. 

*R9.19. h a,(UeR & a 0(5 Z) 3a3m(aOa2 _m O[iJ). 

*R9.20. h peR' 3 3«« R .(a(y)=f5(y) & «- (P(y) - l )2~ y )- 

*R9.21. I- peR' D 3a asR .(a(y)=[5(y) & a=(P(y) + l)2-y). 

Proofs. *R9.15. Assume aeR' and |a(m)2~ m —a|o>l*2- m . Assume, 
prior to 3-elims., Vp2 k (|[a(m)/2 m " (x+p) ]2 (x+I> ^ m - a (x+p)] 

[1 /2 m “ (x+p) ]2 (x+p) ~ m ) >;2 x+ p. Using V-elim. with m+p for p, this 
reduces to 2 k (|a(m)2 x+ P—a(m+x+p)| — 2 x+ p) >2 m+x+ P, whence by 
*3.9 and *6.12, |2 x+ Pa(m)—a(m+x+p)|>2 x+ P, contradicting aeR' 
by *R0.6. 

*R9.16. Assume aeR' and a<°(a(m) — l)2 _m whence, prior to 3- 
elims., after V-elim., 2 k (((a(m) — l)2 _m )(x+m+p) — a(x+m+p))^ 
2x+m+p Then ((a(m) — l)2- m )(x+m+p) — a(x+m+p)>0, whence 
[a(m) — l/2 m “ (x+m+p) ]2 (m+x+p) “ m —a(x-pm+p) >0, which reduces to 
(a(m)2 x+ P—2 x +P)- : -a(x+m+p)>0. Then 2 X+ Pa(m) — a(x+m+p)> 
2 x+ p, whence |2 x+ Pa(m)—a(m+x+p)|>2 x +P, contradicting aeR' by 
*R0.6. 

*R9.19. Assume a,£JeR and (i) aOfi. Using *R1.11, assume (ii) 
a'eR' & a'=a, (iii) (5'eR'& (5'=(L By (i) and *R6.13-*R6.14, (iv) 
a'Op'. Assume Vp2 k ((5'(x+p) — a'(x-|-p))>2 x+ P. Thence (5'(x+2+k) 
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—a'(x+2+k) > 2 X + 2 > 3, whence (v) p'(x+2+k) — 1 >a'(x+2+k) 
+2. So a = a' [(ii)] o> (a / (x+2+k) + l)2~ (x+2+k) [*R9.17] O (a'(x+ 
2+k)+2)2- (x+2+k > [*R9.8] o (p'(x+2+k) -l)2- (x+2+k > [(v), *R9.8] 
$ [*R9.16] =£= £J [(iii)]. By 3-introds., 3a3m(aoa2- in <°[iJ). 

*R9.20. Assume [JeR'. Using Lemma 5.5 (a), let 


Vxa(x) = 


(3(x) if x<y, 

2 x ^(y)-(2 x ^-i) 


if x>y. 


Then a(y)=fj(y). We shall deduce (a) |2a(x)— a(x')| <1. Case 1: x<y. 
Use peR'. Case 2: x—y. Then |2a(x) —a(x')| = |2(U(y) —(2[U(y) — 
(2—1))] = |(2(U(y) —0) —(2£J(y) — 1)j [ x 6.1, Lemma 5.2] ^ |0—11 
[*11.13] = 1. Case 3: x>y. Then |2a(x)— a(x')| = |2(2 x ^ y [J(y) — (2 x * y — 
0) —( 2X " T P(y)-( 2X,J ' T “l))l = |(2 X ~ y [J(y) — (2 X ~ y —2)) (2 x “ y (U(y) — 

(2 x " y — 1))] [*6.14, *6.6 with case hyp.] < |2—1| [*11.13] = 1. From 
(a) by V-introd., acR'. Finally, 2 k |a(y+k'-[-p) — 

((My) ~ l)2 _y )(y+k , +p)| = 2 k ](2 k ' + i > ^(y) — (2 k '+P — 1)) —(^(y) — l)2 k ' +p | 
[ X R9.1, etc.] < 2 k j(2 k ' + P —1)—2 k ' + P| [*6.14, *11.13] < 2 k |l-0j 
[*11.13] = 2 k < 2y+ k '+P. By V-, 3- and V-introd., <x=s=(My)-l)2-r. 

*R9.21. Similarly, letting 


Vxa(x) = 


}p(x) if x<y, 

{2-^p(y) + (2 x ^-l) 


if x>y. 


Using *R9.20 and *R9.21 with Brouwer’s principle (for numbers) 
we next refute the (generalized) law of the excluded middle for =s=. 
This proof of *R9.22 via *R9.20 and *R9.21 is essentially due to 
Kleene, who in March 1963 gave a simpler proof of *R9.22 than that 
in the author’s thesis (where the result appeared right after the present 
*R1.11). We have adapted Kleene’s proof to obtain successive proofs 
of *R9.20, *R9.21 and *R9.22. 


*R9.22. h peR' D -iVa aeR ,(a^=p V -,a=±p). 

*R9.23. h peR D -iVa MB (a=i=p V -,a=s=p). 

*R9.24. h (3 gR Z> -iVa aeR (a<°p V a=($ V a°>M- 
*R9.25. h (UgR D -,Voc a€R (oc<p V a=?=p V a>p). 

Proofs. *R9.22. Assume (i) [UgR' and Va aeR -(oc=[U V 
Using *27.6 with *R0.8, and omitting 3t prior to 3-ehm., assume (ii) 
v a* 6 R' 3 y{ Vx MM x ))>° D y=x] & {(a—[J & T(a(y))=l) V (-i<x=s=(S & 
T (a(y)) = 2)}}. Thence, using (i) and omitting 3y: (iii) Vx[t(P(x))>0 
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D y=x] & & T(P(y)) = l) V (-i(S=*=|3 & T(fj(y))=2)}. By *R1.4, 

P=^=fL So by (iii): (iv) T(fj(y)) = l. Using *R9.20 and *R9.21 with (i), 
assume (v) aieR' & ai(y) = p(y) & ai=((3(y) — l)2~v and (vi) oc 2 gR'& 
« 2(y) = p(y) & “2— (0(y)+ 0 2_y - Now 0(y)-l)2-y =fc ai [(v)] =±= p [(v), 
(iv), (ii)] = oc 3 [(vi), (iv), (ii)] = (P(y) + l)2-y [(vi)]. So by *R9.5, 
p(y)-l=p(y)+l, which by cases (p(y)<l, (3(y)>l) is absurd. 

*R9.23. Assume (UgR. Using *R1.11, assume prior to 3-elim.: 
P'gR' & £'=(L By *R9.22, (i) -iVa a6R ,( a ^p' V -,a=fcp'). By *R0.7 and 
(U'=^p: [ocgR z> a=(U V ~|0t— p] z> [ocgR'd a=^=P' V —ioc= f3']. Thence by 
*69 and *12: (ii) V n a±p') D V -,«=*:?). 

Use (i) with (ii). 

*R9.24. Assume [3 gR and Va aeR (a<°|3 V a=[l V a°;>[i}). Using*R6.4, 
Va aeR (a=p V -ia=(U). But by D-elim. from *R9.23, -iVa aeR (oc=(U V 

1“—W- 

§ 15. The uniform continuity theorem. 15.1. We shall establish 
formally the theorem on the uniform continuity of a function defined 
for every real number represented by r.n.g. in the closed interval [di, <5 2 ] 
where <5 i°>< 52- (For the theorem without the condition di °> <* 2 , cf. 
Heyting 1956 p. 46; the original versions in Brouwer 1923a p. 5, 1924 
p. 193, 1927 p. 67 are for [0,1].) 

A preliminary result *R10.1 states that for each pair of r.n.g. 
a and y sufficiently close together in the sense that Joe— y\ is small, 
there are c.r.n.g. a' and y (with oc' a and / = y) "close together” 
in the sense that initial segments coincide. 

•R10.1. h a.yGR & |a- T |<ol-2-< z+4 > z> 

3a'«' € R' 3 YV 6 R'(«'—« & Y'-Y & V x x < z a(x) =y'(x)). 

Proof. Assume a,yeR, |a—y[Ol-2 _(z+4) . Assume 
Vp2k((l*2- (z+4 >)(x+p)^(i a -yt)(x+p))^2x+P. Using V-elim. with 
z+4-fp for p, writing w=x+z-|~4, and reducing, 2 k (2 <w+p) “ (z+4) ~ 
|a(w+p)—y(w+p)|)>2 w+ P. So 2 <w+pK(z+4) —|oc(w+p)—y(w+p)|>0, 
whence by *6.12, etc., 2 z+4 |a(w+p)—y(w+p)|<2 w+ P, and by V- 
introd., Vp2 z+4 |a(w+p)—y(w+p)J <2 w+p . Now use *R1.10. 

Let <5i and <5 2 be c.r.n.g. with <5i < <?2* Then *R10.2 asserts the 
existence of a certain fan. In the proof of the uniform continuity 
theorem *R10.3, we establish that the closed interval [61, <5 2 ] coincides 
(Heyting 1956 p. 42) with this fan. (Cf. Brouwer 1924 p. 192, 1928a p. 5.) 
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*R10.2. h Si,8 2 gR' & 8i< 8 2 3 3cr{Spr(cy) & ct(1)=0 

& Va[er(a)=0 z) 3bVs(cr(a*2 8+1 )=0 z> s<b)] 
& Vol[oleg ~ ocgR' & Si<a<S 2 ]}. 


Proof. Assume 8i,8 2 gR', 8i<8 2 . Introduce c via Lemma 5.5 (c) 
(cf. the proof of *R0.8): 


(A) 


0 if a= 1 V 


Vacx(a) = 


[Seq(a) & lh(a) = 1 &Si(0)<(a) 0 ^ 1 <8 2 (0)] V 
[Seq(a) &lh(a)>l & [2((a) lh(a) , 2 -1)- 

(C a )lh(a)-1~ *)l & <r (ni<lh(a)-lPi a)l ) == ® 

& ^(lhfa) -1)<(a) lh(aK1 -1 <8 2 (lh(a) -1)], 

1 otherwise. 


lib. Assume ty(a)=0. Case 1: a=l. Then Seq(a*2 8l(0)+1 ) & 
lh(a*2 8l(0>+1 ) = 1 & $i(0) = (a*2 8l(0)+1 ) o — 1 <8 2 (0) [8 i< 8 2 ]. So by (A), 
cx(a*2 8l(0)+1 )=O, and by 3-introd., 3s<r(a*2 8+1 )=0. Case 2: a^l. Using 
(A), Seq(a) &lh(a);>l & 8i(lh(a) — l)<(a) lh(a) ^ 1 — 1 <S 2 (lh(a) — 1). Sub¬ 
case 2.1: 8i(lh(a) — l) = (a) lh(a) ^ 1 —1. Letting t be a*2 8l(lh(a))+1 , we 
deduce Seq(t) & lh(t) > 1, |2((t) m(t)J _ a — 1) — ((t) m(t) ^ x — 1)| - |28i(lh(a) 

— 1)—<Mlh( a ))l < 1 PieR'], °(n i<mt) ^) = ff (a) = 0, ^(UiftJ^l) 

= HM*)) = < S 2 (lh(a)) [^<8,] = 8 2 (lh(t)-l). So by 

(A), <r(t)=0. By 3-introd., 3sfx(a*2 s+1 ) = 0. Subcase 2.2: (a)^^.^ — 1 = 
8 2 (lh(a) — 1). Similarly. Subcase 2.3: 8i(lh(a) —1) < (a) lh(a)il — 1 < 
8 2 (lh(a) — 1). Let t be a* 2 2{(a) ih(a>-i-i>+i. Then Seq(t) & lh(t)>l & 
cy ( n i<ih(t)-iPi t)l )=0, and |2((t) lh(t) ^ 2 —1) —((t)}^^! —1)| = ^((a)^^ 
-1)—2((a) m(a) ^i —1)1 = 0. From subcase hyp., (i) 8i(lh(a)-1)+ 1 < 
(a)iii { a )—i ” 1 < S 2 (lh(a) — 1) — 1. So S x (lh(t)^l) = 8i(lh(a)) < 2S x (lli(a) 
-1)+1 [8igR', *R0.5a] < 2(8 1 (lh(a) - 1) +1) < 2((a) m(a) ^ 1) [(i)] = 
(tW)M^l < 2(8 2 (lh(a) — 1) — 1) [(i)] = 28 2 (lh(a) — 1) —2 < 28 2 (lh(a) 

— 1) —1 [*6.18] < 8 2 (lh(a)) [8 2 gR', *R0.5a-c] = S 2 (lh(t) -1). So by (A), 
a(t)=0. By 3-introd., 3scx(a*2 8+1 )^0. 

Ilia. Assume cleg . As before, ocgR'. Also by V-elim. with 1 for x, 
and (A), 8i(0) < a(0) < 8 2 (0); and by V-elim. with x-J-2 for x, and 
(A), Si(x-|-1) <a(x+l) <S 2 (x-f-l). Hence by induction cases (IM 
p. 186) and V-introd., Si<oc<S 2 . 

Illb. Assume ocgR' & 8i<a<8 2 . By ind. on x with a double basis, 
<t(oc(x))— 0. By V-introd., a eg . 

IV. Toward Va[cx(a)=0 D 3bVs(<7(a*2 8+1 )=0 D s<b)], assume (i) 
tr(a)=0 and (ii) <7(a*2 8+1 )^0. By (i) and Ila, Seq(a); and then from 
(ii) and (A) by cases (lh(a)=0, lh(a)>0), s<8 2 (lh(a)). 
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15.2. Let F(a, fl) be a predicate expressed formally by the formula 
F(ot, (U). Suppose <5i and (52 are r.n.g. A necessary condition that 
F(<x, /?) be the representing predicate of a function from real numbers, 
represented by r.n.g. a in [<5i, <5 2 ], to real numbers, represented by 
r.n.g. /?, is given formally by the following formula (provided y, £ are 
free for a, (IS in F(a, (U) and do not occur free in F(a, (3)). 

9l(F, Si, S 2 ): VfcVyVpVClaGtS!, S 2 ] 

& a=y & F(a, p) & F(y, Q 3 (*, CeR & $=K}. 

Remark 15.1. However, 2l(F, Si, S 2 ) does not entail either of the 
replacement properties (a) <x=y & F(a, (IS) 3 F(y, (U) and (b) (U=£ & 
F(a, (*) =)F(a,q. For, letting F( a , £) be acR' &<*=£, b 9t(F, Si, S 2 ) 
(by *R0.7, *R1.7, *R1.6 and *R1.5), but b Axl^=Ax2 & F(Axl, Axl) 
and b -iF(Ax2, Axl) (so the closure of (a) is refutable). Similarly, letting 
F(a, p) be £gR' & a=p, b 9l(F, Si, S 2 ), but b Axl =Ax2 & F(Axl, Axl) 
and b -iF(Axl, Ax2). 

The fourth member of the conjunction in the hypothesis of *R10.3 
asserts that the function represented by F(a, (IS) is completely defined 
in [<5i, <5 2 ]. The conclusion corresponds under the interpretation to a 
familiar form of the definition of uniform continuity. 

*R10.3. b Si,S 2 gR & Si°^j>S 2 & 5l(F, Si, S 2 ) & 

Va{aG[Si, S 2 ] 3 3(UF(a, (U)} 

3 Vn3mVaVyV^V^{|a—yj Ol*2 -m 
& a, T g[Si, S 2 ] & F(a, p) & F(y, Q 3 \$-K\ 

Proof. Assume Si,S 2 gR, (i) Si°>S 2 , (ii) 9l(F, Si, S 2 ), (iii) 
Va{aG[Si, S 2 ] 3 3pF(a, (U)}. Using ♦Rl .11, assume (prior to 3-elims.): 
(iv) S1 gR'&Si=Si, (v) S 2 gR' & S 2 =S 2 . By (i) and *R6.13-*R6.14, 
Sp>S 2 . Using *R6.22, assume: (vi) SjgR' & Sj=Sl & Sj<S 2 . By 
*R6.14, (vii) S"o>S 2 . Using (vi), (v) and *R10.2, assume (the con¬ 
junction of): (viii) Spr(a) & cr( 1) =0 & Va[cr(a)—0 3 3bVs((r(a*2 s+1 )=0 
D s<b)] and (ix) VafaGcr ~ ocgR' & Si<a<S 2 ]. Toward (x), assume 
aGcr. Then successively ocgR' & Sj<a<S 2 [(ix)], acR'& a<°Sj & 
ao>S^ [*R6.15], <xgR' & aG[Sj, S 2 ] [*R8.6, (v)-(vii)] and ocgR' & 
«g[Si, S 2 ] [*R8.3, (vi), (iv); *R8.4, (v)]. Using (iii), assume F(a, (U). 
From (ii) (and *R1.4), (UgR. So, writing b=2 x 3 P(x) , assume 
Vp2 n+2 |2P(b)i—p((b) 0 +p)|<2 (b)o+p . Writing “G(n, p, b)” for this, and 
using 3-, 3 - and V-introds.: (x) VnVa a€CJ 3b3p(G(n, (U, b) & F(a, (U)). 
Consider *27.8 as of the form A & B & C 3 D, and write “A(n, a, b)” 
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for its A(a, b) (so C, D become C(n),D(n)); by *69 and *89, 
A & B & VnC(n) D VnD(n). This with A & B given by (viii), and 
VnC(n) by (x), gives VnD(n). So assume: (xi) Va aeo 3bVy Y 60 {Vx x<zT (x) 
=a(x) z> 3f}(G(n, ($, b) & F(y, (S))}. Toward the conclusion of *R10.3, 
assume (xii) | a —yjol-2~ (z+4) & a,ye[Si, S 2 ] & F(a, (5) & F(y, Q. Using 
*R 10.1 (and *R 8 . 1 ), assume: (xiii) a',y'eR'& a'=a & y'=y & 
Vx x < z a , (x)=y / (x). Then (xiv) Vx x<z a'(x)=y'(x). Using *R8.2-*R8.4 
and (iv)-(vi), a',y'e[ 8 i, 8 2 ], whence by (vii) and *R 8 . 6 : (xv) 
(xvi) a / °> 82 , (xvii) y'<° 8 j, (xviii) y'°> 82 - By (xiii) and (v), 
a',y', 8 2 eR'. So using *R6.21 with (xvi), (xviii) and (xiv): (xix) 
aVeR', (xx) a"=oc' & a"<S£ & Vx(a'(x)<S£(x) — a"(x)=a'(x)) & 
Vx(a'(x) >S 2 (x) ~a"(x)=S£(x)), (xxi) y ff =y r &y ff < 8 ^ & Vx(y'(x) < 8 ^(x) 
^y"(x)=y'(x))&Vx(y'(x)^^(x)^y ff (x)^ 8 ^(x)),(xxii)Vx x<za ff (x)=y"(x). 
Using (vi), a^y^S^eR'. By (xv) and (xvii) with (xx), (xxi) and *R6.13, 
& y"<° 8 i. So using *R6.23: (xxiii) a^y^eR', (xxiv) a"'=a ff & 
a.'" > 8 j & Vx(a"(x)> 8 j(x) ~a'"(x)= a "(x)) & Vx( a "(x) < 8 i(x) ~«.'"{x) = 
«I(X)), (xxv) y^y ff &y w >a; / &Vx(y"(x)^(x) ~ y'''(x)=y ff (x)) & 
Vx(y'(x)^ 8 ;(x) -y- r (x) = 8 l(x)), (xxvi) Vx x<z a'"(x)=y'"(x). By (xiii), 
(xx)-(xxi) and (xxiv)-(xxv): (xxvii) & y—y w . We deduce 

oc"'(x)< 82 (x) thus. Case 1 : a"(x)< 8 i(x). Then a' , (x)=«I(x) [(xxiv)] < 
8 2 (x) [(vi)]. Case 2 : a"(x)>S"(x). Then a'"(x):=a"(x) [(xxiv)] < 8 2 (x) 
[(xx)]. So, using also (xxiv), 8 '((x) <a w (x) < 8 2 (x), whence by V-introd., 
8 i<a w <§ 2 . Similarly, 8 i<y"'< 82 . With (xxiii) and (ix), ol'"gg and 
y^Gtr. So using (xi), assume (after V-elim. with y'" for a and prior to 
3-elim.): V TYea {Vx I<zT (x)= T *'(x) D 3p(G(n, p, b) & F( r , p))}. By V- 
elims. with a w and y m respectively for y, and using (xxvi), 3fJ(G(n, fj, b) 
&F(a"', (U)) and 3(U(G(n, fi, b) & F(y'", £J)). Prior to 3-elims., assume 
(xxviii) G(n, (*', b) & F(a'", [}'), (xxix) G(n, C, b) & F(y\ C). Now 
Vp2 n+ 2 | 2 P(b) 1 —^ , ((b)o4-p)|<2 (b)o+p and Vp2n+2|2P(b) 1 -C((b) 0 +p)| 
<2 (b)o+p . Writing x^(b ) 0 and using *11.5, (xxx) Vp2 n+ 1 jfJ'(x+p) — 
C(x+p)j<2*+P. Now 2 n+ 1 ((l-2~ n )(x+n+p) — (^(x+n+p)—C(x+n 
+p)|) = 2 n+1+x +P — 2 n+ 1 |^ , (x+n+p)— C(x+n+p)| [ X R9.1, etc.] > 
2 »+i+x+p _!_ 2 x + n +P [(xxx), * 6.20 with its hyp. a<c given by c—b> 0 ] = 
2 x+n +p( 2 — 1 ) > 2 x+n +P. So by V-and3-introds., (xxxi) [£*'—£'|<°l-2 -n . 
Using (xii), (xxvii) and (xxviii), ae[ 8 i, 8 2 ] & a=a"' & F(oc, ( 3 ) & F(oc /ff , p'). 
So by (ii), Similarly £=£'. So with (xxxi) and *R5.7, *R5.4, 

*R6.13: |[3—C!<°l* 2 - n . 
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15.3. Using *R10.3, we shall establish that the continuum is 
“indivisible’' (“unzerlegbar”; Brouwer 1927 p. 66, 1928a p. 11 lines 
4-9, Hey ting 1956 p. 46), at least by any predicate C( a) expressible 
by a formula C(a) of the system. 

*R10.4. h 8 i,8 2 gR & 

& VaV T {ae[Si, 8 2 ] & a=y 3 (C(a) — C(y))} 

& Va{aG[Si, 8 2 ] 3 C(a) V -,C(oc)> 

3 Va(flte[8i, 82 ] =» C(a)) V Va(ae[8i, 8 2 ] 3 -iC(a)). 

Proof. Assume 8 i, 8 2 eR and the other hyps, of the implication. 
Using ♦Rl .11, assume (i) 8 igR'& 81 = 81 . Now using *R6.14 and 
*R8.3: (ii) 8 h> 8 2 , (iii) VaVy{ae[&i, 8 2 ] & a=s=y' 3 (C(a) — C(y))}, (iv) 
Va{ae[ 8 i, 82 ] 3 C(a) V -,C(a)}. Let F(a, p) be [p =0 & C(a)] V [p=M & 
-iC(a)]. Toward (v), assume ae[ 8 [, 82 ] & a=y & F(a, p) & F(y, q. By 
(iii), C(a) ^ C(y). Now from F(a, p) & F(y, q by cases (C(a), -iC^a)), 
P=C and (using *R9.2, *R0.7, *R1.7) p,£eR. By 3 - and V-introds., 

(v) 9l(F, 8 [, 8 2 ). Assuming ae[ 8 {, 82 ] and using (iv), C(a) V -iC(a), 
whence by cases (using *R1.4), 3pF(a, p). So (vi) Va{ae[ 8 {, 82 ] 3 
3pF(a, p)}. Using 8 ieR (from (i)), 8 2 eR, (ii), (v) and (vi) in *R10.3, 
assume: (vii) VocVyVpVC{|a-y|<oL- 2 -m & a , T G[ 8 i, 8 2 ] & F(ot, p) & 
F(y, q 3 1(3— ^Kol-2- 1 }. We shall deduce (a) VaVy{|a-y|ol*2-“ & 
a, T e[Si, 82 ] 3 (C(a) — C(y))}. Assume |a—y|<ol-2-“ & a,ye[ 8 i, 8 2 ]. By 

(vi) , assume F(a, p) and F(y, Q. By (vii), |p— q<°l-2 _1 , whence by 
*R6.7, |p— CI°>1*2 -1 . Toward C(a) 3C(y), assume C(a). By F(a, p), 
P=0. Now C=1 would lead to |p—Cl = |0-1| = 1 [*R9.14] °> l-2“i 
[*R9.7]. So -£=1, whence from F(y, C), C=0&C(y), whence C(y). 
Thus by 3-introd., C(a) 3C(y). Similarly, C(y) 3 C(a). By &-introd., 
C(a) — C(y). By 3- and V-introds., (a). By *R8.5, (viii) 8ie[8i, 8 2 ]. 
Thence by (iv): (ix) C(8i) V —|C(8£). 

Case 1: C(8{). We deduce (b) aeR' & a(m+2)=8i(m-|-2) + a & 
ae[81, 8 2 ] 3 C(a) by induction on a with a double basis (IM p. 193), 
thus: First basis. Assume <xgR', (i') a(m+2)=8J(m+2)+0 and (ii') 
oe[ 8 i, 82 ]. Now |a-Si|o> ja—a(m+2)2 _ ( m + 2 )| + |a(m+2)2 - < m+ 2 )— 8 i| 
[*R6.17] = |a-a(m+2)2-(m+2)|4-|8i(m+2)2-( m +2)-8i| [(i'), *R9.5, 
etc.] o> i. 2 -(m+ 2 ) + i. 2 -(m+ 2 ) [*R 9 .is twice, with aeR' or 8 {gR', 
*R6.16 (twice)] — l- 2 _ < m+1 ) [*R9.10, *R9,3] o l- 2 ~ m [*R9.7]. So, 
using also (ii’) and (viii), \ol~ 8i|ol*2 -m & a,8ie[81, 82 ]. By (a), 
C(a)~C( 8 i). Using case hyp., C(a). Second basis. Assume aeR’, 
(i") a(m+2)=8i(m+2)4-l, (ii") ae[81,8 2 ]. Now |a- 8 || o> 
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| a -a(m+ 2 ) 2 -( m + 2 )| + |a(m+ 2 ) 2 -(m+ 2 )_ 8 '( m+ 2 ) 2 -(m+ 2 )| + | 8 i(m 4 - 2 )- 
2 -<m+ 2 )_s'[ [*R6. 1 7]o>l-2-< m+2 ) + |a(m+2)2-< m +2) — 8 i(rn + 2 ) 2 -<m+ 2 )j 
+ l* 2 -( m + 2 ) [*R9.15] = l-2-< m+2 ) + |(Si(m+2) + l)2-( m+ 2 )-8i(m+2)* 
2 -<m+ 2 )|+ 1 . 2 -<m+ 2 > [(!")] i 1 . 2 -(m+ 2 )_|_ 1 . 2 -(m+ 2 )_|„ 1 . 2 -(m+ 2 ) [*R9.10, 
*R5.6] = 3-2“< m+2 > [*R9.10] O l’2~ m [*R9.7], So, using also (ii") and 
(viii), |a—8i|<«l-2 _m & a, 8 ie[ 8 i, S 2 ]. By (a), C(a)~C( 8 i), and by 
Case 1 hyp., C(a). Ind. step. AssumeaeR', (i"') a(m+2)=Si(m+2)+a", 
(ii w ) ae[Si, <S 2 ], and the (second) hyp. ind. By *R9.2: (in'") 
(8i(m+2) + a , )2-< m +2)GR'. By X R9.1, etc.: (iv") ((8i(m+2)+a')- 
2-< m +2>)(m+2)==Si(m+2) + a'. Also: (v*) (Si(m+ 2 )+a') 2 -<m+ 2 > <0 
( 8 i(m+ 2 )+l) 2 -< m + 2 ) [*R9.8] [*R9.17]. And: (vi") ($i(m+2) + 

a') 2 -(m+ 2 ) = ((Si(m+2)+a ff ) — l)2~< m+2 ) [*R9.5] = (a(m+2)-l)* 
2 -(m+2) [fi*)]o> a [*R9.16]°>S 2 [(ii'"), *R8.6 with (ii), and 
a,§l,S 2 eR]. Combining (v'") and (vi w ) by *R8.6 (with (ii), (iii"'), etc.): 
(vii" r ) (8i(m+2) + a')2-(“+2)G[8i f S 2 ]. From (iii*), (iv*) and (vii'") by 
the hyp. ind.: (viii'") C((8i(m+2) + a')2-<“+2>). Further: (ix") 
|a-( 8 i(m+ 2 ) + a') 2 -(“+ 2 )| 0 > |a—(ai(mH-2) + a')2-(“+ 2 >|+|pi(m+2) 
+ a // )2“( m + 2 )-(8i(m+2) + a / )2-(^+2)| =-= 1 oc— (Si (m+2) + a") 2 -<^+ 2 ) ] + 
p 2 -(m+2) = | a — a ( m +2)2^ (m+2 >| + l*2 - < m+2 > [(i w )] °> i.2-<m+2>_|_i. 
2 -(m+ 2 ) ^ l-2 — (m+i) <0 1-2-“ By (a) with (ix w ), (ii*) and (vii'"), 
C(a) ^ C((Sl(m+2) + a')2 _ ( nl+2 >), whence by (viii"'), C(a). Now from 
(b) we deduce (c) Va(ae[Si, S 2 ] d C(a)) thus. Assume ae[$l, S 2 ). 
Using ♦Rl .11, assume ot'eR' & a'=ot. By *R8.2, a'e[81, S 2 ], whence 
by (ii), etc. and *R8.6, Using *R6.24 assume oc^gR' & ot"=a' 

&a">81. By *R8.2, a"e[Sl, S 2 ]. From a">81, assume a"(m+2) = 
Si(m+2) + a. By (b), C(a"). Also a"=a. By (iii), C(a). By z>- and V- 
introd., (c). From (c), using (i) and *R8.3, Va(ae[8i, S 2 ] z> C(a)). By 
V-introd., Vo^aG^, S 2 ] D C(a)) V Va(aG[8i, S 2 ] D -iC(a)). 

Case 2: Similarly, Voc(ocg[8i, S 2 ] z> -iC(a)). 

§ 16. The structure of the continuum. 16.1. In "Die Struktur des 
Kontinuums” (Brouwer 1928a), Brouwer discusses seven properties 
of the continuum (pp. 6-7), giving in most cases both intuitionistic 
counterexamples to classical theorems and (in general, without proof) 
intuitionistically true analogues of these classical results. For the 
property of discreteness, our *R9.23 corresponds to Brouwer’s counter¬ 
example (bottom p. 7 item 1); no intuitionistic analogue is given. For 
the next property, that of ordering (item 2 pp. 7-9), see 14.6 above 
where Brouwer’s axioms for virtual order are derived for <. For the 
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remaining properties we concentrate on obtaining the intuitionistic 
theorems rather than the counterexamples. The results appear as 
*R12.2 (density in itself), *R12.4 (compactness), *R13.8 (every¬ 
where density), *R14.12 with *R14.11 (separability in itself), *R14.13 
(free connectedness). As remarked in the introduction, in the case of 
the latter two we simplify and (in the case of the last) amend Brouwer’s 
formulation. (These are respectively Brouwer’s items 3, 7, 6, 4, 5.) 

16.2. The relations of inclusion and proper inclusion for closed 
intervals are expressed formally by the formulas on the right (ab¬ 
breviated on the left) in *R11.1 and *R11.2, respectively. *R11.3 is 
proved in Brouwer 1924-7 II p. 454 Footnote 1. 

*Rl 1 . 1 . h [ 8 X , 82 ] 5= [ 7 ) 1 , t) 2 ] ~ 

81 , 82 , 7 ) 1 , 7 ] 2 gR & Va(ae[Si, 82 ] ae[y)i, 732 ])- 
*R 11 . 2 . h [ 81 , 82 ] c [t]i, 7 ) 2 ] ~ 

[Si, 82 ] ^ [t]i, 7 ) 2 ] & 7 ) 2 ] £ [ 81 , 82 ]. 

*R11.3. h [ 81 , 82 ] ^ [ 7 ) 1 , 7 ) 2 ] ^ 8 i, 8 2 e[ 7 )i, 7 ) 2 ]. 

*R11.4. h 8 i, 8 2 eR z> [ 8 lf 8 2 ] c [ 81 , 8 2 ]. 

*R1 1-5. h -![«!, 82 ] <=[ 8 !, 82 ]. 

*R 11 . 6 . h [ 81 , 82 ] £ [ 7 ) 1 , >] 2 ] & [ 7 ) 1 , t) 2 ] £ [0i, 62 ] 

Z) [ 81 , 82 ] <= [ 01 , 02] - 

*R1 1 -7- H [ 81 , 82 ] <= [ 7 ]!, 7 ) 2 ] & [ 7 ]!, 7 ) 2 ] C [ 6 X , 0 2 ] 

=> [ 81 , 82 ] <=[ 01 , 02 ]- 

Proofs. *R11.3. I. Assume [81, 82] £= [ 7 ) 1 , 7)2], whence 8 i, 8 2 eR and 
8 i, 8 2 g[ 8 i, 8 2 ] D 81, S 2 e[ 7 )i, t) 2 ], whence, using *R8.5, 8 i, 8 2 g[t)i, t) 2 ]. 
II. Assume 8 i, 8 2 g[t]i, 7)2], whence (i) 8 i, 8 2 , 7 )i, 7 ) 2 eR and (ii) -i( 8 i<t)i & 
8i<t) 2 ) & “i(8i>7]i & Si>7]2) and (iii) -i(8 2 <Ct)i & 8 2 0 ] 2 ) & -i(8 2 >7)i 
&8 2 >7] 2 )- Prior to D- and V-introds., assume (iv) ae[8i, 82], whence 
(v) -i(a<8i & a<8 2 ) & -i(a>8i & a>8 2 ). Assume, for reductio ad 
absurdum, (a) a<7]i & a<7)2- Assuming a>8 x V a=^8 x , we deduce 
by cases using *R7.4 (with (i), (iv)) and *R7.2, 8 i<t]i & 8i<7] 2 , 
contradicting (ii). Hence -i(a>8i V a=8r), whence by *63, -*a>8i & 
-la^Si. By *R7.11 (and (i), (iv)), a<8i. Similarly a<8 2 , and by 
&-introd. a<8i & a<8 2 , contradicting (v). So, rejecting (a), 
-i(a<7]i & a<7] 2 ). Similarly, -i(a>7)i & a>7] 2 ). By &-introd., -i(a<7)i 
& a<7] 2 ) &-i(a>7]i & a>7)2), whence with (i) and (iv), ae[7ji, 7) 2 ]. 
*R1 1.6. Assume (i) [81, 82] ^ [tji, t) 2 ] and (ii) [7)1, 7)2] ^ [ 0 i, 02]- 
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By (i) and *R11.3, Si,8 2 g[y]i, 7 ) 2 ]. So by (ii), 8ip2e[0i, 62 ], and by 
*Rii.3, Pi, ads [0i, ej. 

*R11.7. Assume (i) Pi, a 2 ] c hi, 7 ) 2 ] and (ii) hi, 7 ) 2 ] c [0i, 62 ]- By 
*R11.6, [Si, S 2 ] £ [0i, 63 ]. Assuming [0i, 0 2 ] £ pi, a 2 ], [0i, 02 ] ^ hi, y] 2 ] 
follows by (i) and *R 11 . 6 , contradicting (ii). Hence —i[0i, 02 ] £ Pi, 8 2 ]. 

16.3. We shall represent sequences of real numbers by sequences 
Xx<p(2 Q 3 x ), Xx(p(2 1 3 x ), hc(p(2 2 3 x ), . .., where {n)Xx<p{2^)eR. 

X R12.1. cp[n](x) = cp(2 n 3 x ). 

When “(p[n]” is used without argument, it shall abbreviate Ax<p[ n ](x) 
(i.e. Axb(n, x, 9 ) for the function symbol U introduced with the 
axiom X R12.1; cf. 5.1). 

16.4. We now establish the property of the continuum of being 
"dense in itself" ("in sich dicht"; Brouwer 1928a p. 9 line 6 from 
below to p. 10 line 2 , with p. 7 lines 11 - 12 ). That is, we show that, 
for each r.n.g. a there is a sequence of properly nested closed intervals 
each containing a, such that each r.n.g. (3 contained in each of the 
intervals = a. 

*R 12 . 2 . h aeR D 3 (p 3 ^{Vn[ 9 [n+ i], ^tn+ij <= [?[n], <hn]] 

& Vnoce[9[n], ^[n]] & VfJ(Vn(Ue[9 E n], ^[n]] 3 ( 5 —a)}. 

Proof. Assume aeR. Using *R1.11, assume: (i) a'eR' & a'=a. 
Using Lemma 5.3 (a), introduce 9 and (ii) Va 9 (a) = ((a'((a)o) — 1)* 
2- (a) 0 )«a)i), (iii) Va^(a)-(( a '((a)o)+2)2-^“)((a) 1 ). Now 9 [n](x) = 
((a'(n) — l) 2 ~ n )(x), whence by ( x 0.1 and) V-introds., (iv) Vn 9 [ n ] = 
(a'(n) — l) 2 _n . Similarly, (v) Vm|q n ]=(a'(n) + 2)2- n . By *R9.2 (and 
*R0.7), (vi) Vn 9 [n],^[n]eR. Using *R9.8, (vii) Vn 9 [ n ]<°^[n], whence 
by *R6.7, (viii) Vn 9 [n]°><hn]. 

I. Using *R0.5a-c and (i): (ix) 2a'(n)^2<oc / (n+1)- 1. Now: (x) 
9 M = K(n) - l) 2 -n [(iv)] = (2a'(n) ^2)2rl*+V [*R9.3] <0 (a'(n+1) -1)- 
2 -(n+D [(ix), *R9.8, *R9.5] = 9 [n+ i] O W] [(vii)] = (a'(n+l)+2)- 
2 -(n+i) < 0 ( 2 a' (n)+ 4 ) 2 " < n +U [*R0.5a, etc.] - (a'(n)+2)2-» = 
Using (x), *R7.7 (and (vi)), we readily obtain: (xi) [cp[n+i], ^[n+i]] ^ 
[<PEn], ^[n]], (xii) ^[n]^[9[n+i], +[n+i]]* By *R8.5, ^[n]e[ 9 [n], ^[n]], which 
with (xii) gives (xiii) -i[9[n], <hn]] £ [<p[n+i], <hn+i]]. From (xi) and (xiii) 
by &- and V-introd., (xiv) Vn[ 9 [n +i], <hn+i]] c [?[n], +[n]]- 

II. Alsoa'<o(a'(n)-l)2-“[*R9.16, (i)] - 9 [n] . Anda'<>> (a'(n) + l)- 
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2 ~ n [*R9.17]o> (a'(n)+2)2-“ [*R9.8, *R6.7] = + [n] . So a'<o<p [n] & 
a'°>i|q n ], whence by *R 8.6 (with (i), (vi), (viii)), oc'e[(p[n], ^[n]], and 
by *R 8 . 2 , aG[ 9 [n], 4»[n]]- By V-introd.: (xv) Vnae^n], <|>[n]]- 

III. Assume Vnpe[<p[ n ], ^[n]]. Using *R1.11: (xvi) fi'eR'& p'=(L 
By *R 8 . 2 , (xvii) VnfJ'efyfn], ^[n]]- Assume for reductio ad absurdum, 
(a) cl ' 0(5'. Assume Vp2 k (£J'(x+p) — a'(x+p)) ;>2 x+ p. By V-elim., 
2 k (fJ'(x-|- 2 +k) —a'(x+ 2 -|-k)) ;> 2 x+2+k , whence (£J'(x+ 2 -|-k)—a'(x-|- 
2+k)) > 2 X+2 > 3. So fJ'(x+2+k)>a'(x+2+k)+3, and |3'(x+ 
2 +k)^l>a'(x+ 2 +k) + 2 . Now p'<o (p'(x+ 2 +k) - l) 2 ~< x + 2 + k > o> 
(a'(x+ 2 +k) + 2 ) 2 -< x+2+k ) — 4'[x+2+k]- So by *R 8.6 (with (viii), (vi)), 
P'^[?[x+2+k],+[x+2+k]]» contradicting (xvii). Rejecting (a): (xviii) 
oc'<°(U'. Similarly (using *R9.17, (iv)): (xix) a'°>(y. By (xviii), (xix) 
(with (i) and (xvi)) and *R6.5, p'=a', whence p=a. By z>- and V- 
introd.: (xx) V{J(Vnpe[ 9 [n ], +[n]] => P—a). 

16.5. We establish a form of compactness defined in Brouwer 1928a 
p. 12 lines 20-32. The assertion is that in the continuum there is no 
“hollow interval nest” (“hohle Intervallschachtelung”), that is, no 
sequence of nested closed intervals I n such that, for each r.n.g. a, 
there is an integer n a such that a is not in I na . This is expressed for¬ 
mally by *R12.4. *R12.3 is a useful lemma. 

*R12.3. h Vn[<p [n + 1 ], +[n+l]] £ [?[n], +[n]] 3 
VnVnVgH^M, +[n]] £[<P[m], 

*R12.4. h -|3(p3^{Vn[9[n+i], +[n+l]] £ [?[n], +[n]] 

& Va « 6 R 3 W[?[b], +[b]]}. 

Proofs. *R12.3. Assume the hyp. (i). Using *R 11 . 1 , 9 [ m ], 4 , [m]eR. 
We deduce [<p[m+p], <hm+p]] £ [?[m], <hm]] by ind. on p, thus. Basis. 
Use *R11.4. Ind. step. Using *R11.6, [ 9 [m+pq, +[m+pq] £ [<P[m+p], 
^[m+p]] [(i)] ^ [?[m], 4 *[m]] [hyp. ind.]. 

*R12.4. Assume (prior to 3-elims.): (i) Vn[<p[ n+ i], ^ [n+ i]] c 

[?[n],and (ii) Va aeR 3 ba<£[ 9 [b] , + ra ]. By (i): (In) Vn ?[n] , ^ [n] eR. 
Using *R 1 . 11 , assume: (iv) 9 'eR' & 9 ' — 9 [o], (v) ij/eR' & ^[O]- 

Using Lemma 5.3 (a), introduce: (vi) 8i=0 and (vii) $ 2 = 9 '( 0 ) + 
+'(°) + l- By *R9.2: (viii) 8 i,S 2 eR'. By *R9.18: (ix) S P >S 2 . Using 
X R9.1, 8 2 (x+l)=28 2 (x); so by V-introd., (x) VxS 2 (x+ l)=28 2 (x). 
Further $i(x) — 0 < $ 2 (x); so by V-introd., (xi) 8 i< 8 2 . We deduce 
(a) [<p[n], ^[n]] ^ [Si, S 2 ] by induction on n, thus. Basis. By *R9.18, 
Also, 9 '°> ( 9 '( 0 )+ 1 ) 2 -° [*R9.17, (iv)] <>> ( 9 # ( 0 ) ++'(0) + i)2~® 
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[*R9.8, *R9.5; *R6.7, *R 6 . 8 ] = 8 2 . So by *R 8.6 (and (ix), etc.), 
9 'e[ 8 i, S 2 ], and by *R8.2 and (iv), 9 [o]G[ 8 i, 8 2 ]. Similarly, ^[o]e[ 8 i, 82 ]. 
Using *R11.3, [9[o],^eo]]^[Si, 8 2 ]. Ind. step. Using *R11.6, [9[ n +ip 
^[n+i]] £ [<P[n], +[n]] [(i)] £ [h, § 2 ] [hyp. ind.]. Using (viii) and (xi) in 
*R10.2: (xii) Spr(cr) & cr(l )=0 & Va[<r(a )—0 D 3bVs(a(a*2 8+1 ) =0 D 
s<b)], (xiii) Vocfaecx ~ aeR'& 8 i<a< 8 2 ]. Assuming clGg, (xiii) (and 
*R0.7) gives aeR, whence by (ii), 3ba<£[<p [b ], ^[ b ]]- By z>- and V- 
introds., (xiv) Va a€ 0 3 ba<£[ 9 [ b ], tp[ b ]]. Using (xii) and (xiv) in *27.8, 
assume: (xv) Va aeCT 3bVy Y 60 {Vx x<z Y(x)=oc(x) => y^[<p [b] , ^ [b] ]}. Toward 
(xx), assume (xvi) Seq(a) & lh(a)=z & Vx x<z (a) x — 1 < 8 2 (x) & 
Vx x<z ^ 1 |2((a) x — l) — ((a) x ,— 1)|<1, which we abbreviate “B(a, z, 8 2 )”. 
Introduce u by: 


(xvii) 


Vxu(x) — 


(a ) x —1 if x<z, 

2x-(z-i)(( a ) z ^ i _i_i) if x > z . 


Thus (xviii) Vx x<z u(x) = (a) x -1. We shall deduce (b) ) 2 u(x)— u(x')| < 1 . 
Case 1 : x<z—1. Then z>l. So x' < (z—1) + 1 = z. So | 2 u(x) — 
u(x')| = | 2 ((a) x — 1 ) — ((a) X '—1)| < 1 [(xvi), case hyp.]. Case 2 : 

x=z— 1 . Subcase 2 . 1 : z= 0 . Then by (xvi), a=l. So | 2 u(x)— o(x')| = 
| 0 —0| < 1. Subcase 2 . 2 : z>l. Then x<z and x'=z; so | 2 u(x) — 
u(x')| = |2((a) x —1)—2((a) x —1)| — 0 < 1. Case 3: x>z-l. Then 
x>z. So |2u(x)-o(x')| = |2-2^<^ 1 >((a) zil -l)-2 J! ' i ' zil »((a)^ 1 --l)| 
= 0 < 1 . From (b) by V-introd., (xix) ueR'. We next deduce (c) 
u(x)< 8 2 (x) by ind. on x, thus. Basis: By cases (z=0, z>0), u(0) = 
(a)o— 1 [(xvii)] < S 2 ( 0 ) [(xvi)]. Ind. step. Case 1: x'<z. Use (xvii) 
and (xvi). Case 2: x'>z. Then u(x') = 2 x '"< z " 1 ) ((a ) z ^ 1 ^ 1) = 

2 * 2 x ^ (z “ 1 ) ((a) z ^ l — 1 ) = 2 u(x) [by subcases: x'>z, x'=z] < 28 2 (x) 
[hyp. ind.] = 8 2 (x') [(x)]. From (c) by V-introd., o< 8 2 . Similarly to 
(xi), Si<u. With (xiii) and (xix), u&y. By (xv), 3bVy Yeo {Vx x<z Y(x) = 
u(x) Z) Y ^[(p [b ],+[b]]}. Using (xviii), 3bV YT€0 {Vx x<zY (x) = (a) x -l 3 
y£[<P[ b ], ^[ b ]]}. By z>- and V-introd. (discharging (xvi)): (xx) 
Va{B(a, z, *,) 3 3bV YYeo {Vx I<zT (x) = (a), -1 3 Y $[ t P[b], +»]]}}■ By 
Remark 4.1 and 5.5 preceding *15.1, B(a, z, S 2 ) V -|B(a, z, 8 2 ). So 
by cases, Va3b{[B(a, z, S 2 ) & Vy Y 60 {Vx x<z y(x) = (a) x -1 z> y^hw 
^[b]]}] V [-iB(a, z, 8 2 ) & b= 0 ]}. Using * 2 . 2 : (xxi) Va{[B(a, z, 8 2 ) & 
Vy Y 60 {Vx x<zT (x) = (a) x ^ 1 Dy^ [<p [Wa)] , + [Wa) ]]}]'V [-iB(a, z, $ 2 ) &p(a)=0]}. 
Let t^max i£ 5 2 (z) p(i). We deduce a contradiction thus. By (a) and 
*R11.3, cp[t]£[<b, S 2 ]. Using *R1.11: (xxii) ^eR'& 9 ^—?[t]. Now 
9 te[ 8 i, 82 ], whence by *R 8.6 (with (ix), etc.), 9 ^> 8 2 . So using *R6.22, 
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(xxiii) (p^eR r & 9 "—?[t] & Similarly to (xi), 81 ^ 9 ^. So using 

(xiii): (xxiv) 9 lea. Using (xxiii) with x 23.1, *B21, *3.12, etc., 
<Pt( z )^a(z). So by *H7, letting s=p(cpj(z)): (xxv) s<t. Employing 
*23.5 and *23.2, we readily deduce B(<p£(z), z, 82 ) from (xxiii), using 
cases (z<l, z> 1 ) for the last part. So by (xxi) and *23.2: 
v Y T «,{ Vx *< z Y( x )='Pt( x ) Thence with (xxiv), 9 ^[<p w , 

^[ S ]], whence by (xxiii) and *R8.2, 9 [t]£t 9 [s], <J>[s]]- But by *RL2.3, 
(i) and (xxv), [>[t], +[t]] £ |>[s]» <hs]]> whence by *RH.3, 

?[t]e[9[ S ], 4»[s]]* 

16.6. The formula on the right of *R13.1, abbreviated "ae^i^)", 
expresses the assertion that a is an r.n.g. in the open interval (di, <5 2 ), 
or that a. is "'between” <5i and 62 (Brouwer 1928a p. 9 lines 13-10 from 
below; for *R13.5, cf. lines 8-6 from below). 

*R13.1. h ae( 8 i, 82 ) ae[ 8 i, 82 ] & -ia —81 & -ja— 82 . 

*R13.2. h & oce( 8 i, 82 ) 3 Pg( 8 i, 8 2 ). 

*R13.3. h 8 i^ 8 f & aepi, 82 ) 3 aG( 8 i, 82 ). 

*R13.4. h 82—82 & ae( 8 i, 82 ) 3 ae( 8 i, 82 ). 

*R13.5. h a, 8 i, 8 2 eR & 8 i <;82 3 (ae( 8 i, 82 ) ^ 8 i-<ot<; 82 }. 

Proofs. *R13.5. Assume a, 8 i, 8 2 eR and (i) 8 i<8 2 . I. Assume (ii) 
ae[ 8 i, 82 ], (iii) -ia= 8 i & -kx= 8 2 . Using (i) and (ii) (and *R7.4), 
-ia< 8 i &-ioc> 8 2 . Thence with (iii) and *R7.11, 8 i<a&a< 8 2 . 
II. Use *R7.11. 

*R13.8 asserts that the continuum is "everywhere dense” (“iiberall 
dicht”; Brouwer 1928a p. 12 lines 4-9). *R13.6 and *R13.7 are used 
in the proof. 

*R13.6. h Vx|2a(x)—a(x')|<2 3 VpVxJ2Pa(x)—a(x+p)|<2P +1 . 
*R13.7. b Vx|2oc(x)-oc(x , )|<2 3 aeR. 

*R13.8. h a,peR & -ia —3 3y veR ye(oc, (U). 

Proofs. *R13.6. Assuming (i) Vx| 2 a(x) — a(x')j <2, we deduce 
Vx|2Pa(x)—a(x+p)|<2P +1 by ind. on p, thus. Ind. step. |2 p 'a(x) — 
a(x+p')| < 2P|2a(x)—a(x')|T|2Pa(x')—a(x'+p)| < 2 p+ 1 +2P +1 [(i), 

hyp. ind.] = 2 P ' +1 . 

*R13.7. Assume Vx|2a(x)-a(x')| <2. Using *R13.6, 2*|2Pa(k+l)- 
a(k+1 +p)! <2 k+ 1 + P, whence aeR. 

*RL3.8. Assume a,(UeR, (i) -ia=£J. Using *RL 1 1: (ii) a'eR' & a'=a. 
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(iii) [U'eR' & (U'=(U. Introduce y by Lemma 5.3 (a): 

(A) Vxy(x) = min(a'(x), (T(x)) + 

[max(a'(x), fl'(x)) min(a'(x), p'(x))/2]. 

Thus we can write y(x) = b+[a—b/2] [where a;>b by *8.8] < 
b+[a-b/l] [*13.11] = b+(a-b) [*13.6] = a [*6.7]. So (iv) 

Vx min(a'(x), (T(x))<y(x)<max(a'(x), (T(x)). We shall next deduce 
(v) (ot'(x) + (T(x)) — 1 <2y(x)<a , (x)+p , (x) and (vi) (a'(x)+p'(x)) - 1 < 
y(x')<a'(x) + (T(x) + l. Case 1: a'(x)<(T(x) & a'(x')<p'(x'). Toward 
(v), we use cases from *12.3 with r<2 ~ r=0 V r= 1 (adapting IM p. 
198 line 7). Case A: rm(p'(x)-a'(x), 2)=0. Then by *13.4, p'(x) — 
a'(x)=2[p'(x)-a'(x)/2]. So 2y(x) = 2a'(x)+2[(T(x)-a'(x)/2] [(A), 

Case 1 hyp., *7.2, *8.2] = 2a'(x) + ((U'(x) — a'(x)) = a'(x)-j-fii'(x) [*6.6, 
*6.3]. Case B: rm(p'(x)— a'(x), 2) = 1. Then similarly (U'(x) — a'(x) = 
2[fT(x) — of (x)/2] -j- 1, so (T(x)>a'(x) + 1. Now2y(x) = 2a'(x) + (((T(x)- 
a'(x))-l) = 2a' (x) —h((3'(x) — (oc'(x) —|— 1)) [*6.5] = (2a'(x) + p'(x))- 
(a'(x) + l) [*6.6] = (a'(x) + p'(x))-l [*6.5, *6.3]. For (vi): Case A': 
a'(x')<2a'(x) & [T(x')<2[T(x). Then 2a'(x)^l & 2[T(x)^l and a'(x') = 
2a'(x) -1 & (T(x') =2(V(x) -1 [*R0.5a-b, (ii), (iii)]. So y(x') = (2a'(x) - 1) 
+ [(2fT(x)-l)-(2a'(x)-l)/2] = (2a'(x)-1) +[2^'(x)-2a'(x)/2] [*6.9, 
*6.7] = (2a'(x) — l) + ((T(x) — a'(x)) [*6.14, *13.8, *13.1] = (2a'(x) + 
p'(x))-(l + «'(x)) [*6.6 twice, *6.5] = (a'(x)+(T(x))-1 [*6.5, *6.3]. 
Case B': a'(x')<2a'(x) & fV(x')=2(U'(x). Similarly y(x') = (2a'(x)~l) 
+ [2(S'(x)-(2a'(x)-l)/2] = (2a'(x) — 1) + [(2(T(x)+2) — (2a'(x)+1)/2] 
= ( 2 «'M 1) + [((2p'(x) + 2) -2a'(x)) - 1/2] = (2a'(x) - l) + ((({*'(x) +1) 
-a'(x))-l) [*13.9, *13.7] = (a'(x) + (T(x))^ 1. Case C': a'(x')<2a'(x) 
&(T(x')>2(T(x). Similarly y(x') = (2a'(x)^l) + [(2[T(x) + l)-(2a'(x) 
-l)/2] = (2a'(x)-l)+[(2(T(x)+2)-2a'(x)/2], etc. Cases D'-T are 
treated similarly. Case 2: a'(x)>[J'(x) & a'(x') ^fJ'(x'). Symmetric 
to Case 1. Case 3: a'(x) <(T(x) & a'(x') ;>[J'(x'). Subcase 3.1: 
a'(x)<£}'(x). But then a'(x') < 2a'(x)+l [*R0.5a-c, (ii)] < 2(U'(x) — 1 
<(U'(x'); so this subcase comes under Case 1. Subcase 3.2: a'(x) = 
(T(x). Then a'(x) >(U'(x), so this subcase comes under Case 2. 
Case 4: a'(x)>(T(x) & a'(x')<(T(x'). Symmetric to Case 3. From (v) 
and (vi), j2y(x)—y(x')|^2, whence by V-introd. and *R13.7: (vii) 
yeR. Toward (viii), assume (a) yOa', and for reductio ad absurdum, 
(b) yOfT. Thence assume Vp2 kl (a'(xi+p)—y(xi+p)) >2 Xl+p and 
Vp2 k2 ((T(x 2 +p)—y(x 2 +p))>2 Xa+p , and, using *R0.9: Vpa'(x+p)> 
y(x+p) and Vp(T(x+p)>y(x+p). Thence a'(x)>y(x) and fj'(x)>y(x). 
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so by *7.6, min(a'(x), f£'(x))>y(x), contradicting (iv). So, rejecting 
(b), y<°fi'. By D-introd., discharging (a): (vih) y<°a' D y<°p', 
and by contraposition -iy<°p' Z) -iyOa'. By *R7.8, *R7.9, (ii), 
(hi) and (vii), y-<fJ' Z) -iy<a', whence by *58b, -i(y<a'& y<($'). 
Symmetrically, -i(y>a' &y>(U'). By &-introd. with (ii), (iii) and 
(vii), ye[oc', p # ], and thence by (ii), (iii) and *R8.3-*R8.4: (ix) ye [a, ($]. 
Toward -iy=a, assume (c) yWe shall first contradict (d) yOfi'. 
Assume from (c), (d) and *R0.9: (e) Vp2 k+1 |y(x+p) —a'(x+p)j< 
2 x+p , and Vp2 kl (fS'(x+p) —y(x+p))^2 x+p . Then Vp[S'(x+p)>y(x+p). 
Using also (iv) (since min(a, b)==a V min(a, b)=b): (f) Vpa'(x+p)< 
y(x+p)<(3'(x+p). Letting t be x+k+l+p, we deduce (g) 
Vp2 k (l + (y(t) — a , (t)))<2 t thus. Case 2: yftJ-a'ftJ^O. Then 2 k (l + 
(y(t)-a'(t))) < 2 k+1 (y(t)-a(t)) < 2* [(e)]. Now y(t) ^ ((«'(t) + 
P'(t)) —1)—y(t) [(v), *6.17, *6.3] = (K(t) + ^(t))-y(t))-l [*6.5] = 
(«'(t) + »'(t)-y(t)))-l [*6.6, (f)]. So (h) (l+y(t))-«'(t)^p'(t)-y(t). 
Thence 2 k |^(t)- r (t)| - 2 k ((S'(t)-y(t)) [(f)] < 2 k ((l+y(t))-oo'(t)) [(h)] 
= 2 k (l + (y(t) — a r (t))) [*6.6, (f)] <-2t [(g)].. By V-, 3- and V-introd., 
p'=s=y, contradicting (d) by *R6.4. Hence y<°fJ'. Similarly, y°>[V. 
By *R6.5, y=(S'. By (c), and with (ii), (iii), a. contradicting 

(i) . Hence, rejecting (c), -iy=a'. By (ii), -iy=a. Symmetrically, 
-iy^=p. By &-introd. with (ix): (x) ye(a, £J). 

16.7. To express the "sharp difference” of two r.n.g. (Brouwer 
1928a p. 10 lines 27-33), we use the formula on the right of *R14.1, 
abbreviated (For *R14.2, cf. 1928a p. 10 Footnote 7.) 

*R14.1. b ~ ”ia—P & Vy Y6R {y£(a, (S) Z> 

(-iy>a & -iy>£) V (-iy<a & —*y<(S)}. 

*R14.2. b a,(SeR & aZ> a<f* V (*<a. 

Proofs. *R14.2. Assume a,peR and a^ s (L Then (i) -»a==p and 

(ii) a£(a, fi) Z> (-*a>a & -ia>(U) V (-ia<a & -ia<[U). Using *R1.4, 
a^(a, (U). Using also *R7.6, (ii) reduces by *41 and *45 to -ia>fi V 
-»a<(L Thence by (i) and *R7.11, a<($ V p<a. 

For r.n.g. the sharp difference is equivalent to the apartness 
relation # of *R2.1, as we show in *R14.11. *R14.3-*R14.10 establish 
the existence of a spread with suitable properties, preparatory to 
using Brouwer's principle (*27.6) in the proof of *R14.11. 

*R14.3. b a,($eR' Z> Vx([U(x) — a(x)=2 D (i(x') —a(x') ^2). 

*R14.4. b a.peR' Z> Vx(p(x) —a(x) >2 Z) f*(x') -^a(x')>2). 
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*R14.5. h a,fteR' => Vx((U(x) — a(x) =2 & (*(x') -^a(x')=2 => 
a(x')=2a(x)+L & £J(x')=2(U(x) — 1). 

Proofs. *R14.3. Assume a,(teR' and p(x)—a(x)=2. Now 
2p(x)-l=2a(x)+3. So p(x')-a(x') > (2(*(x) ^ 1) ^-a(x') \fieR', 
*R0.5a-c, *6.17] ^ (2p(x)-l)-(2a(x) + l) [aeR', *R0.5a-c, *6.18] = 
(2a(x)-f-3) — (2a(x)+1) = 2. 

*R14.4. Assume a.peR' and £J(x)— a(x)>2. Now 2£J(x) —1 > 
2a(x) + 3 > 2a(x)+l. So p(x')-a(x') > (2p(x)-l)-(2a(x)+1) > 
(2a(x) + 3) — (2a(x) + 1) [*6.19] = 2. 

*R14.5. Assume a,[UeR', (U(x) — a(x)=2 and fi(x') — a(x') = 2. If 
a(x') t^2oc(x) +1, then by *R0.5a, a(x')<;2a(x), whence 2=£J(x') — 
a(x') p(x')-2a(x) > (2p(x)-l)-2a(x) = 2(p(x)-oc(x)) - 1 = 3. 

Hence a(x') = 2oc(x)-f 1. Similarly, £J(x')=2p(x) — 1. 


*R14.6. h ocfteR'& oc<p D 

^R^VeR'K^* & & «'<(*' & 

Vx(fJ'(x) —a'(x) = 2 D p'(x')—a'(x')>2)}. 


Proof. Assume (i) <xgR', (ii) (UgR', (iii) a<(U. Introduce a' and 
using Lemma 5.5 (b) and (a), and letting A(a, fi, x) be fi(x) —a(x)=2 & 

Mx')-«(x')=2. 


(Al) 

(A2) 

(B) 


a (0) — 


Vxa'(x') = 


P'(x) = 


Ja(0)+1 if A (a, £1, 0), 

|a(0) otherwise. 

ja(x') + 1 if A(a, (S, x') & a(x') =£2a'(x) +1, 
ja(x') otherwise. 

fot(x)+l if A(a, (}, x) & a(x)=2a'(x— 1)+1, 
1[U(x) otherwise. 


Then easily: (iv) Vx(a(x)<a(x)<a(x) + 1), (v) Vx(A(a, [3, x) & 

a(x)^2a'(x—1)+1 Da'(x)=oc(x)+l) and (vi) Vx(-iA(oc, x) Da'(x) = 
a(x) & p'(x) = p(x)). 

I. We shall deduce |2a'(x)— a'(x')| <1, whence (by V-introd.) 
a'eR'. Case 1: A(a, p, x) & a(x)^2a'(x~ 1)+1. Subcase 1.1: A(a, (3, x') 
&a(x')^2a'(x) +1. Then by *R14.5, oc(x')=2a(x) + l. By (v), 
a'(x)=a(x)-J- 1 and a'(x')=a(x') + l. So |2a'(x)—a'(x')| = |2(a(x)+ 1) — 
(a(x') + l)| = |(2a(x) + 2) —(2a(x) + 2)| = 0 < 1. SUBCASE 1.2: -,A(a, 
(L x') V oc(x')=2oc'(x)-fl. By case hyp. and (v), a'(x)=a(x) +1. So 
|2a'(x)-a'(x')| = [2(oc(x)+l)-a(x')| [(A2)] = |(2a(x)+4) —(a(x')+2)| 
[*11.7] = |2p(x)-p(x')| [A(a f p,x)] < 1 [(ii)]. Case 2: -iA(a f p, x) V 
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a(x)=2a'(x— 1) + 1. We deduce (a) a'(x)=ot(x) thus. Case A: x=0. 
By (iv), a'(0)>a(0). Hence a (0)^2a 7 (0)+1, whence by Case 2 hyp., 
-iA(a, p, 0). By (Al), a'(0)=a(0). Case B: x>0. Use Case 2 hyp. 
Subcase 2.1: A(ot, p, x 7 ) & a(x')^2a'(x)+l. Then by (v): (i') a 7 (x')~ 
a(x') +1. By (a), a(x 7 ) ^2a(x) +1. By (i) and *R0.5a-b, a(x') +1 — 2a(x) 

V a(x') = 2a(x). We deduce (b) ot'(x')=2a(x) V a 7 (x 7 ) = 2a(x)+1. Case 

A: oc(x') + l=2a(x). Then a 7 (x 7 ) = a(x 7 )+1 [(i 7 )] = 2a(x). Case B: 
a(x 7 )=2a(x). Then a 7 (x 7 ) = a(x')-|~l = 2a(x) + l. Now by cases from 
(b), using (a): |2a 7 (x) —a 7 (x')|< 1. Subcase 2.2: -iA(a, p, x 7 ) V 

a(x 7 ) = 2a 7 (x)+l. Then |2a 7 (x)-a 7 (x 7 )| = |2a(x)-a(x 7 )| [(a), (A2)] < 1 

II. We shall next deduce |2p 7 (x) — p'(x')| <1, whence (by V-introd.) 
P'eR 7 . Case 1: A(a, (3, x) & a(x)=2a 7 (x—1) +1. Subcase 1.1: A(a, p, x 7 ) 
& a(x 7 )=2a 7 (x) + l. By *R14.5, a(x 7 )=2a(x)+1. Now |2p 7 (x)-p 7 (x 7 ) j = 

12(a(x) +1) — (a(x 7 ) + 1)| [(B)] = |(2a(x)+2)-(2a(x) + 2)| = 0 < 1. SUB¬ 
CASE 1.2: -iA(a, p, x 7 ) V a(x 7 )^2a 7 (x) + l. Then a(x 7 ) = 2a(x) + 1 (using 
*R14.5) and p(x 7 )=a(x')+2 (using case hyp.). So |2p 7 (x)—p 7 (x 7 )| = 
|2(oc(x) + l)-p(x 7 )| [(B)] = |(a(x') + l)-(a(x 7 )+2)| = 1. Case 2 : -,A(oo, 
p, x) V oc(x) ^2a 7 (x — 1) +1. Subcase 2.1: A (a, p, x 7 ) & a(x 7 )—2a 7 (x) +1. 
If a 7 (x)^a(x), then by (iv), a 7 (x)=a(x)+1, a(x 7 ) = 2a 7 (x) + l [subcase 
hyp.] = 2(a(x) + l) + l = 2a(x)+3, contradicting (i) by *R0.5a. So 
(i 77 ) a 7 (x)=a(x). So by subcase hyp.: (ii 77 ) a(x 7 ) —2a(x)-|-1, and also 
using *R14.4 (with A(a, p, x 7 )): (iii") p(x)—a(x)<2. Assume for 
reductio ad absurdum (a 7 ) p(x)—a(x)—2. Then, using A(a, p, x 7 ) 
(from subcase hyp.), A(a, p, x). So by case hyp., a(x)^2a 7 (x—1) +1. 
Now by (v), a 7 (x)=a(x) + l, contradicting (i 77 ). Thus, rejecting (a 7 ), 
(iv 77 ) p(x) —a(x)^A2. If p(x)—a(x)=0, then p(x 7 ) = a(x 7 )+2 [subcase 
hyp.] = 2a(x)+3 [(ii 77 )] > 2p(x)+3 [*6.11], contradicting (ii) by 
*R0.5a. Thus p(x) — a(x)^0. Then by (iii 77 ) and (iv 77 ), p(x) —a(x) = 1. 
So|2(}'(x)—(3'(x')| = |2p(x)-(a(x') + l)| [(B)] = |2(«(x)+l)-( a (x') + l)l 
= |(2a(x)+2)-(2a(x)+2)| [(ii")] = 0 < 1. Subcase 2.2: -iA(a, p, x') 

V a(x')+:2a'(x) + l. Then |2P'(x)— (5'(x')| = |2p(x)—p(x')| < 1 [(ii)]. 

III. From (iv) by *11.15a, |a'(k'+p) —a(k'+p)|<l. Thence 

2 k ja 7 (k'+p)—a(k 7 +p)|<2 k ' + P, whence by V-, 3- and V-introd., ol'=ol. 

IV. We shall next deduce |p 7 (k 7 +p)—p(k 7 +p)| <1, whence p 7 —p. 
Case 1: A(a, p, k 7 +p) & a(k 7 +p) = 2a 7 ((k 7 +p) —1) +1. Then p(k 7 +p) 
=a(k'+p)+2. So |P'(k'+p)-p(k'+p)| = |(«(k'+p) + l)-(«(k'+p) 
+2)| [(B)] = 1. Case 2: -,A(«,p,k'+p) V«(k'+p)^2a'((k'+p)^l) + l. 
Then |P'(k'+p)-p(k'+p)| = |P(k'+p)-p(k'+p)| = 0 < 1. 
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V. We shall deduce a'(x)<p'(x), whence £*'<(1*'. Case 1 : A(a, £J, x). 
Subcase 1.1: a(x)=2a'(x—1)4-1. Then a'(x) < a(x) + l [(iv)] = p'(x) 
[(B)]. Subcase 1.2: a(x)^2a'(x—1)+1. Then a'(x) = a(x)+l [(v)] < 
a(x) + 2 = p(x) [case hyp.] = (V( x ) [(B)]. Case 2: -iA(a, p, x). Then 
«'(x) = a ( x ) [(vi)] < P(x) [(hi)] = p'(x) [(vi)]. 

VI. Toward (x), assume (vii) £J'(x) — a'(x)=2. Assume for reductio 

ad absurdum, (a") A(a, £J, x). Case 1: a(x)=2a'(x —1)4-1 • Then 
p'(x)-a'(x) = (a(x)+l)-«'(x) [(B)] < (a(x) + l)-a(x) [(iv)] = 1, 

contradicting (vii). Case 2: a(x)y^2a'(x —1)4-1. Then £J'(x) — a'(x) — 
P(X)^«'(X) [(B)] = p(x)-(a(x) + l) [(v)] = (p(x)—a(x)) —1 = 2—1 

[(a")] — !, contradicting (vii). Thus -iA(a, p, x), whence (vih) 
P(x) -a(x) ^2 V p(x') -a(x') ^2. By (vi), a'(x) = ot(x) & p'(x) = p(x). 
So, using (vii) and (viii): (ix) (U(x') — oc(x') ^2. Thus -iA(a, £J, x'). By 
(vi), a'(x')=a(x') & fJ'(x') — (U(x'). So by (ix), fj'(x') — a'(x') ^=2. So by 
*R14.3, I, II and (vii): p'(x') — a'(x')>2. By z>- and V-introd., (x) 
Vx(p'(x) — a'(x)=2 D p'(x')-^-a'(x')>2). 

In *R14.8 A(y, a, p, y) is Vx[(x<y D y(x)=a(x)) & ( x >y 3y(x) = 

(*( x ))]. 

♦R14.7. h a,peR' & p(x) —a(x) >2 => jp-a|<°l*2- x . 

*R14.8. ha,peR' &a<p& 

Vx(p(x)-a(x)=2 D p(x')-a(x')>2) & |p—a|<ol*2~ (y+a > 

=> 3 t Y £R' a (t> y) v 3 Ty € r' a (t> p. a, yj- 

Proofs. *R14.7. Assume (i) a,peR', (ii) p(x) — a(x)>2. Then 
3 - 2 -x < 0 |p(x)— oc(x)|2- x [(ii), *R9.8, *R9.5] =£= |p(x)2- x —a(x)2~ x | 
[*R9.14] o> |p(x)2 -x — PI 4 “IP— a l + l a — a(x)2 -x j [*R6.17] °> l-2~ x 4- 
|p_a|4-l-2" x [*R9.15, (i); *R6.16] = 2*2~ x 4-—a|. Thence, using 
♦R6.16, |p-a|<ol.2- x 

*R14.8. Assume (i) aeR', (ii) peR', (iii) a<p, (iv) Vx(p(x) — a(x)=2 
D p(x') — a(x')>2), (v) |p—a|<°l*2 _(y+a) . Toward (vi), assume (a) 
x<y+l, and for reductio ad absurdum, (b) p(x)-=-a(x)>2. By cases 
from (b), using *R14.4 and (iv): p(x') — a(x')>2. Now |p—a| 
l-2" x ' [*R14.7]°^ l*2- (y+2) [(a), with *R9.5, *R9.7, *3.12], contra¬ 
dicting (v). By D- and V-introd.: (vi) Vx(x <y+l =>P(x)-«(x)^l). 
By (vi), p(y)— oc(y)<l. We shall deduce (c) 3y YeR ,A(y, a, p, y) V 
3y YeB ,A(y f p, a, y). Case 1: p(y) — a(y)=0. Introduce y by Lemma 
5.5 (a): 

(*) 
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Then A(y, a, (3, y). We shall deduce |2y(x) —y(x')|<l. Case A: x<y. 
Use (i). Case B: x—y. Then |2y(x)—y(x')| = |2oc(y) — (3(y') l = 
12S(y)—8(y')| [Case 1 hyp., (iii)l < 1 [(ii)]. Case C: x>y. Use (ii). By 
V-introd., yeR'. By &-, 3- and V-introd., (c). Case 2: P(y) ^oc(y)= 1. 
Then (i') 2(3(y) — l=2a(y) +1. Using (vi), p(y') — a(y')<l. Subcase 
2.1: [J(y')— a(y')=0. Introduce y by (A) above, whence A(y, a, p, y). 
We shall deduce |2y(x)—y(x')j< 1. Case A: x<y. Use (i). Case B: 
x=y. Then j2y(x)-y(x')| = |2a(y)-p(y')[ = |2a(y)-a(y')| [subcase 
hyp., (iii)] < 1 [(i)]. Case C: x>y. Use (ii). By V-introd., yeR'. By 
3- and V-introd., (c). Subcase 2.2: p(y') — a(y') = l. Then (ii") 
P(y')>a(y'). If 2a(y)>a(y / ), then by (i'), 2p(y) -1 >a(y'), and thence 
1 = 0(y')”a(y') [subcase hyp.] > (2p(y) -1)-a(y') [(ii), *R0.5a-c, 
*6.17] > (2fJ(y) — 1) — 2a(y) [*6.20] = (2a(y)+1)-2oc(y) [(i')] = 1. 
Hence 2a(y)<a(y'). Sub 2 case 2.2.1: 2a(y)=a(y'). If p(y')>2p(y) — 1, 
then 1 = p(y')—a(y') [subcase hyp.] > (2p(y) — 1)— a(y') [(ii'), *6.19] 
= (2a(y) + l)-2a(y) [(i'), sub 2 case hyp.] = 1. Hence p(y')<2p(y) — l, 
whence by *R0.5a-c and (i'): (iii') p(y')=2a(y)-J-l. Introduce y by 
(A) above, whence A(y, a, p, y).- We shall deduce j2y(x)—y(x')[<l. 
Case B: x=y. Then j2y(x)-y(x')| = |2oc(y)—(S(y')i = |2oc(y) —(2oc(y) 
H-1)t [(in')] = 1. By V-introd., yeR'. By 3- and V-introd., (c). 
Sub 2 case 2.2.2: 2a(y)<a(y'). By (i) and *R0.5a: (i") 2a(y)+l=a(y'). 
Introduce y thus: 

( b) v XT (x)=ft x ! “ 

v ' 1 w (a(x) if x>y. 

Then A(y, p, a, y). We shall deduce |2y(x)—y(x')[<l. Case A: x<y. 
Use (ii). Case B: x=y. Then |2y(x)—y(x')| = |2p(y)—a(y')| = 
|2fKy) — (2«(y) + 1)1 [(i')] = |(2«(y) + 2) — (2<x(y) +1)| [Case2hyp.] = 1. 
Case C: x>y. Use (i). By V-introd., yeR'. By &-, 3- and V-introd., (c). 

*R14.9. h a,£JeR' => 3a{Spr(a) & a(l)=0 & 

Vy[ye<r —'yeR' & Vx(y(x)~a(x) V y(x) = P(x))]}. 

*R14.10. h Vx(y(x) = a(x)Vy(x)=p(x)) p). 


Proofs. *R14.9. Assume 0) aeR', (ii) peR'. Introduce g via 
Lemma 5.5 (c) (cf. the proofs of *R0.8, *R10.2): 


(A) 


Vao(a)= 


0 if a=l V {Seq(a) & lh(a) = 1 & [(a) 0 -I=a(0) 
V (a) 0 -l=p(0)]} V {Seq(a) & lh(a)> 1 

& |2((a-))h(a)-3“ 0 (( a )lh(a) —1 ~ 01 — ^ 

& <r(n I<ni(a)J . 1 p 1 <a) ‘)=0 & [(a) lhfa) ^! — 1 = 

oc(lh(a) - 1) V (aJ^j -1 =|J(lh(a) - 1)]}, 

1 otherwise. 
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lib. Assume a(a)=0, toward deducing 3sa(a*2 8+1 )=0. Case 1 : 
a=l. Then by (A), a(a*2“ <0>+1 )=0. Case 2: a^l. Then by (A), 
Seq(a) &lh(a)>l & [(a) lh , a)il ^-l=a(lh(a)-l) V (a) lh(aK1 ^l=p(lh(a) 
— 1)]. Subcase 2.1: (a) lh(aK1 — l=a(lh(a) — 1). Using (A) and (i), 
a (a*2 a(lh(a)) +1 ) = 0. Subcase 2.2: (a) m(ft)il -l=p(lh(a)-l). Using (A) 
and (ii), tj(a*2 p(lh(a)>+l )=0. 

Ilia. Assume (a) yecr. By V-elim., a(y(x"))=0, whence using (A), 
|2y(x)—y(x')|<l. By V-introd., yeR'. By V-elim. from (a), a(y(x'))=0, 
whence from (A) by cases (x=0, x>0): y(x)=a(x)Vy(x)=p(x). By 
V-introd., Vx(y(x)=a(x) Vy(x)=p(x)). 

Illb. Assume yeR' & Vx(y(x)=a(x) V y(x)=(U(x)). By ind. on x 
with a double basis, cr(y(x))=0. By V-introd., ye<r. 

*R14.10. Assume (i) Vx(y(x)=a(x) Vy(x)=p(x)), and for reductio 
ad absurdum (a) ye(a, (U), whence aeR and yeR. If y°>a, then 
assuming Vp2 k (y(x-|-p) —a(x-|-p)) ]>2 x+ p, we deduce successively 
y(x+p)^a(x+p), y(x+p)=($(x+p) [(i)], andy=(S [V-introd., *R1.2], 
contradicting (ii). Thus y°>a. Similarly, y<°a. By *R6.5 (with 
a,yeR), y=a, contradicting (ii). So, rejecting (a), y£(a, (J). 

*R14.11. h a,[leR D (a^gfJ ~ a#[|}). 

Proof. Assume a,[JeR. 

I. Assume o a^gp. Using *R1.11, assume (ii) a'eR' & 

(iii) P'eR'&(*'=(*. By (i), *R14.2 and *R7.2-*R7.3, a'<p'vp # <a'. 
Case 1 : a'<(U'. Then using (*R7.1, (ii), (iii) and) *R6.22, assume: 

(iv) a"eR' & a"=a' Sc a"<(U'. Using *R14.6 with (iv) and (iii), assume: 

(v) a"'eR' & (U ff eR' & a "'= a ff & p'=s=p' Sc *'"<(*" & Vx((T(x) -a*(x)=2 
Z> fJ"(x') —a'"(x') >2). By (ii)-(v): (vi) <*'"=<*"=<*' = a & 

Applying *R14.9 (with (v)), assume: (vii) Spr(cr) & a(l)=0 & 
Vy[yecr -yeR' & Vx(y(x)=a'"(x) V y(x)=p"(x))]. Toward (viii), as¬ 
sume ye<r. Then yeR' & Vx(y(x)=a ,ff (x) V y(x) = (3"(x)). By *R14.10, 
y£(a'", (U"), whence by (vi) with *R13.3-*R13.4, y£(a, (U). So by (i) 
with *R14.1 and yeR', (-iy>a & -iy>p) V (-iy<a & -iy<p). By D- 
and V-introd., (viii) Vy yeo {(-iy >a & -iy>P) V (-*y <oc & -iy<p)}. Ap¬ 
plying *27.6 with (vii) and (viii), assume: (ix) Vy yeo 3y{Vx[T(y(x))>0 D 
y=x]&{(-,y>a&-iy>p&T(y(y)) = l) V(-,y<oc& -,y<p&i:(y(y)) = 2)}}. 
By (vii) and (v), a"'e(y. So using (ix), assume: (x) Vx[t(/(x))>0 d 
yi=x] & (ha w >a & -,a w >p & T(i*(yi)) = l) V (-,*'"<a & n i f <p & 
T (a" , (yi))=.2)}. By case hyp. and (vi), a w <p. Hence by (x): (xi) 
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T(a w (yi)) = 1. Similarly to (x) and (xi): (xii) Vx[t(£J"(x))>0 d y 2 ^=x) & 
{(-!?'>« & -ip'>p &T(p(y a )) = l) V -ip'cp &T(p(y 2 ))=2)} f 

(xiii) T(fS ff (y2))=2. Let y=max(yi, y 2 ). Assume for reductio ad ab- 
surdum: (xiv) |(U"—a'"|<°l*2 _(y+2) . Thence by *R14.8 with (v), 
3 y tsR .A(y, a", r. y) V 3y y .r'A(y, P*. a”, y). Case A: 3 YysR .A( t , f,', y). 
Assume (xv) yeR' & A(y, a'", fT, y). Then Vx(x<yiDy(x)=a"'(x)), 
whence (xvi) r(y(yi)) = T(oc'"(yi)) = 1 [(xi)]. By (vii) with (xv), 
yGcr, so using (ix): (xvii) Vx[r(y(x))>0 D z=x] & {(-iy>a & -iy>(3 & 
t(y(z)) = 1) V (-iy<a &-iy<p &t(y(z))=2)}. Using (xvi) in (xvii), 
z=yi. So by (xvi), t(y(z)) —1, whence by (xvii): (xviii) -*y>a& 
-iy>p. But using (xv), 2 k |y(y'+p)—p"(y'+p)| = 0 < 2 y ' +p , whence 
y =5= fj" =*= p' [(vi)] > a' [Case 1 hyp.] = a [(vi)], contradicting (xviii). 
Case B: 3y veir A(y, fi ff , a'", y). Similarly. Thus rejecting (xiv), 
<0 i.2-( y + a >o> i.2-( y +*>[*R9.7]. So assume 
Vp2 k (([(3 ff —a w |)(x-|-p) — (l*2 _<y+3) )(x+p))>2 x+ p. Thence by *6.15, 
etc., 2 k (|^ ff —a ,ff |)(x+p) >2 x+ p, whence by X R5.1 and V- and3-introds., 
Thence by (vi) with *R2.4 and *R2.3, a#(U. 

Case 2: Similarly. (The assumptions are symmetric in a, (J.) 

II. Assume (i) a#|3. By *R2.5, (ii) -ia=s=fl. Assume (iii) yeR, 

(iv) y<£(a, ($). We shall.deduce (a) (-iy>a & -iy>P) V (-iy<a & -iy<p). 
By *R6.2, (i) (with a,[JeR): aOp V [JOa. Case 1: aop. By *R6.7: 

(v) a»>p. By *R6.9 (and a, peR, (iii)), a<°yVy<°p. Subcase 1.1: 
aOy. By *R6.7, (vi) y<h°a, and by *R6.4, (vii) -iy=a. For reductio 
ad absurdum, assume w y<°[J. By *R6.7, y°>p. Thence using 
*R8.6, (v) and (vi): (c) ye[a, p]. By (b) and *R6.4, -iy=s=p. Thence 
using (vii) and (c), ye (a, (5), contradicting (iv). So rejecting (b), y<°p. 
With (vi) and *R7.8, -iy<;a &-iy<p, whence by V-introd., (a). 
Subcase 1.2: y<°p. Similarly. Case 2: p<°a. Similarly. By z)-, V- 
and D-introd., Vy Y6R (y£(a, p) z> (-iy>oc & -iy>p) V (-iy<a & -,y<p)). 
Then with (ii), a^ s p. 

In our formulation of “separability in itself" (“Separabilitat in 
sich”; Brouwer 1928a p. 10 lines 33-37), we use a#p rather than 
a^ s p (which puts the nontrivial part of Brouwer’s proposition with 
♦R14.ll). 

*R14.12. b a,pGR & a#p z> 3a3m(a2 _m e(a, p)). 

Proof. Assume a,peR and a#p. By *R6.2, a<°p V p<°a. Case 1: 
a<°p. Using *R9.19, assume (preceding 3-elims.) a<°a2- m <°p. 
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By *R7.7, a<a2“ m <fi. Then using *R13.5 (with *R9.2, etc.), 
a2~ m e(a, (U). Case 2 : p<°a. Similarly. 

16.8. We define the unit continuum [0, 1] to be “freely connected” 
(“freizusammenhangend”) if, for each pair A(y) and B(y) of species 
of r.n.g. such that (1) A(y) & B(£) ~^y<X and (2) for each two r.n.g. 
ol and /S in [0, 1] with a^ S j 3 & a</?, either, for each y in [0,1], 
y>oc ->A(y), or, for each y in [0, 1], y<(3 B(y), the following 

is the case. There is a r.n.g. r) in [0, 1] such that, for each y in [0, 1], 
y<j] ->A{y), and for each y in [0, 1], y>rj ~^B(y). (Brouwer 1928a 
p. 11 lines 14-3 from below.) Brouwer required the above only of 
A(y) and B(y) out of which [0, 1] is “composed” (“zusammengesetzt”, 
p. 10 bottom), i.e. such that there does not exist a y in [0, 1] for which 
neither A(y) nor B(y). We do not need to make this restriction in 
establishing the free connectedness of [0, l] in *R14.14. 

In *R14.13 we consider a generalization of Brouwer’s result to 
the whole continuum [0, oo). We add the hypothesis that B(y) has 
an element. (For [0, oo) the theorem would not hold otherwise.) 
Instead of a^ s (U&a<(U we use the simpler equivalent otOfS (d by 
*R14.11 with *R6.2, *R7.1; c by* R6.3, *R14.11, *R7.7), and 
instead of -iy>a we use Y°> a (equivalent by *R7.8). Further, in 
the conclusion instead of < we put <°, for a reason to be given in 
Remark 16.1. 

*R14.13. I- V Tt 6R V^ 6R {A( y ) & B(Q z> t <Q 

& Va «eR V IW{“OP => V Tf€R[T”> a => A(r)] 

V V Yt6R [y<-(5 3 B(y)]} & 3bB(b2-«) 

=> 3 ''iT, e R{ v Y- f €R[r<’’'i => A( y )] & Vy t 6 R [y»>vi => b( y )]}. 

Proof. Assume the hyps, (i)-(iii). Using (ii), *R9.2 and *R9.8, 
v Y T sR[T , > a2 ~ m 3 a (y)] V VY YSR [Y<C<>(a+l)2- m D B( Y )]. By cases and 
V-introd., VaVm3y{[{V TTeR [Y°>a2-m D A(y)] & y=0} V{VY TsR [ Y <t:° 
(a+l)2~ m d B(y)] & y= 1}] & y<l}. Applying *25.7, assume: (iv) 
VaVm{[{V TYeR [ T o>a2-^ d A(y)] &x«a,m»^0}V{Vy Y€R [y<l:o(a+l)2-“ 
Z) B(y)] & x(<a, m>)=l}] & x(<a, m>)<l}. Assume from (iii): (v) 
B(b2 -0 ). For reductio ad absurdum, assume x(<b, 0>)=0. By (iv), 
Vy veR [yo>b2-° d A(y)]. Using *R9.2 and *R9.8, A(b2 _0 ). So by (i) 
and (v), b2~°<b2 _0 , contradicting *R7.6. Hence x(<b, 0>)^0. So 
by (iv): (vi) x«b, 0» = 1. Using #E, let M be ^y y < b x(<y, 0»= l. 
Introduce ■/] by Lemma 5.5 (b) (with cases exhaustive by (iv)): 
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*)(0) = M, 

(A) [2t)(x) 1 if x«2y)(x) -1 , x'» = 1, 

2t)(x) if x(<2t)(x) — 1, x'>)=0 
Vxt)(x')— & x(<2t](x), x'>) = 1, 

2t)(x) + 1 if x(<2y](x) —1, x'>)=0 
&x(<2t](x), x'>)=0. 

Using *R0.5b-a, (vii) yjgR', whence (viii) t]gR. We shall deduce (ix) 
V Y Y eEt[Y<°M x ) — 1 ) 2_x => A (r)] & Vy YeR [yo>(7 ] (x)+ l)2- x D B(y)] by 
ind. on x. Basis. By (A), ■/)(0)=M. Toward (a) assume yeR and 
y <°(M —1)2 -0 . Then by *R9.18 (with *6.4), M>0. So M—1<M. 
Hence by (vi) and *E5, x(<M — 1, 0>) ^1. So by (iv) (and using *R6.7), 
A(y). By d- and V-introd., (a) Vy YeR [y< o (y ] (0) - l)2~o d A(y)]. 
Toward (b), assume yeR and y°>(M+l)2~ 0 . By (vi) and *E5, 
x(<M, 0>) = 1. So by (iv), B(y). By D- and V-introd.: (b) Vy YeR [y°> 
(7](0)-j-l)2 -0 D B(y)]. Ind. step. We use cases (the same as in (A)) 
to deduce (c) Vy YeR [yO(r)(x') - l)2“ x ' Z) A(y)] and (d) Vy YeR [y°> 
h(x')+l)2- x 'DB(y)]. Case 1: x«2jj(x) ^ 1, x'» = 1. By (A), 
t)(x / )=2t)(x) —1. Toward (c), assume yeR and y o (t)(x')-M) 2 -x ' = 
(2t)(x)- 2)2“ x ' = (y)(x) — l)2" x [*R9.3]. By hyp. ind., A(y). By z>- and 
V-introd., (c). Toward (d), assume yeR and y °> (y](x')-|-l)2 _x — 
((2tj(x) — 1) + l)2 _x '. By (iv) and case hyp., B(y). By Z>- and V-introd., 
(d). Case 2: x(<2t)(x) — 1, x'>)=0 & x(<2t)(x), x'>) = 1. Similarly. Case 3: 
x(<2y](x) — 1, x'>)=0 & x(<2t](x), x'>)—0. Similarly. By V-introd. (and 
*87) from (ix): (x) VxVy YeR [y<»(■/)(x)- l)2~ x z> A(y)] & VxVy YeR [y°> 
(y)(x)+1)2 _x d B(y)]. Toward (xi), assume yeR and yO?). Using 
*R1.11, assume y'GR'&y'=y. Then y'O y]. Assume Vp2 k (^(x-|-p) — 
y'(x+p)) ^2 x+ p, whence 2 k (-y](x-|-k+2) —y'(x+k+2)) ^2 x+k+2 , whence 

7 1 (x-bk+2) -y / (x+k+2)^4. Nowy=y' 0 > (y'(x+k+2)+l)2-< x + k + 2 ) 

[*R9.17] <o( 7 )(x+k+ 2 )^l) 2 -< x + k + 2 > [*R9.8]. Using (x), A(y). By 
=>- and V-introd.: (xi) Vy YeB [y Otj z> A(y)]. Similarly: (xii) Vy Y6R [y°>Y) 
3 B(y)]. Combining (viii), (xi) and (xii): 3Y) T1€R {Vy Y€R [y<°7) D A(y)] & 
Vt Y€R [to>v) 3 B(y)]}. 

Using *R14.13, we prove the free connectedness of [0, 1]. We let 
aGl abbreviate aeR & a°> 1; the latter is equivalent to ae[0, 1] by 
*R8.6, *R9.18, etc. 

*R14.14. h Vy{A(y) V B(y) D T gI) & VyV^{A(y) & B(Q D y<Q 

& => v T y€ i [Y o > a => a (y)1 v 

v T y6 i[t<°P => B(y)]} 3 

3 ^ e i{ v Y Y6 i[Y<°^ => a (y)1 & ^Y Y €i[y°> 7 ) => B(y)]}. 
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Proof. Assume the hyp. (i)-(iii). Let B'(y) be -n(B(y) Vy>l). 
Toward (iv), assume y£eR and A(y). By (i), yel. Assuming B(Q V £>1, 
we deduce y<£ by cases (using (ii) in the first case). So by *12 and 
*R7.9: B'K)Dy<C. Hence (iv) Vy YeR V^ €R {A(y) & B'(Q Z) y<Q. 
Toward (v), assume a,(UeR and aO(U. By *R6.9, a<°lVl<°£J. 
We shall deduce (a) Vy Y€R [y°>a z> A(y)] V Vy YeR [y<|:^ z> B'(y)]. 
Case 1: a<°l. Using *R9.19, assume a<°ai2~ mi ol and a<°a22” ma 
Of*. By *R9.4, *R9.7, etc.: ai2- mi <°a 2 2- ma V ai2 _mi °>a 2 2- ma . 
Thence by cases we deduce a formula from which we can assume: 
(i') ocOa2“ m <°l, (ii') a<°a2By (iii) (with a, a2 _m for a, (U) 
and (i'): Vy Y€l [yo>a z> A(y)] V Vy Y6l [y<l;°a2~ m z> B(y)]. Subcase 1.1: 
Vy YG i[y 0 >a d A(y)]. Then Vy y€R [yo>a d A(y)], whence (a). Subcase 
1.2: Vy Y€l [y<oa2 _m z> B(y)]. Assume yeR and y<oa2 _m . If yel, then 
B(y), whence B(y)Vy>l. If y^I, then -iy°>l, whence by *R7.9, 
y> 1, whence B(y)Vy>l. So yel V y<£I z> B(y) V y>l. Thence by 
*12 and *63, -,(B(y) V y>l) Z) y£I & -,y£I. Thus n -,(B(y) Vy>l), 
i.e. B'(y). So Vy YGR [y<oa2- m DB'(y)]. Using (ii'), Vy YeR [y<°p 3 
B'(y)], whence (a). Case 2: lo(L We deduce Vy YeR [y<°(U z>B'(y)]. 
Thus (v) Va a€R Vp 3eR {a<>p 3 Vy Y€R [y°>a Z> A(y)] V Vy YeR [y<°p=) 
B'(y)]}. Also we easily deduce B'(2), whence (vi) 3bB'(b2 -0 ). Using 
(iv), (v), (vi) in *R14.13, assuine: (vii) TjeR, (viii) Vy YgR [yOY] 3 A(y)] 
& Vy Y€R [yo> 7 ) 3 B'(y)]. For reductio ad absurdum, assume (b)7)°>l. 
Using *R9.19, assume l<°b2 _n OY). From 1 ob2“ n , B'(b2 _n ). From 
b 2 -n <° 7 ) and (viii), A(b2~ n ). Then by (iv), b2 -n <b2 -n . So, rejecting 
(b), t]°> 1, whence with (vii), tjgI. 

Remark 16.1. It is impossible here to establish the modification 
of *R14.13 in which o (»>) in the conclusion is replaced by < (>), 
and Brouwer's hypothesis —i3y YeR [—*A(y) & -iB(y)] is added. For, we 
show that if the instance (A) of this for y<°p, y°>p as the A(y), 
B(y) were provable, so would be the formula p,yeR Z) (pOy P<y) 
expressing the equivalence of <« to < for r.n.g. This equivalence is 
denied by Brouwer in 1949, 1951, and shown to be unprovable by 
Kleene in 18.2 of Chapter IV below (cf. Theorem 18.2). So assume 
(i) peR. I. We first deduce the hypotheses of (A). Ia. Assume y,£eR, 
Y<°p, C°>p- Then y<°£, whence y<£. lb. Assume a,(UeR and a op. 
By *R6.9 and (i), a<°p V pop. Case 1: aop. Assume yeR and 
y°>oc. Then yOp, whence yOp. By 3 -, V- and V-introds., 
v Y ts r[t°>“ 3 Y<op] V V Ty6B [ t <°(3 3 ro>p]. Case 2: Similarly, 

assuming yeR and y <°p, and deducing y°>p. Ic. Using (i) and *Rl. 11, 
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assume p'eR' & p'=p. Then p =s= p'°>(p'(0) +1)2-° [*R9.17] O 
(p'(0)+2)2“°, whence 3b(b2-°°>p). Id. Prior to 3-elim. and -i-introd., 
assume yeR & -iy<°p & y°>p. Using *63, y<°p & -iy=p. Using 
*R6.5, y—p- II. Now using (A), after D-elim. and prior to 3-elim.: 
(ii) 7 )gR & V y ^ r [y<7) 3 y<°p] & Vy YeR [y>7) D y°>p]. Assume for 
reductio ad absurdum, (a) p<°7). Using *R13.8, assume yeR & 
ye(p, 7]). Then by *R8.6 and (a), (b) y<°p & y°>7) & -iy=p & -iy— tj. 
So y< 7 ]. By (ii), y<°p, contradicting (b). Rejecting (a): (iii) p<°?). 
Assume for reductio ad absurdum, p°>7]. By *R7.7, p>7). By (ii), 
p°>p, contradicting *R6.8. Hence p°>-/]. Now by *R6.5, p=^7). So 
by (ii), Vy YeR (y>p Dyo>p). This with *R7.7 gives Vy Y€R (pOy ~ 

p<r)- 

Similarly, the corresponding modification of *R14.14 leads to the 
equivalence of O and <. For, using instead of (A) the like instance 
(B) of this, we obtain (i) pel D Vy YeI (y>p d y°> p). Assume (ii) 
a,(3eR and (iii) a>($. Putting y= 1 — (1 — (a — ($)) (cf. x 7.1), we can 
establish (iv) yel, (v) y>0 [using (iii)] and (vi) y°>0 z> Using 

Oel, (iv) and (v) in (i), and the result in (vi), we have after D-introds.: 
a,[SeR D (oc>(3 D a°>p). 



Chapter IV 


ON ORDER IN THE CONTINUUM 
by S. C. Kleene 


§ 17. Introduction and preliminaries. 17.1. Brouwer in his paper 
“On order in the continuum, and the relation of truth to non-contra- 
dictoricity” 1951 considers five pairs of properties of real numbers, 
and makes various claims about the relations between the properties 
in the pairs. (There he cites his Dutch articles 1948b and 1949a for 
the proofs. But three of the pairs are also discussed in his English 
paper 1948 p. 1248.) 

We shall list these claims, and determine (independently of 1948b 
and 1949a, or of 1948) exactly which ones can be established on the 
basis of the formal system of Chapters I and III above. (Our results 
here, except those (in 18.2) based on §§ 10, 11 of Chapter II, were 
obtained in preliminary form in May 1955, before Vesley's Chapter III 
was written.) 

We chose Brouwer’s paper 1951 for this investigation (but could have 
chosen 1948), because it contains accessible examples of results which 
Brouwer reached only by a new method, which he introduced in 1948, 
and used in 1948a, 1948b, 1949, 1949a and later papers. This method 
rests on “defining” a choice sequence c*( 0 ), a(l), a( 2 ), ... in such a 
way that ot(x-\-\) depends on whether or not the “creating subject” 
between the choices of a{x) and oc(x-\- 1 ) will have solved a certain 
problem, the solution to which we do not now know how to obtain. 
The method is analyzed and discussed by van Dantzig 1949 and Hey- 
ting 1956 8.1.1, in connection with an application of it in Brouwer’s 
Dutch paper 1948a, which is claimed to show the unprovability of 
a = 0 —> ol # 0 for real numbers c*. 

To give this example, essentially as in Heyting 1956, say P is a 
proposition such that no method is known which will lead to a proof 
of P or of P. Then the “creating subject” can choose successively the 
integral part and digits in the dual expansion 0 * 0 . 0 * 10 * 20 * 3 .. . of a real 
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number a according to the following instruction: always choose 0, 
unless between the choices of a x and a^+i the truth of P or of P first 
becomes evident to you, in which case choose that ol x +\ = 1. Now 
a = 0 would mean that P will never become known to the (any!) 
creating subject, so P, and also that P will never become known, so P, 
contradicting P; thus a = 0. But we are in no position to infer a # 0 
(as would follow ifa=0 -s-a#0 were proved), since a # 0 would 
mean that we can find an interval separating a from 0, which we would 
know to be the case only if we already knew how to find the solution 
to the problem whether P or P. Thus a # 0 is unproved, although 
ol = 0 has been proved. (But a # 0 is not absurd, i.e. not a # 0, or 
then we would have oc = 0; cf. *R2.7 in Chapter III. Likewise, not 

a = 0 —► a # 0, or we would have a # 0; cf. IM *60d.) 

An immediate objection to Brouwer's argument is that a particular 
real number a has not been defined mathematically; the alleged 
“definition" makes “a” depend on the unpredeterminate activity of 
a “creating subject”. 

van Dantzig 1949 attempts to deal with this objection by giving 
an “objectivistic" or “formal" version, as contrasted to Brouwer's 
“subjectivistic" version. In this, van Dantzig introduces as param¬ 
eter a sequence m = (too. o>i, to 2 , . ..) of finite sets of “deductions", 
where the deductions in a> x are performed between the choices of 
a x and oc x+ i, with oc x +i = 1 if a deduction of P or of P occurs in m x 
but no such deduction occurs in co y for any y < x (—0 otherwise; 
and oto = 0). Thereby a becomes a" (notation ours), van Dantzig, 
after alluding p. 955 to “the existence of propositions which are 
undecidable within a definite formal system" (Godel), says that the 
“deductions" should be “according to the rules of a given semantical 
metasystem". To the present writer, there is a fundamental vagueness 
of concept here, despite some detailed assumptions which van Dantzig 
lists. But if we attempt to proceed notwithstanding this vagueness, 
van Dantzig’s reformulation of Brouwer's argument seems to go as 
follows. One can quantify over all such sequences o> of “deductions". 
If in every such sequence there is no “deduction" of P (of P), then P 
(then P); therefore, (i) (aj)a®=0. Also, if a® #0, then there is a 
“deduction" of P or of P in w; thus, so long as we do not know how 
to solve the problem whether P or P, (ii) ( Eco)oi (0 #0 is unprovable. 
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But, as we see it, the unprovability ofa^=0->a#0 does not follow 
now. We can quantify this to obtain (iii) (£<())««>=0 (Zuo)a<°#0. 

But to utilize (iii) with (i) to contradict (ii), we would first need to 
transform (i) into (E(x))ol°>=0, which we are only able to do classically. 

Heyting affirms that it is not very important whether we express 
the result in Brouwer’s words or in those of van Dantzig, or whether we 
call it a mathematical result or not, provided we understand what it 
means. Then he says that it shows it would be foolish to seek a proof 
of the equivalence of the relations a = and a # (3 between real 
numbers a and (The implication oc#ft-^a = P is known; cf. *R2.5.) 

In informal intuitionism, care is necessary to identify the grounds 
for statements of the form “A does not hold (or is unprovable)”, 
as contrasted to “A is absurd”, which is simply i. In a case like 
“the law of the excluded middle A v A does not hold”, a ground 
is simply that A v A, although not absurd itself (cf. *5la), has 
absurd consequences, e.g. ones of the form (a) (A (a) v -4(a)) (cf. 
*27.17). If we admit quantification of proposition variables, its 
closure (A)(A v A) is absurd. In the case of a = p a # no 
absurd consequence by intuitionistic deductions of the older kind 
has been exhibited. 

In formal intuitionism, “unprovable” takes on its metamathematical 
meaning, so there is no problem here unless one is proposing to vary 
the formal system under consideration. The semantical methods we 
have available will enable us to show that VfJ 3eIl Va a€R (-ia=fJ D <*#$) 
is unprovable, but (classically) has no absurd consequences, in the 
formal system of intuitionistic analysis of Chapters I and III. (A 
related observation is made by Kreisel in 1962c, but his =, # are 
not the =, # for real number generators; cf. Remark 18.6.) 

17.2. We list in Table 1 opposite the five pairs of properties 
(At, Bi) considered by Brouwer 1951, in the symbolism of Vesley’s 
Chapter III (extending IM and Chapter I) used for the moment 
informally. It is to be understood that a, fi range over R (cf. *R0.1). 
The first four properties are from Brouwer’s table p. 358, and the 
fifth (A 5 , B 5 ) is from his Footnote 3. 

Brouwer’s continuum includes all the real numbers, while Vesley 
in Chapter III includes only the non-negative real numbers. Thereby 
Vesley simplifies the formalization, without evading any of the 
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Table 1 


Ai: a—a 


Bi: Va<tC<>P 


peR&p>OD-,Voc a€R 



[teR & p >0 => -iVa aeR (Ai d Bi )J 


A 2 : -ia=p 
A3: a<£°(!J 
A 4 : a>p 


V fe g R V ««ER(“»QC— ft => <*#P) 

V ftNRVa aeR (-.£*= ft D a <°ft V a°>ft) 


< 


B 2 : a<fJVa>fi 
B 3 : a=(UVoc°>f3 
B 4 : a«>ft 


V|W V ««er(A2 ^>B 2 ) -^ 
ft eR z> -iVa aeR (A 3 z> B 3 ) ^ 
^fipeR^ a «eR(^4 3 B 4 ) V 


ll 

A 5 : a^=pVa>£ B 5 : a =pVao>p V^ 6R Voc aeR (A 5 DB 5 )>/ 

peR d -iVoc at€R (-i-|B5 d A 5 )>^ 
PgR D ”iVa aeR (-ia <ft Z> A$)^ 


g 


j 


fundamental problems; the inclusion of the negative reals would 
have added only a little uninteresting detail. Consequently in Vesley’s 
formalization 0 (i.e. 0 - 2 _0 ) is a boundary point with a somewhat 
special status. For this reason, in rendering one of Brouwer’s claims 
involving Bi, it would not do to use 0 as Brouwer did. We could 
simply substitute 1 for 0 throughout the properties; but we shall 
generalize to any [UgR (with (U>0 when required). In place of -ia<ft 
(as direct translation of Brouwer’s into our symbols), we usually 
write which is equivalent to it by *R7.8. 

For the first four pairs, Brouwer claims that -nBi is equivalent to 
Ai, but that -i-iBi is not equivalent to B$. The claimed equivalence 
we write 

a i : TiBj? ^ A<, 

which (with £J,aGR z> prefixed) we shall show in 17.3 to be provable. 
By *51b, *49a and *25, —i—i(—i—*B^ ^ B$). So the claimed non-equiva¬ 
lence is not to be rendered by -i(-i-iB$ ^ B^) or Va aeR -i(-i-iB^ ^ B^), 
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which leaves us -iVa aeR (-i-iB$ ^ B$) as the plausible rendering. Using 
*49a with *45, and a$, the latter simplifies to -iVa aeR (A« z> B$). 
Brouwer’s 1948 p. 1248 Footnote 1 says that by “non-equivalence" 
he means the absurdity of equivalence (not just the unprovability 
of equivalence). For the second and fourth pairs, we shall find that 
his claims of non-equivalence (as rendered above) are not tenable 
in this sense. 

For the fifth pair, if we understand correctly Brouwer’s language 
(which speaks of the “converse” of a proposition not explicitly written 
as an implication), he claims non-equivalence of B 5 to A 5 (untenable), 
equivalence of - 1 B 5 to - 1 A 5 , and non-equivalence of - 1 - 1 B 5 to A 5 . 
Using 

b: B5DA5 

(proved below), the equivalence simplifies to 
c: -1B5 z) -1A5. 

Using b, c, *13 and *45, the claimed non-equivalences rendered in the 
plausible way simplify to -iVoc aeR (A 5 z> B 5 ) and -iVa aeR (-i-iB 5 z> A 5 ). 
(The renderings -i(Bs —' A 5 ) and -i(-i-iBs —' A 5 ) are refuted thus: 
By *5lb, etc., -i-i(-i-iA 5 ^ Ag). Thence by the said equivalence, 
— 1 —i(— 1 — 1 B 5 ~ A 5 ). From this and -i-i(-i-iB 5 ~ B 5 ), by *25 and *24, 
-l-l(B 5 «-w A 5 ).) 

Thus, to substantiate Brouwer’s claims concerning the five pairs of 
properties in 1951, we should prove six positive formulas ai, a. 2 , & 3 , a- 4 , 
b, c and six “non-implications" (more precisely, negated universalized 
implications). 

The six positive formulas we shall prove in short order in 17.3. 

Of the six non-implications, we shall prove only the three shown in 
the right column of the table with their negation signs retained (“-iV"). 
The other three we have written omitting the -1 before V and in closed 
form; the resulting formulas we shall show to be formally undecidable. 
The work will be arranged as follows. Four other formulas have been 
inserted into the right column of Table 1 , including one expressing 
the implication a = (3 -> a # {} (cf. 17.1). The deducibilities d-j shown 
by arrows in the table we shall quickly establish in 17.3. The first and 
last (underlined) formulas we shall prove in 18.1. The second under¬ 
lined formula we shall show (classically) to be realizable, and the third 
and fourth underlined formulas to be unrealizable, in 18.2. 
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17.3. ai: (U,aGR d (- 1 - 1 B 1 ^ Ai). Assume p,aeR. I. By *R1.4, a=a, 
i.e. Ai, whence by *11 - 1 - 1 B 1 z> Ai. II. Assume a°>[U & aO(L Thence 
by *R 6.6 a<°a, contradicting *R 6 . 8 . So -i(a°>p & a op), whence 
by *58c-d m(a»>p V i.e. - 1 - 1 B 1 . 

a 2 . Assume (L<*gR. Now m(a<pVa>p) ~-i(-ia<p & -ia>(3) [*63] 
~-na=(S [*R7.10]. 

a 3 . Assume [U,aGR. Now -i-i(a=p V a°>p) ^ (3 & a°>p) [*63] 

— -!a<^ [*R7.1] — a<°(* [*R7.8]. 
a 4 . *R7.9. 

b. *R7.7 (without assuming (LocgR). 

c. Assume ^,aeR. Using *R7.8, -ia=[J & a°>£J D -ia=[J & -ia>(L 
Now use *63. 

e. I. *R 6 . 2 . II. *R6.3, *R2.3. 

i. We need that (U,ocgR, - 1 - 1 B 5 Z) A 5 h -ia<[J z> A 5 . But by *R7.8 
and a 3 , (LocgR h -*a<p D ” 1 - 165 . 

§ 18. Refutation or proof of independence, of certain classical order 
properties. 18.1. After we have *R15.2 and *R15.3, three similar results 
will follow by the arrows d, i, j in Table L (and three others *R9.23- 
*R9.25 were established in Chapter III). 

The following proofs of *R15.1-*R15.3 are by Vesley. They employ 
some of the later results in Chapter III, and are shorter than the 
author’s original proofs (which used nothing after *R9.2). 

*R15.1. f- peR' & fS>0 z> ”,Voc aeR ,(ao>p V £*<<>(*). 

•R15.2. h (*gR & (*>0 => ”,V aaeR (ao>p V a <-p). 

Proofs. *R15.1. Assume (a) [3gR'&P> 0 and Va a£R( (ot»>^Va<op). 
Applying *27.6 with *R 0 . 8 , and omitting 3 t prior to 3-elim., assume 

( b ) Vot « 6 R' 3 y{ Vx [' r (a( x ))>° => y= x ] & {(a°>£ &T(a(y)) = l) V (oc<a(* & 
T (a(y))=2)}}. Using this with (a) and omitting 3y prior to 3-elim.: 

(c) (f3°>p & r(p(y)) = l) V (($<°P & r(p(y))=2). We begin with the 

slightly more complicated Case 2: r(p(y))=2. Using *R9.20 with 
(a), assume (d) ocgR', (e) a(y)=p(y), (f) a=(p(y) — l)2 - y. By *R9.16, 
(a) and (f): (g) Using (d), (e) and case hyp. in (b): (h) a<°(U. 

Now (i) ft = a. [(g), (h), *R6.5] = (p(y) —1)2—^ [(f)]. Thence by (a) 
and *R7.1: (j) [J(y)>l. Let (k) Y=(P(y)~l)2~y [Lemma 5.3 (a)]. By 
*R9.2: (I) yeR\ So assume from (b): Vx[t(y(x))>0 d z=x] & 
{( T o>^ &t(y(z)) = 1) V (Y<op &T(f( z )) = 2)}. Subcase 2.2: t(y(z))=2. 
Let (m) w=max(z, y). Using (1) and 3-elim. from *R9.20 with y, w 
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for |S, y, assume (n) 8 eR', (o) 8 (w)=y(w), (p) 8 —(y(w) — l)2 _w . Using 
(m), (o) and *23.4 8(z)=y(z), whence by subcase hyp. t(8(z))=2. 
Using this and (n) in (b), 8<°£J. But 8= ((My) — l)2~y(w) — l)2~ w 
[(P),(k)] = ((My)-l)2 w ^ y -l)2- [ X R9.1, (m), etc.] O (f*(y) - 1 ) 2 W ^. 
2-w [*R9.8, (j), *6.16] = (p(y) — l)2 w ~ y 2“ (y+(w “ y>) [(m), *6.7] = 
(p(y)-l)2-y [*R9.3] = p [(i)]. Subcase 2.1: t(y(z)) = 1. Similarly, 
using *R9.21 instead. Case 1 : T(ji(y))=l. Similarly to Case 2, using 
*R9.21 first (and not deducing (j)). 

*R15.2. From *R15.1 (using *R 1 . 11 , *R7.3, *R1.5, *R0.7, *R6.13, 
*R6.14) as *R9.23 from *R9.22. 

•R15.3. h peR D -,Va aeR (-,a<^ D a=[S V a>(3). 

Proof. Assume fieR and (a) Voc aeR (-ia<fJ z> a=[U V a>p). Now 
(b) p,p+leR [*R3.2, *R9.2, *R0.7]. Also p = £+0 [ X R9.1, x 13.1] o 
p+1 [*R9.8, *R6.16, *R3.4], so (c) P°>(*+1 [*R6.7] and (d) 
-i(3— p+1 [*R6.4]. Using *R1.5 and *R 1 . 6 , (e) VocVy[ae[p,£J-|- 1 ] & 
a=yD(a=^y^=p)]. Toward (f), assume aefp, (3+1]. By *R 8 .l, 
oceR. So by *R 8 . 6 , (b) and (c) oc<°(3, whence by *R7.8 -ia<(3, whence 
by (a) a=fJ V a>[3, whence by *R7.1 a=(3 V -ia=[3. By D- and V- 
introd., (f) Va(ae[|3, [3+1] Z) a=(3 V -,a=p). By *R10.4 (for a=(3 
as the C(a)) with (b), (c), (e) and (f), Voc(aE[(3, [3+1] D a=(3) V 
Voc(oce[[ 3, (3+1] D -ia=[3). Case 1: Va(aE[[3, (3+ 1] Z) oc=^=(3). Then using 
*R8.5 with (b), [3+l=[3, contradicting (d). Case 2: Voc(oce[(3, [3+1] D 
-ioc=[3). Similarly, -ij3=^=[3, contradicting *R1.4. 

18.2. When we have established Theorems 18.1, 18.2 and 18.4, 
the formal undecidability of the five formulas without -iV in the 
table of 17.2 will follow (the unprovability intuitionistically, the ir¬ 
refutability classically) by Theorem 11.3(a), Theorem 9.3 (a) and 
Corollary 9.4, and the arrows e, f, g, h in Table 1 (with proofs in 17.3). 

*R15.4. 1- <x,|3eR' Z) (oc°>(3 ~ 3xa(x) — (3(x)>2). 

*R15.5. 1-oc,[3eR' D (a#(3 ^ 3x|a(x)—(3(x)|>2). 

*R15.6. l-a,|3eR' D (a=|3 ~Vx|oc(x) —|3(x)|<2). 

Proofs. *R15.4. Assume oc,(3eR'. I. Prior to 3-elims. from a°>(3, 
assume Vp2 k (oc(x+p) ~[3(x+p))>2 x+ P. Thence 2 k (a(x+k+2) — 
[3(x+k+2)) > 2 x+k + 2 > 2 k+2 , whence a(x+k+2) — (3(x+k+2) :> 
2 2 > 2, whence 3xa(x) — ( 3 (x)> 2 . II. Prior to 3-elim., assume 
a(x)— [3(x)>2. Thence a(x) —[3(x) >3, so (a) 3*2 p < 2P(a(x) — (3(x)) = 
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2 p a(x) — 2 p £J(x). Now a(x + p) + 2 p > 2 p a(x) [*R 0 . 6 , *11.15] ^ 

3-2 p +2 p p(x) [(a)] = 2-2 p +2 p (*(x)+2 p > 2 - 2 p +^(x+p) [*R 0 . 6 , *11.15], 
whence a(x+p) — ($(x+p)^ 2 p . So 2 x (a(x+p) — p(x+p));> 2 x+p , whence 
by V-, 3- and 3-in trod., a°>(U. 

*R15.5. Assume a,(UeR\ I. Assume a#£J. By *R6.2 (with *R0.7), 
^o>a V a°>p. Case 1: £J°>a. By *R15.4, 3xp(x) — a(x)>2, whence 
3x|a(x) — p(x)|>2. II. Prior to 3-elim., assume |a(x) —p(x)|> 2 . By 
*11.14a, a(x)>p(x)+2Vp(x)>a(x) + 2. Case 1: a(x) >£J(x)+ 2 . Then 
a(x) — £i(x) > 2 , whence by 3-introd. and *R15.4 a°>[U, whence by 
*R6.3 (with *R2.3) a#p. 

*R15.6. Assume a,peR'. Then a=£J ^ -ia#£J [*R2.8] ^ -i3x|ot(x) — 
^(x)j >2 [*R15.5] — Vx-,|a(x) —p(x)|>2 [* 86 ] — Vx|a(x)—p(x)j <2 
[*139-* 141]. 

Theorem 18 . 1 c . Classically, 

(0 ^peR^aeR^^” P ^ 

is realizable. 

Proof. Using *R1.11 with *R1.6, *R1.5, *R2.4 and *R2.3, ( 1 ) is 
deducible from 

(2) Vp 0eR ,Va aeB ,(-ia=p => a#(3). 

Using *R15.6 and *R15.5, ( 2 ) is deducible from 

(3) V(UVa[-iVx|a(x)— fi(x)| <2 D 3x|a(x)-p(x)|>2]. 

Using #15 and #D in 5.5, we can take the scopes of Vx and 3x in 
( 3 ) to be prime. Classically, (3) is true. Hence by Lemma 8.4b (ii), 

(3) is realizable. By Theorem 9.3 (a), so is ( 1 ). 

Theorem 18.2. The formula 

(4) ^peR^aeR^^^ 3 
is unrealizable. 

Proof. From (4) by *R0.7 and *R7.1, we can deduce 

(5) (U,aeR' & & -| 0 C=P D oc°>(U, 

and thence by *R6.15, *R15.6 and *R15.4, 

(6) 0 ,aeR' & a^>(S & -iVy|a(y) — (3(y)|<2 d 3ya(y)-^(y)> 2 . 

Thence we shall further deduce 

(7) Vx[-|Vy-,T(x, y) D 3yT(x, y)] 
for the T(x, y) of Theorem 11.7 (b). 
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Accordingly, we assume 

(a) -iVy-,T(x, y), 

and set out to deduce 3yT(x, y) from (a) and ( 6 ) with x held constant. 
By Lemma 8.8 Ti(z, x, y) V -iTi(z, x, y), whence by substitution 

(b) T(x, y) V -iT(x, y). 

So, for any natural number b, we can assume, preparatory to 3-elims. 
from Lemmas 5.3 (b) and 5.5 (b), 


(C) 


m=*>. 

Vy(S(y')=2p(y), 

a(0)=i>+l, 

( d ) Vv^v'l-J 2 ^^ 1 if " lT(X ' y) ’ 
v Y“(y — j 2 a(y) if T(x,y). 

Using respectively *R0.5a-b, ind. on y, and (f): 

(e) p.aeR'. (f) a(y)^p(y) + l. (g) 

Next we establish 




(h) oc(y) >£J(y) + 1 => «(y') >My')+ 2 . 

Assume a(y) >($(y) -f1. Then a(y') ^ 2 a(y) — 1 > 2(f*(y)+2) -1 = 
2 ^(y) + 3 = p(y')+3 > My') + 2 . - Next, 

(i) Vy|a(y) fi(y) | <2 Vy«(y) = p(y) +1. 

Assume (A) Vy[a(y) —(3(y)|<2. Now a(y)=p(y) +1, or else by (f) 
«(y)>My)+ 1 > whereupon by (h) a(y')>p(/) + 2 , so |a(y')-p(y')|> 2 , 
contradicting (A). By V-introd., Vya(y) =(U(y) + L — Next we establish, 
by ind. on y, 

(j) My) =P(y)4-1 ^ Vz z<y -,T(x, z)} & 

{a(y)>(S(y) +1 — 3z z<y T(x, z)}. 

Using *140 [*58b, * 86 ], the left [right] members of the two equiva¬ 
lences are mutually exclusive. So if we deduce both members of one 
equivalence, that one will follow by * 11 , *16, the other by * 10 a, *16. 
Ind. step. By (f), we have two cases. Case 1 : a(y)=£J(y)+1. By hyp. 
ind., Vz z<y -iT(x, z). By (b), we have two subcases. Subcase 1.1: 
T(x, y). Then 3z z<y T(x, z). Also oc(y') = 2oc(y) [(d)] = 2(p(y) + l) 
[Case 1 hyp.] = 2 (S(y )+2 = p(y') + 2 > (%') + !. Case 2 : oc(y)> 
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f 3 (y)+L By hyp. ind., 3z z<y T(x, z), whence 3z z<y 'T(x, z). Using (h), 
«(y')>P(y') + !- - Using (j), Vya(y)=(i(y) + 1 3 Vy-,T(x, y). Com- 
bining this by *2 with (i), and using contraposition *12 and (a), 

(k) - 1 Vy|a(y)-p(y)|^2. 

If 3 y«(y)-p(y)> 2 , then 3y«(y)>p(y) + l, so by (j) 3yT(x, y). So 

(*) 3 y“(y) -P(y) > 2 => 3 y T ( x > y)- 

Using (e), (g) and (k) in ( 6 ), and the result in (1), 

(m) 3yT(x, y). 

Using 3-elim. from Lemmas 5.3 (b) and 5.5 (b) to discharge the 
assumptions (c) and (d), D-introd. to discharge (a), and V-introd., 
we have the deducibility of (7) from ( 6 ), and thence from (4). 

By Theorem 11.7 (b) (7) is unrealizable. By Theorem 11.3 (a), so 
is (4). 

Remark 18.3. By (c), (U = b [= b 2 ~°, X R9.1], so the proof shows 
that V« aeR (a>fr Da«>fc) is unrealizable. Modifying the proof in- 
essentially, 3xVp2p(x+p)<p(x+p')<2fS(x+p) + l D Va a 6 R (<x>p => 
a«>>p) is unrealizable. 

Theorem 18.4. The formula 

( 8 ) V (W Vc w(-**-P 3 «<p V «>P) 

is unrealizable. 

Proof. From (8) by *R0.7 and *R7.1, we can deduce 

(9) fS,aeR' & -ia=p D ao>p V a<^, 
and thence by *R15.6 and *R15.4 

(10) fcoeR' & ~iVy|a(y)—p(y)j<2 D 

">3ya(y)>p(y)+2 V -,3yp(y)>a(y)+2. 


Thence we shall further deduce 

(11) Vx[-i(Vy-iW 0 (x, y) & Vy-iWi(x, y)) z> 

"iVy-iW 0 (x, y) V -,Vy-,Wi(x, y)] 

for the Wo(x, y) and Wi(x, y) of Theorem 11.7 (d). 

Accordingly, we assume 

(a) -i(Vy-,W 0 (x, y) & Vy-,Wi(x, y)). 
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By Lemma 8.8 and substitution, and middle Remark 4.1, 

(b 0 ) W 0 (x, y) V -,W 0 (x, y), (bj Wi(x, y) V ^(x, y). 

The proof of IM p. 308 (51) is readily formalized to give 
(c) ”i(3yW 0 (x, y) & 3yWi(x, y)). 


whence 

(d) -i(W 0 (x, y) & Wi(x, y)). 


So, for any natural number b > 0, we can assume, preparatory to 
3-elims. from Lemmas 5.3 (b) and 5.5 (b), 


( e ) 

(f) 


0 ( 0 )=*. 

P(y')= 2 P(y). 

a(0)—b, 

|2oc(y) — 1 if Wo(x, y) & -iWi(x, y), 
Vya(y')=^2oc(y) if -iW 0 (x, y) & -iWi(x, y), 
2a(y)+1 if -TW 0 (x, y) & Wi(x, y). 


Using respectively *R0.5a-b and ind. on y: 

(g) fJ,oceR'. (h) 0(y) = 2*b > 0. 


Next we establish, by ind. on y, 

(i) {oc(y) < (3(y) — 3z z<y W 0 (x, z)} & 

(a(y) = |3(y) ~ Vz z<y (-iW 0 (x, z) & n Wi(x, z))} & 
My)>(*(y) ~ 3z z<y Wi(x, z)}. 


Using *140, *141 [(c) etc.] the left [right] members are mutually 
exclusive; etc. (cf. (j) for Theorem 18.2). Ind. step. Case 1: 
a(y)<p(y). By hyp. ind., 3z z<y Wo(x, z), whence 3z z<y 'Wo(x, z). Also 
«(y') < 2a(y) [because (c) excludes the third case in (f)] < 2£J(y) 
[Case 1 hyp.] = p(y'). Case 2; a (y)=£J(y). Subcase 2.1: Wo(x, y) & 
-iWi(x, y). Then 3z z<y 'W 0 (x, z). Also a(y') = 2a(y) -1 [(f)] = 2(3(y) -1 
[Case 2 hyp.] < 2p(y) [*6.16, with 2p(y)>0 from (h)] = (3(y'). Sub¬ 
case 2.2: -iWo(x, y) &-iWi(x, y). By hyp. ind., Vz 2<y (-iWo(x, z) & 
-iWi(x, z)). So Vz z<y '(-iWo(x, z) & -iWi(x, z)); etc. — Next, 

(jo) P(y)>«(y) => P(y")s«(y")+4, 

(ii) «(y)>P(y) => «(y")^P(y")+ 4 - 


For, assume p(y) >a(y). Then by (i) and (c), -i3yWi(x, y). Hence 
«(y')+2 < 2a(y)+2 = 2(«(y) + l) < 2|3(y) = fl(y'), and a(y")+4 < 
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2«(y')+4 - 2(«(y')+2) < 2(5(y') = |3(y"). - 

(k) Vy|«(y)-p(y)|<2DVya(y)=p(y). 

For, assuming a(y)<+(y), by (jo) we would have [a(y") — fi(y")| >4. — 
By (k) with (i), Vyja(y) —£(y)| <2 D Vy(-,W 0 (x, y) & -iWi(x, y)), 
whence by *87, contraposition and (a), 

(l) "iVy|a(y) fi(y)|<2. 

Next we establish 

(m 0 ) -i3ya(y) >(*(y) + 2 z> -,Vy-,W 0 (x, y), 

(mi) -i3y(*(y)>a(y) +2 => -,Vy-,Wi(x, y). 

Assume -|3ya(y)>£J(y)+2, whence Vya(y)<[U(y)+2, and by (ji): 
(A) Vya(y)<p(y). Also assume Vy-|W 0 (x, y), whence by (i) 
Vy-, a (y)<+(y). So by (A) Vy a (y) = (*(y), whence by (i) Vy(-,W 0 (x, y) & 
-iWi(x, y)). This with *87 contradicts (a). — Using (g) and (1) in (10), 
and (m 0 ) and (mi) with the result, 

(n) -,Vy-iW 0 (x, y) V -,Vy-,Wi(x, y). 

Remark 18.5. By the proof, or for m > 0 an easy modification, 
Voc aeR (-ia^=62 _in D 0L<b2~ m V a>f>2 -m ) is unrealizable for any b > 0 
and any m. 

Remark 18.6. Combining several deductions (namely, e+g in 
17.3, the deduction of (7) from (4) in the proof of Theorem 18.2, 
beginning proof of Corollary 11.10 (a)), from 

(0 Vp NR Va aeR (-,a=^ D a#P) 

(in Theorem 18.1) we can deduce Markov’s principle 

Mi: VzVx[-iVy-iTi(z, x, y) D 3yTi(z, x, y)] 

(beginning 10.1). — Modifying inessentially the proof of Theorem 18.2, 
we can instead deduce from (4), and so by e+g from (1), 

(3') VpVa[-,Vy-,|a(y)—p(y)|>2 3 3y|«(y)-(i(y)|>2]. 

Conversely, from (3') we can deduce (3), and thence (by the proof of 
Theorem 18.1) (1). Thus: two of (1), (4), (3') are interdeducible. — 

Formula (3') is similar in form to Mi, but involves function variables. 
A direct extension of Markov’s principle from algorithms for one-place 
number-theoretic functions to algorithms for type-2 functionals is 

Mi: VzVa[-iVy-iTJ(5(y), z, y) l> 3yTj(5(y), z, y)] 
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where Tj(w, z, y) is chosen by (the method of proof of) Lemma 8.5 
to numeralwise express Tj(w, z, y) IM p. 292. This formula M[ is 
deducible from (1) essentially as Mi and (3'). Conversely, by informal 
reasoning (which is presumably formalizable) in the theory of recursive 
functionals, (3') follows from Mi. — Thus, since the converses of (1) 
and (4) are provable (*R2.5, *R7.7): Markov's principle extended to 
functionals as (3'), and presumably as Mf, is interdeducible with (i) 
the equivalence of inequality -iot=(U to apartness and with (ii) the 

equivalence of the virtual ordering a<£J to the pseudoordering oc<°[U, 
in Brouwers continuum. — From (3') or 

(3") VpVa[-,Vya(y)=p(y) D 3y a (y) ^p(y)] 

(cf. van Rootselaar 1960, Kreisel 1962c), we can deduce 

(3") Va[-iVy-ia(y) =0 D 3ya(y) =0], 

using V-elims. with [Ui=^y0, and ai=Aysg(a(y)) + 2 or ai — Aysg(a(y)) 
resp.; and conversely, using «i=Ayt(a, (U, y) for a standard formula 
t(a, fi, y)=0 equivalent to |a(y) —($(y)j>2 or to a(y)^($(y), resp. 
(cf. 5.5 preceding *14.1). Thus: Each two of (3'), (3"), (3'") are inter¬ 
deducible . 
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~ 11,30 

D 8,30 

& 8,30 

V 8,30 

-i 8, 30 

V, 3 8, 30 

3! 89 

a, b, ....y,z 8,9 
a,b t ..* t x 8,9 
<ar,£,... 9 

a, P,... 8, 9 

A(x),E(x),... 11 

(u)(t) 10 

r(x), r(t) 11 
U.k,.l, 9,10 

V), S), m t , nj 11 
0 8, 147 

1,2,.. 11,120,147 

c, c 157 


MW *5 

i«m 121 

MM 91 

MM 92 

M 92 

MM* 92 

b {<*}[>] 122 

b { e *}M > 24 

l{2 e } 124 

b M c r. <y ] ,24 


1, 8, 15, 27 


138 

# 

11 


163 

# 140, 

141 

<. > 23, 27 

<,, > 23, 

143 

<°» o> 

143 

<o,o> 

143 

<, > 

146 


143 

a d 

171 

aeR 

135 

aeRi 

135 

aeR 

135 

ae<r 

57 

ae[$i, 8 2 ] 

147 

ae(8i, 82 ) 

161 

a , (3e..,fl.5L 

135 

USED ONLY 

<pm 

91 

AVriS, 1 ?) 

93 

Aa <p[0, a ] 

91 

Aa (p[O t a] 

92 

A<p[ 6 ] 

92 

Aai...ai(p[..!\ 92 

ylaoc9?(b, a a) 

122 

£/l a a<p[b, a a] 

123 

e h Axq>\t),x] 

124 

*A(p[b] 

124 


' 8,114 

+ 14, 120, 142 
14 


a*b 

37, 122 

a b 

14,24 

aexpb 

14,24 

a-2-“, 

a2~ m 147 

a! 

23, 24 

— 

24, 142 

|a—b| 

26 


142 

a|b 

28 

[a/b] 

26 

Ih 

36 

max, min 25,31 

pd 

24 

Pi 

34 

Pr 

31 

rm 

26 

JEORMA1 

<fll. 

LLY 

, otf) 1 92 

a, b,. . 

121 

a a, a 0,. 

121 

(ao, ai) 

120 

a -1 

121 

ao 

121 

= a 

122 

aeO 

112 

0 

14 


64 


Seq 

23, 37 

sg, sg 

25 

Spr 

56 

Spd 

57 

Ti,T,.. 

. 119,130 

Wo.Wi 130 

Ax 

8, 10 

t*y 

30 

n, s 

28, 29 

a 

23,38 

a, a 

23,38 

(a)i» (a)i f j 35 

Mi. • 

40, 92 

<ao. 

am) 40,92 

<ao,.... 

am> 40,92 

[ao,.... 

am] 40,45 

<Prni 

158 

_Jpi 

aft „ 

‘'“Ip.ao* 


€E 

101 

«ePF) 

102 


126 

cj.n.g. 

135 

conv 

18 

E 

52 

1 

52 

IM 

1 

r.n.g. 

134 

Tb 1 

93 
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Names mentioned only in Footnotes 2 and 3 are not indexed. 


abbreviations (principles governing) 9, 

10 , 11 , 12 . 

absurdity 176 ; cf. negation. 

Ackermann, W. 3. 

addition (natural numbers) 14, 23, 
(real numbers) 142. 
algorithm 2, 44, 70, 71, 79, 90, 119, 

185. 

analysis, set theory: classical 1,7, 8, 
cf. classical; intuitionistic (Brou¬ 
wer’s) 4, 5, 7, 43, 76. *2. X3, 118, 133. 

analytic predicate 118. 
apartness 133. 140. 141. 143. 163. 168. 
174, 175, 176, 177, 178, 180, 181, 

1X5. 1*6. 

Aristotle 1. 

arithmetic (number theory) 4, 7, 14, 
22 (5.5), 86 (*27.21), 93. 94. 97. 98. 
99. 118, 119, 120, 131, 132; funda¬ 
mental theorem of — 23, 32, 35. 
arithmetical: function 47, 114, 116; 

predicate 47. 114. 

atomic inference 64. 
axiom: of choice 14 (x2.1), 17, 41, 72, 
88; particular —s 14, 19, 20, 24, 25, 
26. 28. 31, 34, 35. 36. 37, 38. 142, 
147; schemata 13, 14, 51, 54.55, 63, 
64, 67. 70. 73. 79. XO. XX. 

bar : recursion 128 ; theorem (Brouwer) 
51, 52. 54, 55, 56, 57. 59. 63. 64. 65. 
69, 77, 78, 79, 87; intuitionism 


without the —theorem 79 (Kleene 
1957), M3. 116, 117. 120. 
barred sequence number 46, 52, 63, 69. 
basic (formal) system 8. 13. 52. 54. 

110 . 

Belinfante, M. J. 2. 

Belnap, N. D., Jr. 6. 

Bernays. P. 3. 8. 22. 48. 

Beth, E. W. 2,4, 6,81,82. 133. 
binary fan 49, 60. 

Birkhoff, G. 6. 

Borel, £. 1. 

bounded quantifiers 13. 15, 30. 
bound variables 11, 12, 17. 


Brouwer, L. 

E.J 

• 1,2, 

4, 5, 

7, 43, 

44, 

45, 46. 47. 

4x. 

50. 51. 

52, 

56. 57. 

59, 

64. 65. 66, 

67. 

69. 70. 

71, 

72. 73. 

75. 

76. X2. X6. 

X7. 

90. )2( 

1. 133 

1, 134, 

136. 

140. 143, 

146, 

147. 

151. 

155. 

156, 

157. 158, 

159. 

161. 

163. 

169. 

170, 

172. 174, 

175. 

176, 

177. 

178; 

—'s 


principle (and — ’s principle for 
numbers) 69, 70, 71, 72, 73, 74, 75, 
76. 77, 7X, 79. XO. XI, X4, X5. xx, X9. 

90, 91, 121. 133. 140. 150. 153 

(*27.8), 163; —'s principle for 
decisions 74, 80; —’s principle for 
functions 72, 73, 74, 80, 88, 89, 90, 

91, 121; cf. analysis, bar theorem, 
choice, continuum, creating sub¬ 
ject, fan. intuitionism. law, species, 
spread, uniform continuity theorem. 
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canonical real number generator 135, 

136. 

Cantor, G. —'s diagonal method 70. 
cardinal number 45, 70. 
cases, definition by 31, 41, 42. 

Cauchy, A. L. — convergence, — 
sequence 135. 

chains (equalities, inequalities) 143. 
choice: axiom of — 14 ( x 2.1), 17, 41, 
72, 88; law 44, 56, 57, 62, 76; 
sequence (Brouwer) 7, 43, 44, 45, 
46, 47, 48, 49, 55, 56, 57, 59, 65, 66, 
69, 70, 80, 174. 
Church, A. 2, 3, 4, 12, 18, 19, 83; —'s 
A-operator 8, 10, 11, 12, 16, 18, 19; 
—'s thesis 2, 47 (lines 14, 32), 71, 94. 
classical: (formal) system 8, 13, 52; 
—- results (informal) 47, 71, 98, 114, 
115, 116, 117, 118, 119, 129, 130, 
131, 132, 176, 178, 180, 181; — vs. 
intuitionistic (logic etc.) 1, 2, 5, 7, 8, 
13, 14, 46, 47, 48, 52, 59, 70, 77, 81, 
82, 83, 86, 118. 

closed: formula etc. 12; interval 147. 
coincidence (r.n.g.) 134, 138. 
compactness 157, 159. 
completeness 119; cf. in—. 
computable functions 2. 
congruence 17, 86, 87. 
conjunction cf. propositional con¬ 
nectives. 

consistency 90, 110, 118, 129. 
constructiveness 1, 2, 4, 5, 99; degrees 

of non-, relativized — 80, 95, 97, 

98. 

continuum (intuitionistic, Brouwer’s) 
120, 133, 134, 136, 143, 155, 156, 
158, 159, 170, 174, 176. 
contrary-to-fact conditional 13, 97. 
convergent sequence 134, 135. 
conversion (lambda) 18. 
correlation: law 44, 45, 56, 59, 66, 76; 
functions to functions 72, 73, 91; 
functions to numbers 14, 17, 41, 88; 
numbers to functions 69, 70, 71, 72, 
75, 79; numbers to fan elements 75, 
76; numbers to numbers 17; cf. 


Brouwer's principle, 
countable functional 71, 91, 121. 
course-of-values: functions 38, 45, 93; 

recursion 39, 42. 

creating subject (Brouwer) 174, 175. 
Curry, H. B. 6, 19, 81. 

Dalen, G. van 2. 

Dantzig, D. van 2, 174, 175, 176. 
Davis, M. 3. 

decision procedure 82, 83; cf. Church’s 

thesis. 

Dedekind, R. — cut 134. 
degree (Kleene-Post) 118. 

Dekker, J. C. E. 3. 

De Morgan, A. —’s law 131. 
density: everywhere 157, 161; in itself 

157, 158. 

difference cf. inequality, subtraction; 

sharp — 133, 163, 168, 169. 
Dijkman, J. G. 2. 
discreteness 156. 

disjunction cf. propositional connec¬ 
tives. 

divisibility 28, 32. 
division 26. 

double negation, law of 13, 84, 118, 
140, 141, 175, 177, 178, 192 (line 6). 
dual fractions 134; finite — 147, 148, 

149. 

Dyson, V. H. 6, 81, 187. 
element 44. 

empty: choice sequence 56, 66; spread 

56, 57. 

equality: (functions) 15, 16; (functions 
of order a) 122, 123, 124, 125; 
(natural numbers) 1, 8, 16, 20, 27; 
(real numbers) 134, 138, 180; — 
axioms cf. replacement property, 
equivalence 11, 16; non— 177, 178. 
Euclid —'s first theorem 23, 32. 
everywhere density 157, 161. 
excluded middle, law of 7, 15, 43, 47, 
54, 63, 76, 77, 83, 84, 104, 118, 131, 
132, 140, 150, 176, 192 (line 6). 
existence cf. quantifiers. 
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explicit: barredness, securability 50, 
51, 52, 53, 69; definition 19, 20, 

39, 41. 

exponentiation 14, 23, 24, 147, 148, 

149. 

extensions of formal systems 5, 8, 19, 
82, 98, 99, 118, 119, 131, 176. 

factorial function 23, 24. 
fan 59, 60, 62, 77, 151; — theorem 
(Brouwer) 47, 59, 60, 62, 70, 75, 76, 
95, 112, 113, 115, 116, 117, 120 
(Kleene 1957), 153 (*27.8). 

Feys, R. 19 

finitary spread cf. fan. 

finite: sequence 40, 45, 92; set cf. fan. 

formal: symbols 8, 9, 10, 11; system 5, 

8 . 

formalization 5, 8 (3.1), 82, 90, 99, 110. 
formation rules 8. 
formula 10, 12. 

free: connectedness 134, 157, 170, 
171, 172, 173; substitution 11; vari¬ 
ables 11. 

Freudenthal, H. 2. 

function: —s (formal treatment) 14, 
22, 23, cf. correlation; symbols 8, 9, 
10, 19, 23, 24, 38, 39, 41, 42; 
variables 7, 8, 9, 10, 11, 38, 39, 41, 
42, 121, 122. 

functional 71, 72, 79, 121, 185; — 
recursion 106; — variables 72, 79. 
functor 10, 12, 95. 

fundamental theorem of arithmetic 23, 

32, 35. 

Gal, I. L. 6, 197. 
generality, cf. quantifiers, 
general recursive function 2, 3, 4, 9, 10, 
12, 47, 71, 91; cf. relative. 
Gentzen, G. 6, 7, 81, 82, 83, 199. 
Glivenko, V. 6. 

Godel, K. 2, 3, 5, 6, 7, 23, 81, 82, 119, 
120 ; —'s incompleteness theorems 
5, 82, 175; — numbers 23, 93, 94, 

95, 122. 

Griss, G. F. C, 2. 


Hardy, G. H. 32. 

Harrop, R. 3, 6, 7, 81. 

Henkin, L. 6. 

Herbrand, J. 2. 

Hermes, H. 3. 

Heyting, A. 1, 2, 3, 4, 5, 6, 7, 44, 46, 
56, 65, 79, 82, 133, 134, 135, 138, 
140, 142, 143, 146, 147, 151, 155, 

174, 176. 

Hilbert, D. 3, 8, 48. 
hollow interval nest 159. 
hyperarithmetical function 47. 

immediately secured sequence number 

46, 50. 

implication 97, 120; cf. propositional 
connectives. 

inclusion (intervals) 157. 
incompleteness 5, 83 (end 7.9); cf. 

Godel’s — theorems, 
independence results (bar theorem) 51, 
87, 110, 116, 117, (Brouwer’s prin¬ 
ciple) 70, 81, 110, (law of excluded 
middle) 118, (Markov’s principle 
etc.) 120, 131, 132, 186, (order 
properties) 140, 176, 178, 179, 180, 
185, 186; cf. Godel's incompleteness 
theorems. 

indivisibility 155. 

induction 14, 51, 52, 59, 60, 62, 65, 67, 
69, 123; cf. bar theorem, 
inductive: barredness, securability 50, 
51, 52, 53, 69; definition 50, 52, 

123. 

inequality (natural numbers) 11, (real 
numbers) 140, 141, 163, 169, 174, 
175, 176, 177, 178, 181, 183, 185, 
186; cf. apartness, order relation, 
infinitely proceeding sequence 46; cf. 

choice sequence. 

infinity 44, 45. 
interval: 147, 161, 171. 
intuitionism 1, 2, 4, 5, 6, 7, 44, 45, 47, 
70, 72, 80, 133, 176; cf. Brouwer, 
intuitionistic. 
intuitionistic: formal system 8, 52, 73; 
mathematics cf. intuitionism; cf. 
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analysis, arithmetic, continuum, 
predicate calculus, propositional cal¬ 
culus. 

Iongh, J. J. de 6, 195. 

Jankowski, S. 3, 6, 81, 197. 
jump operation 114, 116. 

Kabakov, F. A. 6. 

Klaua, D. 3. 

Kleene, S. C. 1, 2, 4, 6, 7, 8, 9, 10, 19, 
23, 40, 43, 44, 47, 52, 53, 71, 76, 79, 
81, 82, 83, 88, 91, 92, 93, 94, 95, 96, 
97, 99, 100, 101, 106, 110, 111, 112, 
114, 115, 116, 118, 119, 120, 121, 
132, 133, 140, 150, 172, 187. 
Kolmogorov, A. N. 3, 6. 

Konig, D. —’s lemma 59, 115. 

Kreisel, G. 3, 4, 6, 7, 8, 79, 81, 119, 120, 
176, 186, 187, 196, 197. 
Kronecker, L. 1. 

Kuroda, S. 6. 

lambda: conversion 18, 19; definable 
functions 2; normal 18; normal form 
18, 19; operator, prefix 11, 12, 16, 

18, 19. 

law (Brouwer) 4, 44, 47, 56, 62, 66, 70, 

90. 

Leblanc, H. 6. 

least-number: operator 30, 114; prin¬ 
ciple 86. 

logical symbol 8. 

Loor, B. de 2. 

Lukasiewicz, J. 6. 

Lusin, N. N. 1. 

Maehara, S. 3, 6. 

Mannoury, G. 6. 

Markov, A. A. 2, 3, 99, 119; —’s 
principle 119, 120, 131, 185, 186. 
maximum 25, 31. 

McCall, S. 6. 

McKinsey, J. C. C. 6, 81. 
measurable order 143, 144, 145, 146, 
150, 177, 178, 179, 181, 186. 
Medvedev, Ju. T. 3, 6, 197. 


metamathematics (formal systems) 5, 
6, 8, 66, 90, 110. 
minimum 25, 30, 31, 114 (line 20). 
model theory 6, 7, 90, 110 ( 6 ). 
Moschovakis, J. R. cf. Rand, J. 
Mostowski, A. 3, 6, 81. 
multiplication 14, 23. 

Myhill, J. 3. 

Nagel, E. 3. 

natural: number 8, 45; order 143, cf 
measurable order, 
negation 1, 6, 8, 13, 30, 82, 97, 98, 176, 
178, cf. double negation, excluded 
middle; —less intuitionistic mathe¬ 
matics 2. 

Nelson, D. 3, 4, 6, 7, 22, 81, 98, 99, 110. 
nested intervals 158. 

Nishimura, I. 6. 

normal (lambda) 18; — form 18, 19. 
normal form theorem (recursive func¬ 
tions) 91, 122. 

notation (formal) 9, 10, 11, 12. 
number: theory c arithmetic; varia¬ 
bles 8, 9, 10, l; cf. natural —, 

real —. 

numeralwise: exp ;ssibility 22, 102, 
104, 111; repre..stability 21, 102, 

103, 104. 

Ohnishi, M. 6. 

open: formula etc. 12; interval 161. 
operator 121; cf. lambda —, propo¬ 
sitional connectives, quantifiers, 
order of a formula 120, 124, 125. 
order of a function 120, 121. 
order relation between natural num¬ 
bers 23, 27. 

order relation between real numbers 
(measurable, natural) 143, 144, 145, 
146, 150, 177, 178, 179, 180, 181, 
183, 186, (virtual, pseudo-) 143, 146, 
150, 177, 178, 180, 181, 183, 185, 

186. 

pair order 121. 
parentheses etc. 8, 10, 92. 
partial recursive function 10, 12, 91. 
past secured sequence number 46. 
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path 49, 60, 

Peano, G. —'s axioms 7, 14. 

P 6 ter, R. 3, 4. 

Pil'Cak, B. Ju. 6 , 81, 197. 

Poincar 6 , H. 1. 
point 134. 
p-order 121 . 

Porte, J. 3, 6 . 

Post, E. L. 2, 112, 114, 118. 
postulates cf. axiom, rules of inference, 
predecessor function 24. 
predicate: 2; calculus (logic) 6 , 7, 9, 
13, 14, 15, 81, 82, 83, 84, 119; sym¬ 
bol 11, 12; variable 52, 67. 
prime: formula 12, 15, 27, 42, cf. 
standard formula; number 31, 32, 

34. 

primitive: recursion 20, 38, 39, 41, 42; 
recursive function 9, 10, 12, 19, 20, 
23, 91, 93; recursive predicate 11, 
22, 23, 27; symbols 8 , 11. 
product 14, 23; finite — 28, 29. 
proof 8 (3.1), 14 (4.4), 64, 65, 66 . 
proper inclusion (intervals) 157. 
properly defined 91, 92, 121 . 
propositional: calculus 9, 13, 15, 81, 82, 
83, cf. predicate calculus; connec¬ 
tives 8 , 13, 15, 30; variables 176. 
pseudo-order 143, cf. measurable 

order. 

Putnam, H. 3, 6 , 81, 196. 

quantifiers 11, 46, 47, 48, 79, 90, 93, 
94, 95; alterations of — 15, 17, 40, 
41, 72, 120, 131; bounded — 15, 
30; cf. correlation. 

quotient 26. 

Rand, J. (Moschovakis, J. R.) 68 , 88 . 
Rasiowa, H. 6 , 81. 

realizability 96, 97, 98, 99, 100, 111, 
120; 1945 definition of — 81, 93, 94, 
97, 98, 99, 110, 119, 120; 1957 

definition of — 95, 97, 100, 119; 
formalization of — 99, 110; special 
—, s — 120 , 125, 126; = truth 101 , 
102, 119, 125, 126, 131; —under 


deduction 105, 127; cf. realizable, 
realizes-IT 7 . 

realizable 96, 99; ( 1945 -)— 94; —(T 
96, 99; —©, — B/T 100; Cf —, 
C/— IT, Cf—&/T 111; s— 125; 
C/g —&/T 126; cf. realizability, 
realization function 99; 8 — 125. 
realizes- W 96; ( 1945 -)realizes 94; Cf — 
111; a— 125; Cfg— 126. 
realizing- ¥ function 99, 101, 102 ; s — 
126 (10.6, 10.7). 
real number 134, 136, 151, 153, 176; 

— generator 134, 135, 136. 
recursion 20, 38, 39, 41, 42, 106, 128. 
recursive functions: general 2, 3, 4, 9, 
10, 12, 47, 71, 91, 93; partial 10, 12, 
91, 93; primitive 9, 10, 12, 19, 23, 91, 
93; relativized 93, 96, 97; special 
121 , 122 ; special classes of 3 . 
reduction (lambda) 19. 
relative: constructiveness, recursive¬ 
ness 10 (line 7), 80, 93, 95, 96, 97, 
98, 111, 114, 116, 121. 

remainder 26. 

replacement property: = 16, 20 ; =5= 
138, 141, 142, 144, 146, 147, 153, 

161. 

representing function 11 . 

Ridder, J. 6 . 

Rieger, L. 6 . 

Robinson, R. M. 3, 4. 

Robinson, T. T. 7, 193. 

Rogers, H., Jr. 3, 4. 

Rootselaar, B. van 2, 186. 

Rose, G. F. 3, 6 , 81, 119. 

Rosser, J. B. 3, 6 , 19, 197. 
rules of inference 14, 64. 

Sacks, G. E. 3. 

Sanin, N. A. 3 , 4, 7, 99, 119. 

Schmidt, H. A. 6 , 81. 

Schroter, K. 6 . 

Schiitte, K. 3, 6 . 

Scott, D. 3, 6 , 81, 197, 198. 
securable: sequence number 46, 47, 48, 
50, 51, 52, 53, 60, 64, 65, 66 ; — e, 

—1 52. 
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secured sequence number 46. 
semantics 6, 7, 90, 110 ( 6 ). 
sentence 12. 

separability in itself 157, 169. 
sequence: finite 40, 45, 92; finite — of 
function values 38, 45; infinite — of 
function values cf. choice sequence; 

— number 37, 45. 
set (Brouwer) 4, 43, 65, cf. spread, 
sharp: arrow 47; difference 133, 163, 

168, 169. 

Sikorski, R. 6. 

Skolem, Th. 3, 6, 22, 81. 

Smullyan, R. 3, 23. 
s-order 120, 121. 

special: realizability 120, 125, 126; 

recursive function 120, 121, 122. 
species (Brouwer) 65, 80, 86, 134, 136, 
147; — of higher order 5, 7, 134. 
Spector, C. 3, 8. 

spread (Brouwer) 4, 43, 44, 45, 48, 
55, 56, 57, 64, 65, 66, 74, 80, 90, 136, 
163, 167; cf. fan. 
s realizability 120, 125, 126. 

S realizes-!P 125. 

standard formula 27, 28, 30, 31, 37. 
sterilized choice sequence 43. 

Stone, M. H. 6, 81. 
subfan 59. 
substitution 11, 12. 

subtraction (natural numbers) 24, 25, 
26, (real numbers) 142. 
successor: function 8, 10, 14; order 

120 , 121 . 

sum (natural numbers) 14, 23, (real 
numbers) 142; finite — 28, 29. 
Suppes, P. 3. 

Tarski, A. 3, 6, 81. 
term 10, 12. 

terminated choice sequence 44, 56, 66. 


topological interpretation 81. 
Trahtenbrot, B. A. 3. 
transformation rules cf. postulates, 
transitive laws 16, 138, 143, 144, 146, 

157. 

tree (of sequence numbers) 48, 49, 50, 
51, 60, 65, 66, 115, (proof) 65, 66. 
true-IP (formula) 101. 

Turing, A. M. 2, 83. 

Umezawa, T. 6. 

undecidability cf. decision procedure, 
Godel’s incompleteness theorems, 
independence results, 
uniform continuity theorem (Brouwer) 
72, 133, 151, 153. 
universal: quantifier cf. quantifiers; 
spread 45, 51, 55, 57, 64, 66, 70, 74, 

80. 
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